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Preface

The analysis of distributed—parameter systems governed by partial differential equa-
tions (PDEs) has in recent years gained increasing attention and importance. This
is on the one hand motivated by the need to continuously advance the technologi-
cal state—of—the—art, which requires the detailed resolution of the temporal and the
spatial dynamics of the involved devices. On the other hand, new application areas
emerge, which essentially rely on the exploitation of the spatial-temporal system
evolution. Examples include smart, flapping, and flexible structures in aerospace
applications, fusion reactors and electrochemical devices for energy generation and
storage, quantum systems and quantum computing, or interconnected systems in
mobile actuator and sensor networks and traffic congestion. The dynamic operation
of these multi—physics systems inherently requires sophisticated control and ob-
server strategies that explicitly address the spatial-temporal system dynamics. For
this, infinite—dimensional system and control theory has been developed and contin-
uously refined to provide a unifying mathematical framework to address the arising
analysis and design tasks.

Based on the steady progress in nonlinear control and its success in appli-
cations novel and promising lines of development have been identified by their
generalization to distributed—parameter systems. This, for instance, comprises dif-
ferential flatness for inversion—based trajectory planning and feedforward control
and Lyapunov-based techniques for (robust) feedback stabilization and observer
design such as backstepping, dissipativity, or passivity concepts. Moreover, track-
ing controllers can be deduced from the suitable composition of these approaches.
While many significant contributions have already been achieved for the control
design of mainly linear systems the analysis and control of distributed—parameter
systems involving nonlinearities and higher—dimensional spatial domains poses
challenges for both methodic and applied research.

This research monograph aims at addressing some of these challenges by pre-
senting recent developments for the control of systems governed by PDEs. Herein,
the main focus is on systems with higher—dimensional spatial domain by suit-
ably developing systematic model-based design approaches to realize trajectory
planning and feedforward control, feedback stabilization and observer design, and
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trajectory tracking. Techniques including flatness and backstepping build the core of
the treatise and provide the starting point of the presented methodic extensions and
generalizations. Moreover, semi—numerical approaches are deduced by integrating
suitable methods of approximation into the design systematics to enlarge the domain
of applicability. The theoretic analysis is combined with both simulation examples
and state—of—the—art experimental results, which enables to bridge the gap between
mathematical theory and control engineering practice in the rapidly evolving PDE
control area.

The presentation is split into five parts starting with an introduction and survey
of PDE control in Part[l Mathematical modeling of heat transfer problems, multi—
agent networks, and flexible structures is considered in Part[[ll The derived model
equations serve as the basis for flatness—based trajectory planning and feedforward
control in Part [[Tll for PDE systems with both in—domain and boundary control.
Part[[V] addresses feedback stabilization and observer design by generalizing back-
stepping techniques and considering their combination with trajectory planning and
feedforward control towards the realization of tracking controllers for PDE sys-
tems. Simulation and experimental results are provided in the individual chapters to
support the methodic developments and to illustrate their application. Selected
mathematical tools and results from complex analysis, entire function theory, and
functional analysis are summarized in Part [Vl Thus, the book is adequate as an
advanced research monograph for graduate students in applied mathematics and
control theory or as a reference to recent developments for researchers and control
engineers interested in the analysis and the control of systems governed by PDEs.

This book would not have been possible without help, support, and suggestions
of colleagues and family. In particular I am indebted to Andreas Kugi for his support
and suggestions, many fruitful discussions, and his academic and personal advice. I
want to acknowledge my students and co—workers in Vienna, especially the mem-
bers of my work group Johannes Schrock, Lukas Jadachowski, Tilman Utz, and
Marc Oliver Wagner. Moreover, I am particularly grateful to Miroslav Krstic for his
suggestions and advice. During the work on PDEs I have enjoyed the interaction
with Ansgar Jiingel, Pierre Rouchon, Birgit Schorkhuber, Kurt Schlacher, Andrey
Smyshlyaev, Rafael Vazquez, Michael Zeitz. I am also thankful to my Viennese
colleagues at the CDS group for collectively creating an open and friendly environ-
ment. In addition, the financial support of the German Research Council (DFG) is
gratefully acknowledged. Last but not least I would like to thank my parents for their
continuous support and Barbara for her encouragement and patience in the course
of creating this book.

Vienna, January 2012 Thomas Meurer
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The following list only contains symbols that are used consecutively throughout the
text neglecting only locally introduced symbols.

Coordinates and Units

Variables
§9F (2, 1)
£(z,8)

Imaginary unit »2 = —1

Node in communication graph with integer or multi—index j
Time coordinate

Spatial coordinate

Coordinate r—tuple z = (2%, 22,...,2")

Coordinate (r — 1)—tuple z ;) = (2',2%,..., 271 2/ L 27)
Coordinate r—tuple z with 2* = L; and 27 = L;

Coordinate r—tuple z with 2z = L;

Coordinate r—tuple z with 2z = ¢

Laplace variable

k—th component of desired basic output vector with (z,t) € £2 x R;
Laplace transform of £(z, t)

Basic output (vector) with (z,¢) € 2 x R}

Desired basic output (vector) with (z,t) € {2 x ]Rj0

Laplace transform of &(z, t)

k—th component of basic output vector with (z,¢) € £2 x R/,

Basic output (scalar) with (z,t) € 2 x IR;;

Desired basic output (scalar) with (z,t) € 2 x R}

State of target system for state—observer design with (z,t) € 2 x R;g
State of target system for state—feedback design with (z,t) € 2 x ]RZ)
k~th component of input vector with (n;,t) € N x R},

k—th component of input vector with (z,t) € £2 x R,

Scalar boundary input (where distinguished from in—domain control
up)
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u**(n;,t) k-th component of feedforward control with (n;,t) € N x R}
u*(nj,t)  Feedforward control (scalar) with (n;,t) € N x Ry
u*¥(z,t)  k-th component of feedforward control with (z,t) € £2 x R}
u*(z,t)  Feedforward control (scalar) with (z,t) € £2 x Ry

uo Scalar in—domain input (where distinguished from boundary control
(o))

(z,s) Laplace transform of u(z, t)

u(nj,t)  Input (scalar) with (n;,¢) € N x R},

) Input (scalar) with (z,t) € 2 x R},
u(n;,t)  Input (vector) with (n;,¢) € N x Ry,
u(z,t)  Input (vector) with (z,t) € £2 x R
Uy Boundary input vector (where distinguished from in—domain control

ug)
u*(n;,t)  Feedforward control (vector) with (n;, ) € N x R}

u*(z,t)  Feedforward control (vector) with (z,t) € 2 x R},

uQ In—-domain input vector (where distinguished from boundary control
UH ()

u(z,s) Laplace transform of u(z,t)

#(z,t) Observer state with (z,t) € £2 x R},

Z(z,t) Observer error state with (z,1) € 2 x R},

x(n;,t)  State (vector) with (n;,t) € N x R

a¥(z,t)  k-th component of state vector with (z,¢) € 2 x R/,

z*(n;,t) Desired state (scalar) with (n;, ) € N x R,

x*(z,t)  Desired state (scalar) with (z,t) € 2 x R}

i(z,s) Laplace transform of x(z, t)

a¥(n;,t)  k-th component of state vector with (n;, ) € N x R}

z(nj,t)  State (scalar) with (n;,¢) € N x R},

x(z,t) State (scalar) with (z,¢) € 2 x R},
x(z,t) State (vector) with (z,t) € 2 x R},
*(nj,t) Desired state (vector) with (nj, ) € N x R}
*(z,t)  Desired state (vector) with (z,1) € 2 x R,
z,8) Laplace transform of @(z, t)
nj,t)  k-th component of output vector with (n;,¢) € N x R}
z,t)  k-th component of output vector with (z,t) € £2 x R/,
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2,8) Laplace transform of y(z, t)
,,t)  Output (scalar) with (n;,t) € N x R}
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Laplace transform of y(z, t)
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=
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Chapter 1
Introduction

Although exhibiting a long history and tradition, partial differential equations
(PDEs) are just nowadays starting to evolve as the fundamental mathematical de-
scription of many technical processes. It can be thereby observed that the success
story of PDEs entering new areas of applied research is related to the vast progress
in information technology and (computational) mathematics, which provide access
to an almost unlimited computational power and newly developed efficient algo-
rithms. With this, the attention is focused on previously unthought problems such as
high resolution climate simulation using increasingly finer spatial grids covering the
earth’s surface or the study of multi—-phase compressible reactive flows in complex
geometrical domains.

In general, the distributed—parameter description becomes an essential ingredient
of the modeling and analysis process if the spatial or property—related distribution
of the process variables can no longer be neglected. Some characteristic examples
are summarized below:

e chemical or biochemical reactors [@] such as three-way catalysts for exhaust
after—treatment in automotive applications, (reactive) distillation and adsorption
processes [@], or activated sludge processes for wastewater treatment [@ﬁ)

e thermal systems l6] or the reheating and cooling of metal slabs during the steel
processing to achieve desired metallurgical changes ];

e electrochemical systems such as fuel cells ] and Li—ion or Li—polymer bat-
tery devices for energy production and storage 26, 58];
smart materials and vibratory systems [@ ﬁ ];
flexible structures arising in aerospace and mechanical applications including
novel adaptive or flapping wing structures ], micro—mechanic bending can-
tilevers in atomic force microscopes [IE], or deformable mirrors in adaptive
optics ];

e fluid dynamical systems 1, 141, mixing processes and coupled fluid—structure
interactions;
wave propagation in optical fibers ] and traffic congestion , ];
energy production in fusion reactors , B].

)

T. Meurer: Control of Higher-Dimensional PDEs, CCE, pp. 3—@.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2013



4 1 Introduction

However, the dynamic operation of these distributed—parameter systems (DPSs) es-
sentially relies on the incorporation of suitable control strategies to influence the
system dynamics and to enlarge the operating range. For this, it can be observed that
in addition to the stabilization problem, the consideration of the trajectory tracking
control problem, i.e. the design of a control such that the controlled variables of the
distributed—parameter system follow prescribed desired reference trajectories, has
gained increasing attraction. This is in particular due to the rising demands on prod-
uct quality and efficiency, which require to turn away from the pure stabilization of
an operating point towards the realization of specific start—up, transition, or tracking
tasks. Selective academic and industrial applications, which illustrate and confirm
the increasing interest in the study of tracking control problems for distributed—
parameter systems can be found, e.g., in [@ ,@] and the references therein.

Nevertheless, although being of increasing practical interest, traditional control
design approaches seem to provide only indirect and often unsatisfactory solutions
to the tracking control problem. This is mainly due to the methodical focus on the
feedback stabilization of a given distributed—parameter system without the consid-
eration of the assignment and the realization of a suitable desired spatial-temporal
dynamics.

1.1 Feedback Stabilization of PDE Systems

Model-based feedback control for distributed—parameter systemsEl can in general
be classified in terms of early and late lumping. In the early lumping approach,
the governing PDEs are reduced to a finite—dimensional description by making use
of suitable approximation and model reduction techniques prior to the feedback
control design. This includes the application of finite difference or finite element
techniques [@, ], modal or spectral approaches [@, , @, , @], balanced
truncation and proper orthogonal decomposition [BI, , ], or Galerkin’s method
, ] and its variants such as (approximate) inertial manifold techniques [@, ,
27, l64). Thereby, well-developed feedback control design methods can be applied
originating from linear and nonlinear finite—dimensional control theory. However,
depending on the order of approximation, the early lumping approach may lead
to high—dimensional and complex feedback control structures, which do not fully
exploit the physical structure of the system. In addition, the neglected dynamics
may lead to a degradation of the control performance or even the destabilization of
the closed—loop system due to the well-known control and observer spillover (7.
Furthermore, for nonlinear distributed—parameter systems the validity of the finite—
dimensional approximation and hence the determined controller is usually restricted
to a certain subset of the state space. As a result, situations may arise, where the

!'In this section, only a brief overview of the major analysis as well as design approaches
and techniques will be given, which are available for control problems governed by
distributed—parameter systems. This can naturally include only a selection of methods and
literature without any claim of being comprehensive.
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domain of model validity is violated due to the control action. This leads to a loss of
robustness and eventually to an unstable behavior of the closed—loop system (see,
e.g., [@] for a fluid dynamical example).

On the other hand, in the late lumping approach the distributed nature is explic-
itly integrated into the system analysis and the control design. This in particular
enables a rigorous extension of finite—dimensional systems and control theory to
systems governed by partial differential equations, see, e.g., [@, @, @ ] for
modern and comprehensive treatises. For linear systems, the operator—theoretic rep-
resentation of the distributed—parameter system using semigroup theory allows a
mathematically profound generalization of well-known control design approaches
for finite—dimensional systems. Examples include frequency domain techniques
[@, @, @, m, @, ], eigenvalue and structural assignment exploiting cer-
tain (Riesz) spectral properties of the system operator [Iﬁ, @, , ], and LQR
state—feedback control ,], which, however, requires the rather involving solu-
tion of operator Riccati equations. In any case, special emphasis is required for the
analysis of the asymptotic or the exponential stability of the closed—loop distributed—
parameter systems. For this, typically linear and nonlinear semigroup and contrac-
tion theory as well as spectral analysis are applied [@, , ,g@f) @, , ].

Moreover, while Lyapunov’s theory is a well-developed tool for finite—dimen-
sional linear and nonlinear systems certain structural restrictions arise for its exten-
sion to the distributed—parameter case, which are mainly related to the existence and
the construction of an appropriate Lyapunov functional and the loss of compactness
of infinite—dimensional function spaces [@, @ m , , |8__l|]. Nevertheless sig-
nificant generalizations to linear and nonlinear distributed—parameter systems are
available including the celebrated LaSalle’s invariance principle [@, |ﬁ§, @, ].
Based on these mathematical tools various stabilization tasks have been addressed
for both linear and nonlinear parabolic, hyperbolic, and biharmonic PDEzs, see, e.g.,
[ﬂ, |Tl|, @ |§1| , @ @, @I])and the many references therein. In addition, promis-
ing results are obtained utilizing dissipativity concepts and distributed—parameter
port—Hamiltonian systems ,, é, , @, , ].

However, for systems governed by linear time varying PDEs, linear PDEs with
nonlinear boundary conditions (BCs), and nonlinear PDEs the development of sys-
tematic feedback control design approaches ensuring at least local asymptotic sta-
bility is still a widely open question with only few available results (see, e.g.,
[@,, ]). Besides the application of Lyapunov-based techniques for the veri-
fication that a particular choice of feedback control implies asymptotic or possibly
exponential stability, the so—called backstepping approach provides a systematics
for the design of exponentially stabilizing state—feedback controllers. Backstepping
in its extension to PDE systems is thereby based on the determination of the kernel
of an invertible Volterra integral equation to achieve a one—to—one correspondence
between the possibly unstable plant dynamics and a suitably selected exponentially
stable target system. This, however, requires the solution of a higher—dimensional
PDE governing the evolution of the kernel. Once the kernel is determined, the re-
spective state—feedback controller realizi%the desired transformation is immedi-

ately obtained [IE, , , , , @, ,, , , ]. The backstepping
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technique inherently relies on the knowledge of the spatial-temporal state evolu-
tion such that the control has to be complemented by a suitable state—observer. For
this, backstepping can be similarly applied , @], which results in dynamic out-
put feedback controllers. In addition to linear systems with constant or spatially
varying parameters, results on the incorporation of a single time varying reaction
parameter [136], time and spatially varying parameters [94], as well as the exten-
sion to distributed—parameter systems with nonlinearities in terms of Volterra series
, ] are available.

Nevertheless, it has to be pointed out that with the exception of optimal control
[@, @, |_1_l__1| , , , m;, whose methods are in general computationally ex-
pensive in the case of distributed—parameter systems, and certain extensions of the
geometric theory of output regulation (23] with its restriction to linear systems, pe-
riodic desired trajectories, and the necessity to solve operator Lyapunov equations,
the control of distributed—parameter systems is in general limited to the stabiliza-
tion problem. On the other hand, enhanced operation demands and evolving novel
applications require to consider the trajectory planning problem. Selected examples
thereby include:

e the start—up, the shutdown, and the transition between operating points for chem-
ical and thermal processes such as tubular and fixed-bed reactors in chemical
engineering [@ 1;

e the realization of desired microstructural transitions during, e.g., annealing,
quenching, and tempering in metallurgical applications ];

e flexible smart structures such as piezoelectric stack actuators [@, @, E, , @]
and beam and plate systems llﬂ%, [128] with possible applications in injection
valves, micro— and nano—positioning devices, and atomic force microscopys;

e adaptive optics in telescopes, adaptive wings, or so-called smart skins, where it is
desired to suitably affect the shape of a structure to achieve, e.g., the modulation
of optical wave fronts, the reduction of drag, or the improvement of aeroelastic
characteristics , , @];

e quantum control systems, e.g., to realize tunnel transitions between energy
levels [IE];

e the formation control of interconnected networks of mobile agents [@, @, ].

1.2 Trajectory Planning and Tracking Control for PDE Systems

The problem of trajectory planning, i.e. the design of an open—loop control to re-
alize prescribed desired spatial-temporal output paths, is of fundamental interest in
control theory and its applications. For the solution of the trajectory planning and
tracking control problem for finite—dimensional linear and nonlinear systems, dif-
ferential flatness as introduced by Fliess and co—workers [@] is nowadays a well
established tool , , , ,, ]. Differential flatness basically implies
that the system states and the control inputs can be parametrized in terms of a flat
or so—called basic output and its time—derivatives up to a certain problem dependent
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order. By prescribing appropriate trajectories for the flat output the respective state
and input trajectories can be directly evaluated without integration of any differen-
tial equation. Within the context of differential algebra and differential geometry,
this implies that a differentially flat system is endogenously equivalent to a system
without dynamics described by a collection of independent variables, namely the
flat (@put, having the same number of components as the number of system inputs

Observing that the underlying idea of equivalence and flatness, i.e. the existence
of a one—to—one correspondence between trajectories of systems, can be also adapted
to systems governed by PDEs 172, 116, m 89, [153], recent work on the flatness
concept has mainly dealt with its extension to trajectory planning for boundary con-
trolled linear and certain nonlinear distributed—parameter systems in a single spatial
coordinate. Thereby, for parabolic and biharmonic PDEs the application of opera-
tional calculus or formal power series yields the parametrization of the system states
and the system inputs by the flat or basic output, respectively, in terms of fractional
differentiation operators or infinite power series representations. The series coeffi-
cients depend on time—derivatives of the basic output, which has to be chosen from a
certain Gevrey class to ensure uniform convergence of the series. Selective examples
concern trajectory planning for the linear heat equation @] and for the linear diffu-
sion equation with spatially dependent coefficients [Iﬁ, ] in several state variables
[@, ]. In addition, certain semi— and quasi-linear diffusion—convection—reaction
systems modeling tubular reactors are considered, e.g., in [@ @ , , m],
while a moving boundary problem (Stefan problem) is studied in [42,[121]. Besides
parabolic PDEs, results on the trajectory planning for hyperbolic systems exhibiting
wave dynamics are available [@ @ i]

Nevertheless, in contrast to possible applications, e.g., for the selective reheating
or cooling in material processing and forming, thermal management for energy pro-
duction and storage units or problems of flow control, so far only very few results
are available for the solution of the trajectory planning problem for PDEs defined
on higher—dimensional domains. In 13, trajectory planning is considered for the
boundary controlled linear heat equation with rectangular domain by using trun-
cated Fourier series expansion, which, however, results in the loss of the essential
effects arising from the infinite-dimensional system character. Trajectory planning
for the temperature evolution inside a cylinder is considered in [@] by exploiting
the rotational symmetry of the domain, which reduces the problem to two decoupled
1-dimensional systems. The motion of a fluid represented by linearized wave equa-
tions under the shallow water approximation inside a moving tank being subject to
controlled translations and rotations is analyzed in [107]. The trajectory planning
problem is thereby in principle solved by superimposing the solution of two decou-
pled 1-dimensional problems. Computations with entire functions are suggested in
] for the 2— and 3—dimensional wave equation with a finite—dimensional control
acting simultaneously on all of the domain’s boundary. The resulting flatness—based
parametrizations are thereby shown to diverge in general. For boundary controlled
diffusion—convection—reaction systems with spatially and time varying parameters
defined on a parallelepiped domain a solution to the trajectory planning problem is
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provided in [95] by considering a formal integration of the PDE. With this, rather
general results are obtained, which, however, rely on the particular shape of the
spatial domain and the assumption of an infinite—dimensional boundary control.
While the latter assumption is rather common, in particular for the controllability
and observability analysis of diffusion—convection—reaction systems with higher—
dimensional domain (see, e.g., [@, , , @]), it represents a significant practical
restriction. In order to address this, a design systematics is presented in 190] for
boundary controlled linear diffusion—reaction systems with parallelepiped spatial
domain, which is simultaneously applicable to both infinite— and finite—dimensional
control configurations. Here, the Riesz spectral properties of the system operator are
exploited to determine a flatness—based parametrization of the system variables in
terms of differential operators of infinite order.

Besides the determination of open—loop input trajectories, flatness—based tra-
jectory planning can be complemented by suitable feedback control techniques
for distributed—parameter systems within the so—called two—degrees—of—freedom
(2DOF) control concept. While the underlying idea of an independent design of
the reference dynamics and the feedback stabilization traces back to [@] in the
case of linear finite—dimensional control problems, recent extensions consider the
application of the 2DOF concept to nonlinear finite—dimensional systems [@] and
systems governed by PDEs [@]. The underlying schematic set—up is shown in Fig-
ure [Tl Given the distributed—parameter system X, with output y(¢), the con-
trol structure comprises trajectory planning 2™ and feedforward control X'y s to
impose the desired output trajectory y*(¢) by means of w*(t) and error feedback
control X%, to provide the state—feedback u.(t) in terms of the estimated error state
Z.(t) obtained from an error system observer X¢, processing the tracking error
y.(t) = y(t) — y*(¢). In particular, in the nominal case of an exact plant model
Y, no exogenous disturbances, and perfectly known initial conditions, the feed-
forward control in combination with trajectory planning ensures that the output y ()
exactly tracks a prescribed desired trajectory y*(¢). In order to account for model
uncertainties and disturbances and to make this approach applicable to unstable sys-
tems, a feedback controller is designed to stabilize the tracking error dynamics,
i.e. the evolution of the deviation between the actual state and its desired value.
The latter is herein known from the flatness—based state and input parametriza-
tion. Moreover, it is in general necessary to integrate a distributed—parameter
state—observer to estimate the unmeasured state evolution from the available mea-
surements. Applications of the 2DOF concept for distributed—parameter systems
comprise linear and semi-linear diffusion—convection—reaction systems [@
94], where flatness—based trajectory planning was combined with PI output er-
ror feedback control and backstepping—based state—feedback control, respectively,
or flexible structures such as piezoelectric stack actuators and elastic beams with
flatness—based techniques being integrated together with PID control , @],
modal finite—dimensional state—feedback control [156] and passivity—based dy-
namic output error feedback control [@ @ M]. In addition, complex period-
ically operated adsorption processes are addressed in l16, [17] within the early—
lumping approach. Thereby, the experimental results presented in [@, 100, 127)

> )
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Fig. 1.1 Block diagram of the 2DOF control concept for the DPS X', with trajectory plan-
ning X, feedforward control s, error feedback control X%, error system observer ¢,
for tracking control y — y™.

directly illustrate the robustness and the high tracking performance, which can be
achieved by means of a suitable combination of these design methods within the
2DOF concept.

These introductory remarks constitute the starting point for this contribution,
where systematic model-based trajectory planning, feedback stabilization, and
tracking control methods are developed for distributed—parameter systems with a
particular focus on higher—dimensional spatial domains.

1.3 Objectives of this Book

Although many significant contributions both on the methodic and the applied level
are available for the control design for distributed—parameter systems many ques-
tions still remain unanswered. This in particular includes the analysis of distributed—
parameter systems with higher—dimensional spatial domain, where from a control
perspective various challenges arise, which can be currently only approached in an
unsatisfactory way:

e Rather sophisticated approaches exist for trajectory planning given linear and
certain classes of nonlinear boundary controlled distributed—parameter systems
with 1-dimensional spatial domain. Nevertheless, their extension and system-
atization to complex higher—dimensional domains, in—domain control, and time
varying or even nonlinear PDE systems is unsolved but of great interest in view
of the many applications.

e Different techniques such as spectral, semigroup, and Lyapunov theory are avail-
able to verify that a particular type of output or state—feedback control stabilizes
a given distributed—parameter systems. However, there is still a great lack in de-
sign methodologies, which systematically enable the feedback stabilization and
are generically applicable to PDE control problems.

e The combination of trajectory planning and feedback stabilization is well
established for finite—dimensional and distributed—parameter systems with
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1-dimensional domain. However, their suitable integration within the 2DOF con-
trol design concept might lead to promising generalizations towards the solution
of the tracking control problem for distributed—parameter systems with higher—
dimensional spatial domain involving varying parameters and nonlinearities.

e In many applications complex geometrical domains have to be considered and
nonlinearities arise due to, e.g., chemical reactions, fluid flow, or large displace-
ments, which in general prevent the application of analytical approaches to the
solution of trajectory planning, feedback stabilization, and tracking control prob-
lems. Hence, suitable semi—numeric techniques are required by combining ana-
Iytical design methods with well-developed numerical tools.

e In general, numerical simulation is used to validate control and observer design
concepts for distributed—parameter systems. Nevertheless, the thorough eval-
uation of their applicability, real-time capability, and performance essentially
requires implementation and the proof—of—concept based on sophisticated exper-
imental facilities.

In order to address these challenges, in this monograph recent developments are pre-
sented with the desire to extend the state—of—the—art both at the methodic as well as
the applied level. For this, the analysis focuses on the trajectory planning and track-
ing control problem with the latter inherently covering the feedback stabilization
task. In view of the individual components of the presented 2DOF control design
concept and their realization, this comprises the following objectives:

e The generalization of flatness—based trajectory planning to distributed—parameter
systems with higher—dimensional domain and both boundary as well as in—
domain control.

e The development of backstepping—based design methodologies for the sys-
tematic feedback stabilization and the state—observer design for distributed—
parameter systems with higher—dimensional parallelepiped domain covering both
single input single output (SISO) and multiple inputs multiple outputs (MIMO)
configurations.

e The combination of flatness—based trajectory planning and backstepping—based
feedback control to realize exponentially stable tracking control for distributed—
parameter systems with higher—dimensional domain.

e The development of efficient semi—numerical design techniques by combin-
ing the developed analytical design techniques with methods of numerical ap-
proximation to enable the consideration of complex multi-domain PDE control
problems.

e The proof—of—concept by the application of the developed techniques in simula-
tion and state—of-the—art experiments to verify the control and tracking
performance.

It is herein desired to address these objectives based on theoretical and numeri-
cal results. Therefore, different application examples are studied within the various
chapters both in simulation and experiment and extensions are provided whenever
possible to generalize the underlying ideas.
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1.4 Outline and Structure

The structure of this contribution can be directly deduced from the objectives stated
above. Following this introductory Part [, the monograph is organized into Parts
MMV Part [ considers the modeling of selective application examples that are gov-
erned by distributed—parameter systems. This comprises the established areas of
non—convective and convective heat transfer in Chapter [2| as well as an emerging
area dealing with the mathematical representation of interconnected network struc-
tures including cooperative sensor and actuator networks in Chapter Bl Moreover,
flexible mechanical structures are considered in Chapter M with a particular focus
on smart adaptive systems with spatially distributed piezoelectric actuators. It is
thereby shown that the application areas can be embedded into the class of parabolic
(or biharmonic) PDEs with the control being either located on the boundary or in
the interior of the PDE domain. For this, fundamental modeling and analysis is-
sues are presented, which are in addition required for the proper formulation of the
respective stabilization and tracking control design tasks.

In order to address these, Part [Tl considers the generalization and systematiza-
tion of flatness—based techniques for trajectory planning and feedforward control for
distributed—parameter systems with complex higher—dimensional spatial domain as
well as spatially and time varying system parameters. Thereby, a spectral approach
is presented in Chapter[6l which exploits the spectral properties of the system oper-
ator. Following a brief survey on the abstract formulation of PDE control problems
in appropriate function spaces, Riesz spectral operators are introduced, which share
the favorable properties that their eigenvalues are purely discrete and their eigenvec-
tors and adjoint eigenvectors form a Riesz basis. It is thereby important to observe
that many physically relevant problems can be embedded into the class of Riesz
spectral operators as is outlined, e.g., in [@, @]. By suitably re-formulating the
resolvent of a generic Riesz spectral operator with eigenvalues of differing alge-
braic and geometric multiplicity, it is shown that a basic output can be systemat-
ically introduced under the assumption of approximate controllability to formally
parametrize any system variable. Thereby, differential operators of infinite—order
arise, which, however, can be interpreted as entire functions in the operational do-
main. This correspondence can be utilized for the convergence analysis of the formal
parametrizations, where generic results are determined by making use of the theory
of entire functions and Weierstrass canonical products. Here, additional conditions
arise, which have to be taken into account for the admissible trajectory assignment
for the parametrizing basic output. To address this, a generic set—up is proposed to
realize finite time transitions between stationary and non—stationary profiles. The
application of this design method is furthermore illustrated in numerical simula-
tions for the heat and wave equation on a 1-dimensional domain as well as for
boundary controlled diffusion—convection—reaction equations on both general Rie-
mannian manifolds and 3—dimensional parallelepiped domains. These results are
complemented by the analysis of a flexible piezoactuated plate, where the weak for-
mulation of the equations of motion is utilized for the flatness—based design. With
this, on the one hand an efficient semi—numerical design approach can be deduced
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making use of weighted—-residuals. On the other hand, experimental results are pre-
sented for high—speed rest—to-rest motion along predefined spatial-temporal deflec-
tion paths of the piezoactuated structure, which illustrate and confirm the tracking
performance. In order to incorporate also time varying system parameters, a de-
sign approach based on the formal integration of the governing PDE is presented
in Chapter[7l Given the example of a linear diffusion—convection—reaction system
with the input being restricted to one boundary hypersurface of the parallelepiped
domain, the uniform convergence of the state and input parametrizations is verified
generically depending on the Gevrey order of the basic output trajectory. Moreover,
the assignment of admissible desired trajectories is generalized by explicitly taking
into account the time—variance of the governing PDE. The applicability and tracking
performance is evaluated by simulation results for a 3—dimensional spatial domain.

The analysis of the trajectory tracking problem is complemented in Part [[V] by
the development of feedback stabilization techniques for distributed—parameter sys-
tems with boundary actuation and their combination with trajectory planning and
feedforward control within the 2DOF control concept. This covers boundary con-
trolled diffusion—convection—reaction systems with spatially and time varying pa-
rameters defined on both 1-dimensional and higher—dimensional domains. For this,
the backstepping approach is suitably extended for the state—feedback and state—
observer design. Herein, both SISO as well as MIMO systems are considered,
where in particular the latter configuration poses challenging problems due to the
broad variety of boundary input and boundary output configurations. In order to ad-
dress these tasks, the general formulation of the backstepping approach for linear
diffusion—convection—reaction systems with spatially and time varying parameters
and 1-dimensional domain is presented first in Chapter[8l Here, successive approx-
imation techniques are introduced to solve the arising PDE for the backstepping
integral kernel. With these preliminaries, extensions to distributed—parameter sys-
tems defined on higher—dimensional domains and MIMO configuration are con-
sidered in Chapter [0 It is herein shown that the MIMO case requires to introduce
multi-linear Volterra integral transformations. In addition to the state—feedback con-
trol and state—observer design a separation principle is verified for the backstep-
ping approach, which yields that feedback and observer can be designed separately.
Moreover, it is shown that the backstepping technique, which transforms the orig-
inal and possibly unstable distributed—parameter system into a target distributed—
parameter system with prescribed stability properties, can be directly combined
with differential flatness to determine exponentially stabilizing tracking controllers.
This is confirmed in simulation scenarios, where the exponentially stable track-
ing of prescribed spatial-temporal paths is validated for both 1-dimensional and
3—dimensional settings arising in chemical engineering applications as well as the
synchronization of a large scale multi—agent network.

Finally, the Appendix in Part [V] provides a brief overview of the used notation
and the required mathematical background covering selected results from complex
analysis, entire function theory, and functional analysis.
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Chapter 2

Model Equations for Non—Convective and
Convective Heat Transfer

In the following, the fundamental balance equations are derived for non—convective
and convective heat transfer. For this, thermodynamic principles are applied by con-
sidering a suitable control volume, which is either fixed in space or moving within a
fluid. With this, selected application examples and the related control problems are
introduced and briefly discussed towards their analysis in subsequent chapters.

2.1 Non-Convective Heat Transfer

In the following, the equations governing the evolution of the temperature field
x(z,t) in a heat conducting body are determined by making use of the first law
of thermodynamics for a closed system, i.e. a coherent region of volume (2 from the
conductive body (cf. Figure 2T)). With the internal energy E(¢) this yields

O.E(t) = Q(t) + P(t), 2.1

where Q(t) denotes the heat flow and P(t) the (electrical or mechanical) power
crossing the surface 0?2 of (2 [B]. Assuming a solid body, the change in the material
density p(z,t) due to temperature and pressure variations can be neglected such
that p(z,t) = p. With E(t) = [, pe(z,t)df2 and the caloric equation of state
de(z,t) = c(x(z,t))dx(z,t) with the specific heat capacity c(z(z,t)), this yields

O,E(t)=p /Q c(x(z,1)0,2(z,1)d2 = Q(t) + P(t) (2.2)

For the determination of Q(t) consider a surface element d9{2 with outer normal
vector n as shown in Figure 2.J1 With the sign convention that the flow is positive if
it enters the volume, the heat flow rate follows as

dQ(z,t) = —q(z,t) -ndofR (2.3)

T. Meurer: Control of Higher-Dimensional PDEs, CCE, pp. 23—@.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2013
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dos?

Fig. 2.1 Material volume (2 of the conducting body with surface element d0f2 and outer
normal vector n

with the vector field of the heat flux ¢(z,t). The integration of the heat flow rate
over the surface 0?2 yields the total heat flow

Ot) = —/m2 q(z,t)-nd&Q:—/QV-q(z,t)dQ. 2.4)

The latter equation thereby follows from the divergence theorem.

In order to determine P(t) observe that P(t) in general consists of two con-
tributions, namely the power caused by a change of volume and the power Pp(t)
dissipated inside the volume (2. While the first contribution equals zero for an in-
compressible body the dissipative part can be made up of, e.g., the ohmic resistance
of a heat and electricity conduction material or the energy rich radiation absorbed by
the body. To cover these dissipative and hence irreversible energy conversions a so—
called power density W (z(z,t), uq(2,t), z,t) with ug(z,t) denoting an external
quantity is introduced such that

P(t) = Pp(t) = /Q W(z(z,t),un(z,t), z,t)ds2. (2.5)

Obviously, the dissipative energy conversions act like heat sources thus increasing
the internal energy of the body. Note that a similar effect is obtained whenever
(exothermic) chemical or nuclear reactions take place inside the body. However, it
is in many situations possible to neglect the change in the chemical composition of
the body and hence the material properties and to cover the reactive contributions
by means of the power density.

As a result, substituting (Z.4) and 2.3) into (2.2)) yields

/Q(pc(x(zj))atx(z,t) +V-q(z,t) = W(x(z,t),un(z,t), z,t))d2 = 0.



2.1 Non-Convective Heat Transfer 25

Since this expression has to hold for any material volume (2 equality can be only
achieved if

pe(x(z,)0,x(2,t) = =V - q(2,t) + W(z(2,1), un(z,t), 2, 1).
By making use of Fourier’s law, the heat flux can be determined as
q(z,t) = =A(z(z,t))Va(z,t) (2.6)

with the in general temperature—dependent thermal conductivity A(z(z,t)). Hence,
the evolution of the temperature field z(z, t) is obtained in terms of the PDE

pe(x(z,1))0,x(2,t) =V - (Ma(z,t))Va(z,t))
+W(x(z,t),ug(z,t),z,t). (2.7)

In the special case of an anisotropic material such as certain crystals or laminated
materials using Einstein’s summation convention (cf. Appendix[A_T) it follows that

G'(2,t) = =X (x(2,1))0,;2(2, 1), (2.8)

which yields the heat equation according to

pe((z,1))0yx(z,t) = 8, (N (2(2,1))0,;2(z, 1))
+W(x(z,t),un(z,t),z,t). (2.9)

In order to completely establish the temperature field, the PDE has to be comple-
mented by boundary conditions and an initial condition. For this, three types of
boundary conditions on (z,t) € 92 x R™ are distinguished in general, see, e.g.,

[3:

(i) The temperature is given as a function of time and surface position, i.e.
x(z,t) = ugn(z,t). (2.10)

This is called a boundary condition of first type or a Dirichlet condition.
(ii)) The heat flux normal to the surface is prescribed as a function of time and
surface position with

q(z,t) -n=—=X\x(z,1))Vz(z,t) - n 2.11)
= —Az(z,1))0,2(2,t) = uon(z,1). '
This boundary condition of second type is also called a Neumann condition.
(iii) If the body of temperature x(z, t) is in contact with another medium of temper-
ature upq(z,t), energy is exchanged along the boundary. Here, it is necessary
to further distinguish between the firm or loose contact of conducting solid
bodies or the contact with a fluid. In the first case, assuming a firm contact
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between two bodies, it is obvious that both the temperatures as well as the
normal heat flux at the interface must coincide, i.e.

x(z,t) = ugn(z,t)

ANz, 1)0,2(2, 1) = —Muaa(z,1)dausn(z,t). (2.12)

If the contact is loose, an additional resistance occurs, which results in a tem-
perature jump along the interface. The resistance is thereby described in terms
of the heat transfer coefficient .5 such that

Nz (2,1)0,2(2, 1) = aes (2(2, 1) — upo(z,1)). (2.13)

On the other hand, if the conducting body of temperature x:(z, t) is in contact
with a fluid of temperature ugq,(z,t) a boundary layer develops along the in-
terface. With « denoting the heat transfer coefficient, a balance of energy along
the boundary yields

Az (2,1)0,z(2,t) = a(z(2,t) — usn(z,1)). (2.14)

In mathematical terms boundary conditions of the form (Z.13) and (Z.14) are
called mixed or Robin boundary conditions. Note that if « is large (Z.14) can
be approximately reduced to the Dirichlet condition

x(z,t) = ugn(z,t).

Moreover, it should be pointed out that « could be a function of x(z,¢) and
upn(z,t) rendering the boundary condition nonlinear. A typical example is
thereby given by free convection along the boundary surface. Similarly, non-
linear boundary conditions are obtained in the case of radiative heat transfer,
see, e.g., [B] for further details.

For further considerations as well as analytical and numerical solution methods for
the equations governing non—convective heat conduction, the reader is referred to,
e.g., ;h, , @] and the references therein.

2.2 Convective Heat Transfer in Single Phase Flow

With the exception of, e.g., heat conduction in solids, typically convective effects
have to be taken into account for the modeling of heat transfer problems. In order
to address this, subsequently, the equations governing convective heat transfer are
briefly derived and illustrated in selective application examples and related control
problems. Subsequently, let M C R? be a space (or a Riemannian manifold) filled
with a fluid, which is itself in motion. For the derivation of the balance equations
governing the state of the fluid Reynold’s transport theorem is used following [Ij, ].
In order to introduce this kinematical principle, consider the deformation of a closed
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Fig. 2.2 Deformation of a closed volume (2(0) moving with the flow into 2(¢) at time ¢.
Here, n and v(z, t) denote the normal vector and the velocity at a point on the boundary of
02(t).

material volume (2(t) with surface 9f2(t) moving with the fluid, i.e. consisting of
the same fluid particles during the motion. The unit normal to the surface is denoted
by n and the surface velocity is given by v(z,t) (cf. Figure 2.2). Let f(z,t) be any
function of the spatial coordinates z and time ¢. Then Reynold’s transport theorem
states that the rate of change of the volume integral F'(t) = [, ) f(z,t)ds?2 is the

volume integral of the rate of change at a point plus the net flow of f(z,t) over the
volume’s surface [Ij], ie.

d, F(t) = /Q(t) O, f(z,t)d2 —l—/a f(z,t)v(z,t) - ndo2 (2.15a)

2(t)

_/m )(atf(z,t)+v.(v(m)f(z,t)))dg, (2.15b)

where the second equality follows from the divergence theorem. Herein, the inte-
grand can be re-written as

O f(z,t) + V- (v(z,1)f(2,1))
=0,f(z,t)+v(z,t) - Vf(z,t)+f(2,6)V - v(z,1)

=D, f(z,t)
= th(Z,t) + f(z,t)V ’ 'U(Z,t)

in terms of the so—called material derivative D,, i.e. the rate of change observed
when moving with the particle, while J, represents the rate of change at a fixed
point.

By replacing the function f(z, t) with the density p(z, t) times an intensive quan-
tity such as the specific internal energy, the specific enthalpy, or the specific entropy,
Reynold’s transport theorem yields the rate of change of the respective extensive
quantity F'(t), e.g., the internal energy, enthalpy, or entropy. This fact is exploited
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subsequently to determine the differential and the respective integral formulation of

the energy balance for a single phase pure substance and to outline the necessary

modifications towards the consideration of a reactive multi—-component mixture.
From Reynold’s transport theorem, the mass balance for a pure substance yields

dym =d, p(z,t)d2 = / (0,p(2,t) + V- (v(z,t)p(z,1)))d2 =0
() ()

since the mass m is constant for any control volume {2(¢) (Lagrangian description).
With this, the continuity equation follows as

O,p(z,t) + V- (v(z,t)p(z,t)) = 0. (2.16)

By considering the first law of thermodynamics, i.e. (Z.I)) for the non—convective
case, the change of the internal energy () is determined by

d, E(t) = Q(t) + P(1).
With E(t) = fQ(t) p(z,t)e(z,t)ds2 and the specific inner energy e(z, t) the appli-
cation of (Z.134a) implies
B0 = [ (@1lple, el 1) + 9 - (olz Dol ez, 1) 2
t

= Q1)+ P(t),
which in view of (2.16) reduces to

/Q P ODie(z, 10 = Ot) + P(t). 2.17)

The heat (t) entering the control volume over its surface df2(t) is governed by
4D but with the domain of integration replaced by 2(¢), i.e.

Q(t) = —/ q(z,t) - ndonR = — V- q(z, t)dn. (2.18)
a9n(t) £2(t)

The total power P, (t) generated from the surface forces, which is exchanged with
the control volume, comprises the so—called drag Ps(t), i.e. the part contribut-
ing only to the potential and kinetic energies, and the part P(t) contributing to
the internal energy. Their determination relies on continuum mechanical considera-
tions describing the state of the fluid. Hence, following, e.g., [@], the total power is
obtained] as

Prs(t) = /d ” W (2,1)6,5 (0 (2, 1) - 1) D2

! Note that the Einstein summation convention (cf. Appendix[A.T)) is used subsequently with
d;; denoting the Kronecker delta function.
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= / 0, (v'(z, )80 (2, t))ds2,
02(1)

where o (z,t) is the Cauchy stress tensor, o (z,t) - n is the Cauchy traction vector,
and (o(z,t) - n)? = ok (z,t)8mt [1, p. 505f]. Moreover, the drag can be deter-
mined by restricting the analysis to those forces only resulting in the dilatation of
the control volume such that

Ps(t) = o )3Zk0kj(z7t)5jivi(z,t)d(2.
t

By considering the difference Py, (t) — Ps(t) the fraction P(t) is obtained, which
contributes to the internal energy, i.e.

P(t) = / 010" (2,)8;;0M (2, 1)d 2. (2.19)
2(t)

With this, (Z17) can be evaluated to obtain the differential form of the energy
balance

p(z,t)Dye(z,t) = =0k " (2,1) + 00" (2,)0;;0™ (2,1). (2.20)

By taking into account the caloric equations of state different formulations of the
energy equation can be obtained, where in particular the description in terms of the
temperature field is subsequently considered in further detail.

Remark 2.1. To provide a complete description of the governing equations for a pure
substance, it is in addition to the continuity equation (Z.18)) and the energy balance
(2.20) necessary to introduce the Navier—Stokes equation

p(z,t)D' (2, ) = p(z, 1)k (2,t) + 0_;0Y (2, 1) (2.21)

with the body forces kiﬁﬁ a, 1 = 1,2, 3, such as gravity, to express the evolution
of the velocity field 12, 11, 3. Thereby, a constitutive equation relating stress and
strain and hence stress and velocity is required to obtain a closed—form expression.
However, for the sake of simplicity, these facts are neglected in the following by
assuming a known velocity field v(z, ¢) in order to focus solely on the convective
heat transfer.

It is well-known in thermodynamics that the specific enthalpy h(z, ) and the spe-
cific inner energy e(z,t) are related by h(z,t) = e(z,t) + p(z,t)v(z,t) with
the pressure p(z,t) and the specific volume v(z,t) = 1/p(z,t). This yields
for the material derivative of e(z, t) after some intermediate computations involving
the continuity equation that

p(z,t)D,e(z,t) = p(z,t)D,h(z,t) — Dyp(z,t) — p(z,t)V - v(z, t).

Hence, (Z.17) can be re—formulated in terms of the specific enthalpy according to
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p(z,)Deh(z,t) = =8,14" (2,) + 010" (2, 1)8;50™ (2, 1)
+ Dtp(zvt) +p(z,t)V : U(Zat)'

Moreover, specific enthalpy h(z, ¢) and temperature x(z, t) are related by
dh(z,t) = cp(z,t)da(z,t) — [0(0,v), — v(z,t)]dp(z, 1)

with the thermodynamic temperature ¥ and (0, /), referring to the derivative of the
specific volume v(z, t) with respect to the temperature x(z, t) for constant pressure
]. In the general case of anisotropic heat conduction making use of Fourier’s law

(2-8) results in

p(z,t)ep(z,t)Dya(z,t) = 0, (N9 (2(2,1))0,,2(2, 1))
, , 9(0 (2.22)
+ 00 (2,8)0550% (2, 1) + %Dtp(za t)+p(z,t)V - v(z,t).
Note that similar to the previous section, the thermal energy balance can be com-
plemented by dissipative contributions summarized in terms of the power density
W(z(z,t),un(z,t), z,t) with ug(z, t) an external quantity. With this, (Z.22) reads
as

p(z,t)ep(z,t)Dya(z,t) = 0, (A (2(2,1))0,,2(2, 1))
ﬁ(axV)P
v(z,t)

+ 00 (2,8)0550% (2, 1) + D,p(z,t) + p(2,t)V - v(z,t) (2.23)

+ W (xz(z,t), un(z,t), 2, t).

Based on this temperature form of the energy equation, certain simplifications of
(2:23) can be introduced depending on the properties of the fluid:

(i) For incompressible fluids with V - v(z,t) = 0 and hence D,p(z,t) = 0, the
term p(z,¢)V - v(z,t) is dropped.
(ii) If the flow is isobaric, then D,p(z,t) = 0.
(iii) Given an ideal gas with pv = R4, then ¥(0,v), /v = ¥(0yv),/v = 1 can be
directly deduced [B].

In addition, boundary and initial conditions have to be specified to completely estab-
lish the evolution of the temperature field. For this, similar to the previous section,
three types of boundary conditions are distinguished in general such that Z.I0)
(2:12) can be transferred to the considered configuration.

Remark 2.2 (Extensions to multi—-component reactive mixtures). In order to address
chemical reactions in N—component mixtures several modifications have to be taken
into account. In addition to the overall continuity equation (Z.16)), this includes N —1
component continuity equations, where reaction rates have to be considered and the
individual flow velocities of each component in the mixture have to be introduced
for the application of Reynold’s transport theorem. The energy balance has to be
modified in terms of the reaction heat generated from the specific enthalpies and the
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diffusive fluxes. Moreover, it is necessary to balance entropy. For a detailed treatise,
the reader is, e.g., referred to [@, , , | and the references therein.

2.3 Selected Applications and Control Problems

Based on the previously derived equations governing non—convective and convec-
tive heat transfer a broad variety of control problems arising in different physical
domains can be identified from the standpoint of feedback stabilization. However,
various applications require to analyze the trajectory planning or tracking control
problem, respectively, or rely on an accurate real-time estimation of the evolv-
ing states from the available measurement data. In order to motivate the analysis
and the examples considered in the subsequent sections selected applications are
briefly outlined below. Simulation results, which cover directly related problems
for diffusion—convection-reaction systems on 3—dimensional geometries are subse-
quently presented in Sections

2.3.1 Thermal Battery Management

The problem of energy storage poses challenging control problems. This, e.g., com-
prises the thermal management of Li—Ion, Li—polymer, and related battery concepts.
Thereby, the proper battery operation is essential to achieve optimal performance.
Here, self—acceleration effects of exothermic side reactions have to be taken into
account, which eventually lead to thermal runaway [@ |E |ﬁ|]. As a result, the high
uniformity of the spatial-temporal temperature distribution inside a battery cell or
the battery stack constitutes a thermal requirement for battery operation.

The thermal battery model can be considered either thermally and electrochemi-
cally coupled or decoupled depending on the treatment of the heat generation term.
As pointed out, e.g., in [11] the heat generation rate depends not only on the cell
temperature but also on the charging or discharging state. Thus a coupled model has
to include the full coverage of the electrochemical processes within the cell. Decou-
pled models on the other hand employ empirical relations, which describe the heat
generation rate in terms of temperature and experimentally determined discharge
and/or charge curves.

Following 18], a Li-ion battery is divided into three portions namely the core
consisting of individual cells connected in parallel, the case, and the contact layer
between core and case, which is typically filled with liquid electrolyte. Moreover,
the liquid electrolyte in general shows only limited mobility such that convective
effects can be neglected] together with radiative effects inside the opaque battery

2 The incorporation of convection requires to analyze the energy balance in the form (2.23)
with the velocity field being either imposed from empirical or measurement data or by a
detailed modeling of the interior flow conditions [Iﬂ].
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core. Hence, heat conduction is the major mode of energy transfer inside the battery
such that the spatial-temporal temperature evolution in the battery can be derived
from (2.7) according to

3
pc(2)0,x(z,t) = Z 9, (N'(2)0,:2(2,1))

+ W(x(z, t),un(z,t),z,t). (2.24a)

Herein, it is sufficient to consider only spatially varying heat capacity and ther-
mal conductivity. As pointed out above, the determination of the power density
W (z(z,t),uq(z,t), z,t) — also called heat generation rate in the context of ther-
mal battery modeling — either relies on a suitable coupling with the electrochem-
istry or empirical relations. In order to simplify the analysis typically the ansatz

suggested by [EI] is used to express the heat generation rate, i.e.

W(m(z,t),un(z,t),z,t) = [Roc(x(z,t)) — R(t)

— 2(2,t)0, Roc(2(2,t))], (2.24b)

‘/tot

where I, Vior, Roc(z(2,1)), and R(t) denote the total current of the battery, the
total volume of the core region, the open circuit potential, and the working voltage,
respectively [8]. If no electrochemical model is employed, then the potentials in
have to be determined from measurement data. Note that typically R,. and
0, Roc(z(z,t)) are considered as constants (ignoring the abuse of notation) and R(¢)
is determined from experimental data depending on the charge or discharge state of
the battery by making use of the Shepherd equation [9]. The remaining parameters
have to be evaluated depending on the geometric and material properties of the
individual cells as well as their connection (for details, the reader is referred to, e.g.,
[8]). In general, it should be pointed out that the spatial variation of ¢(z) and \° (2),
1 = 1, 2,3 is neglected. Finally boundary conditions have to be taken into account
to model the energy exchange at the boundary. Here, the physical conditions imply
Robin boundary conditions, i.e.

“AN2)0pz(2,t) = a(z)(2(2, 1) — uge(z,1)). (2.24¢)

In general, the heat transfer coefficient a(z) is a function of z(z,t) and up(z,t)
for z € 92, which renders the problem nonlinear [E].

The PDE—formulation above on the one hand enables to perform numerical sim-
ulations to study the thermal dynamics of the battery under different charging and
discharging conditions. On the other hand, it allows to address control and state es-
timation tasks to deduce the interior temperature profile by means of model-based
observer techniques for monitoring purposes and to realize modern state feedback
control strategies, e.g., to prevent thermal runaway. Moreover, trajectory planning
and tracking control problems arise during the charging phase.
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2.3.2 Building Climate Control

Increasing the energy efficiency of buildings is closely tied to the incorporation
of suitable automation techniques. While a detailed analysis and modeling of a
whole building is immensely complex due to its inherent multi—physics and multi—
scale characteristics, the consideration of individual subsystems provides an initial
demonstration and evaluation test bench. For this, sensor and actuator placement for
optimal climate control inside a room are considered, e.g., in [B]. Here, convective
heat transfer governed by (2.23) is analyzed together with the Navier—Stokes equa-
tions (Z.21)) to model the temperature and flow field evolution due to a controlled
inflow of air through suitably placed vents along the room’s boundary. The control
task thereby concerns the determination of a feedback strategy to control the room
temperature near a workplace and minimize energy.

Assuming for the sake of simplicity an incompressible fluid such that V -
v(z,t) = 0 with a known velocity field v(z,t), then the problem reduces to the
analysis of (2.23). Following [Ia], in this case the analysis can be restricted to

A
Opx(z,t) +v(z,t) - Va(z,t) = pTAa:(z,t), (z,t) € 2 xRY, (2.252)
P

where 2 = (0, L1) x (0, L) x (0, L3). The respective boundary conditions can be,
e.g., chosen of Robin type, i.e.

a(z(z,t) —2°(z,t), z€0

a(z(z,t) —usn(z,1)), =€ 0 (2.25b)

—A0px(z,t) = {

with 92 = 02y U 9§21, 2°(z,t) denoting the temperature of the exterior, and
upg (2, 1) representing the control input. As outlined above, the control task con-
cerns the design of upg(z,t) such that the weighted averaged temperature over a
subdomain 2. C {2 of the room

y(t):-/f2 c(z)z(z,t)do2. (2.25¢)

c

or more general y(z,t) = x(z,t)|.eq, follows a prescribed path y*(t) or y*(z, ),
respectively. On the other hand, the reconstruction of the temperature evolution from
the available data obtained from suitably placed sensors inside or along the boundary
of the domain {2 poses a challenging observation problem in view of the distributed—
parameter system characteristics.
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2.3.3 Medical Applications

Besides energy storage and building climate control, trajectory planning and track-
ing control problems for heat transfer or similarly diffusion problems can be identi-
fied, e.g., in the operation of decontamination rigs [@] or medical applications such
as hyperthermia 13]. Here, it is desired to plan and to track the spatial-temporal
evolution of desired global and regional temperature profiles by means of suitable
control strategies. While the arising control problems are essentially distributed in
space and time, the presented control designs typically rely on the early lumping ap-
proach by making use of approximation techniques to reduce the governing PDEs
to a low—dimensional set of ordinary differential equations (ODEs). Hence, by in-
corporating directly the distributed—parameter system character of the process sig-
nificant improvements can be expected.
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Chapter 3
Model Equations for Multi-Agent Networks

In the past decades, extensive research has been conducted on the cooperative con-
trol of multi—agent systems with possible applications ranging from UAVs and sen-
sor networks over transportation systems to micro—satellite clusters (see, e.g., (19
for a rather recent overview). Thereby, different analysis and design approaches
have emerged depending on the available communication topology and the consid-
ered formation control task.

In the behavior-based approach a desired set of behaviors is assigned to the in-
dividual agents and the overall behavior of the system is achieved by defining the
relative importance between the individual behaviors [3]. The virtual structure ap-
proach relies on the consideration of the entire formation as a single (rigid) entity
and the desired state is assigned to the rigid structure [@]. Alternatively, constraint
functions relating the positions and orientations of the individual agents can be de-
fined [27]. The potential field approach is based on the introduction of structural
interaction forces between neighboring agents to stabilize the system to the equi-
librium manifold [20]. Moreover, optimization—based approaches are analyzed to
minimize the individual and cumulative error [EL ]. In general, an additional dis-
tinction arises between leaderless and leader—follower systems. In the latter either a
real or a virtual agent is chosen as the leader, whose state follows a desired trajec-
tory. The follower agents track the state of the leader while maintaining their over-
all formation. Thereby in general feedback interconnection strategies are analyzed,
which either rely on global or local information corresponding to a centralized or
decentralized control scheme to achieve the agent synchronization, e.g., the realize
the deployment into prescribed formations. For a general treatise, the reader is also
referred to the monographs [@ , |E].

Besides the discrete analysis of the interconnected individual agents continuous
models based on partial differential equations (PDEs) have been used to model,
analyze, and control many particle systems (see, e.g, the review in ]), large ve-
hicular platoons [BI], and traffic flow , ]. In view of the analysis of multi—agent
systems, (8] introduce a semi-discrete continuous—time partial difference equation
(PdE) framework over graphs, where the spatial discretization corresponds to the in-
dividual agent. It is thereby shown that the graph Laplacian control proposed in 21

T. Meurer: Control of Higher-Dimensional PDEs, CCE, pp. 37@.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2013
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coincides with the linear heat equation. In order to incorporate certain parameter un-
certainties for multi—agent systems modeled by PdEs adaptive control approaches
are proposed [IEI]. A wave-like PDE model in the limit as the number of vehicles in
a platoon moving in a straight line tends to infinity is proposed in [@]. With this, the
stability margin of large vehicular platoons under bidirectional decentralized control
was analyzed and improved by introducing a forward-backward asymmetry in the
control gains. Linear diffusion—advection—reaction equations with dynamic bound-
ary conditions were studied in [IQ, ] for the leader—follower formation control into
deployment profiles governed by the respective (unstable) equilibrium profiles. For
this, PDE-backstepping [15] was applied to exponentially stabilize the equilibrium
profiles. Results on flatness—based motion planning using nonlinear Burgers—type
equations can be found in [@ @].

3.1 Distributed—Parameter Modeling of Networks of Mobile
Agents

The following treatise provides a brief introduction to the modeling of distributed
agent networks by making use of distributed—parameter systems theory. For this,
the main focus is on time—invariant communication topologies preserving intercon-
nection between neighboring agentsEl. Thereby, leader—follower configurations are
considered with the trajectories of the leader agents serving as the manipulated vari-
ables. The collective leader—follower agent dynamics is hence introduced in terms
of time varying PDEs governing the individual agent states. This set—up enables a
solution of consensus, synchronization as well as formation control and deployment
problems along desired paths independent of the actual communication topology. It
is shown that the discretization of the PDE model directly induces a decentralized
communication and interconnection structure for the multi—agent system, which is
required to achieve the desired spatial-temporal behavior.

3.1.1 Agent Models — Discrete and Continuous Formulations

In general, graph theory is used to model the communication network between the
agents. Hence, let G = G(N, E) be an undirected graph defined by a non—empty set
N of nodes (also called vertex set) and a set E C N x N of edges. Herein, each node
represents an agent. Two nodes n; and n; are neighbors abbreviated by n; ~ n; if
(ni,n;) € E, which means that n; and n; share information about their state. Two
nodes n; and n; are connected by a path if there exists a sequence {n;,,n;,,...,n;, }

! Alternative descriptions relying on switched topologies, where neighboring agents are de-
fined, e.g., as those within a circle of specified radius around an agent trace back to ]
and are analyzed in a control context, e.g., in ﬂﬂ].
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(a) Chain-like graph. (b) Mesh-like graph.
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Fig. 3.1 Examples of graphs with the agents represented by the dots e and the communication
paths (undirected) shown in light gray
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(a) Chain-like communication graph. (b) Mesh-like communication graph.

Fig. 3.2 Examples of mobile agent formations with the agents represented by the dots e and
the communication connections according to Figure 3.1l shown in light gray

for some finite n such that n; = n;,, n; = n;,, and n;, ~ n;_, for each k €
{0,1,...,n}. The graph G is called connected when each pair of nodes is connected
by a path and is called complete if E = N x N. In order to introduce the leader—
follower concept it is necessary to consider a non—empty connected subgraph S of
G. The boundary of S is defined according to 9S := {n € G\S: Im € Ss.t.m ~ n}.
Let Sy and S; be two subgraphs of G and assume that S; = Sy together with
Sy US; = G. Here, the subscripts f and [ refer to follower and leader agents.

3.1.1.1 Discrete Formulation

Based on these preliminary notions, PdEs and graph Laplacian control are used to
motivate the continuous reformulation in terms of PDEs. Under the assumption of a
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time—invariant communication topology, let z (n, t) € (L?([0, 7]; L(Sy)))™ denote
the state of agent n at time ¢ > 0 . Taking into account the simple integrator
dynamics

Oz (n,t) = v(n,t) (3.1)

the choice v(n,t) = Ax(n,t) is the (graph) Laplacian control, where Ax (n,t) :=
> new,nn(@(m, 1) — @ (n,t)). By denoting the trajectories of the leader agents by
u(n, t) the collective motion of the agents follows as

O,x(n,t) = Ax(n,t) = Z (z(m,t) —x(n,t)), n €Sy (3.2a)

mEN, m~n

z(n,t) = u(n,t), nes (3.2b)

with the initial condition @ (n,0) = x,(n) € (L?(Sf))™. Obviously, (3.2) is a con-
tinuous time PdE with non—-homogeneousDirichlet boundary conditions governed
by the leader agents. This formulation enables to analyze certain rendezvous and
containment problems (see, e.g. [E @] and the references therein).

It is obvious that different control strategies can be applied to analyze the in-
tegrator dynamics (3.I). In particular, feedback of diffusion—reaction type, i.e.
v(n,t) = Az (n,t) + c(n, t)x(n,t), yields

O, (n,t) = Az(n,t) + c(n, t)x(n,t), n €Sy
z(n,t) = u(n,t), nes.

Moreover, nonlinear dynamics can be assigned by a suitable selection of v (n,t)
[IE]. Nevertheless, each of these feedback control strategies and thus the resulting
communication topology requires a careful analysis to be able to deduce the dynam-
ical properties related to consensus, synchronization, rendezvous, containment, or
deployment formations. For this, the remaining degrees—of—freedom in terms of the
leader agents can be suitably exploited to impose a prescribed collective dynamics
of the agent network.

Assuming that G is given by the simple chained graph shown in Figure[3.1(a)] the
evaluation of (3.2) yields

ni+1,t) — 2x(n;, t) + & (ni—1,1t), Vn; € Sy
ny,t) — x(ni,t), ifn; €8y
no4,t) — x(n2s, 1), if ngs € Sy
njat)7 an € S;.

o~ o~ o~ —~

These expressions directly illustrate the formal relationship with the linear heat
equation on the line since the right-hand side of the differential equations can be
interpreted as a finite difference discretization of the respective PDE with Neumann
boundary conditions and in—domain or Dirichlet boundary control depending on the
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subgraph S;. A similar picture is obtained for the meshed graph of Figure [3.1(b)]
where (3.2) implies

O (nij,t) = x(it1,5,t) — 2045, t) + T(Ni—1,5,1)

+x(n;jt1,t) — 2x(n; ;,t) + ¢(n; j—1,t), Vn;; €Sy
Oyx(m j,t) = x(ny j_1,t) + (01 j41,t) — 32 (01,5, 1)

+ x(n2j, 1), ifny ; € Sy
O0,x(ns,5,t) = x(ns j—1,t) + (s j41,t) — 32 (01 5,1)

+ x(ng5,1), ifns j € Sy

O (ni1,t) =x(ni—11,t) + ©(nip11,t) — 3z(n,1,1)

+ w(ni’g,t), ifn;; € Sy
t)
t)

0y (n;5,t) = ¢(ni—1,5,t) + (niy1,5,t) — 3z(n;5,1)

+ @ (niq,t), ifn; 5 € S¢

Oyx(ny1,t) = x(n12,t) — 2x(n1,1,t) + (021, ifny 1 €8y

O,z (n15,t) = x(n14,t) — 2 (n15,¢) + (025, ifn; 5 € 8¢
0,z (ns1,t) = x(np2,t) — 2x(ns,1,t) + (041, ifns 1 €8y
Oyx(ns5,t) = ¢(ns4,t) — 2¢(n5 5, t) + x(na 5, ifns 5 € Sy
(i) = ulnig, ), vai, €81

Here, the formal correspondence to the finite difference discretization of the linear
heat equation with quadratic domain and Neumann boundary conditions as well as
in—domain or Dirichlet boundary control in terms of the leader agents according to
the subgraph S; becomes apparent. Corresponding circular formation examples are
shown Figure [3.2] for the motion of mobile agents in the (z!,2?)-plane with the
communication topologies according to Figure 3.1l Each agent only processes the
information exchanged with all of its nearest neighbors in the communication graph.

Moreover, if the number of agents increases, then the previous analysis illus-
trates that the PdE—description approaches the continuous PDE—formulation. This
observation is exploited subsequently, where it is shown that the PDE—setting can be
suitably applied for the analysis of multi—agent networks with the communication
topology between the individual agents, i.e. the graph G as well as the subgraphs Sy
and S;, being imposed by the spatial discretization of the differential operators.

3.1.1.2 Continuous Formulation

Motivated by the results of the previous paragraph consider first the graph in Figure
B3l which is a generalization of the meshed graph shown in[3.1(b)] to the node set
N = {n;;}i=1,. Ny, j=1,.. N, With Ny and N, two arbitrary integers. Herein, fol-
lower agents, i.e., the subgraph Sy, are marked by black dots while leader agents,
i.e., the subgraph S;, are shown with light gray dots. Moreover, assume that the dy-
namics of the agents follows (.I). However, differing from classical graph Lapla-
cian control let



42 3 Model Equations for Multi—-Agent Networks

(n1,N5) (n2,N5) (n3,N5) (nNy—2,N5) (aNg—1,N5) (BNy Ny)
(n1,Ny—1 (nNy,Ny—1)
(n1,Ny—2 0Ny, Ny—2)

(mi—1,54+1) (mi,j+1D@iq1,541)

(nj—1,5 (mig1,5)

O O
)(ni+1'j1)

(1,51

(n1,3 (nny ,3)
(n1,2 (nny,2)
(n1,1) (n2,1) (n3,1') . '(U.N;—2,1> (N —1,1)  (anyg1)

Fig. 3.3 Planar discrete communication configuration with agents (n;;), ¢ = 1,..., N1,
j = 1,..., N> represented by the dots. Here, the pairing (4, j) refers to the agent index in
the communication graph. Follower agents are represented in black while leader agents are
in addition marked with a light gray dot.

A,
Z (leJ)Q (z(mj,t) — x(n,5,1))
mje{(ixﬁ)gxifl- ..... Nyps
o Qn,
+ Z (dz2)2 (m (mj,t) — @ (n,j, t))
v(nij,t) = m; €{(i,5) }j=1,....Ng> (3.3)
+ C(ni,j’t)m(ni,jvt)a if n; c Sf
u(ni,jvt)a ifIli’j € S;.

Here, ay;, an;, and c(n, i t) represent variable diffusion and reaction parameters
while dz' and dz? so far denote constants. In view of the graph structure, the eval-
uation of (3.1} with (3.3) results in
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atm(nm-,t) =
O
—(dzf)g (2 (nit1,,1) — 2@ (05, t) + 2 (0i-1,5,1))
(n,
+ —(dz2)2 (fL’(ni,j-‘rht) — 2$(n7j7j7 t) + $(ni,j—1, t))
+ C(nm‘, t)az(nm‘, t), Vnm €Sy (34a)

z(nij,t) = u(n;;, 1), Vn;; €S (3.4b)

By interpreting dz' and dz? as discretization step-sizes according to dz' =
1/(Ny — 1) and d2? = 1/(Ny — 1) the graph G represents the discretization of
a unit square. For the planar graph of Figure[3.3] this imposes that

n;; = ((i — 1)dz*, (j — 1)dz?). (3.5)

With this, consider the limit as the number of agents N, Na approach infinity (and
thus dz', dz2 — 0) such that the discrete agent setting approaches an agent contin-
uum distributed in the plane 2 = (0, 1) x (0, 1) with each n; ; being uniquely corre-
lated with a point (2}, ZJQ) € (2. In view of (3.4) and the arising difference quotients
this implies that the state of the agent continuum x(z,t) = [x!(z,t),...,2"(2,t)]*
with z = (21, 22) can be re-formulated by means of the PDEs

O,2% (2,1) = a1 (21022 (2,1) + az(22)0% 2" (2, 1)
+ c(z, )z (2, 1) + uP(z,1), k=1,....,n, (3.6)

where the input can be, e.g., represented by

m

uF(z,t) =) bR (2)ul (). (3.7)

=1

in terms of the spatial characteristics b*!(z) imposing the actuation by the leader
agents. Obviously, (3.8)) is a diffusion-reaction equation with orthotropic thermal
conductivity. However, differing from the results of the previous chapter, the in-
dependent coordinates z! and z2 correspond to the location in the communication
graph while 2 (z, t) describes the agent’s state.

3.1.1.3 Distributed—Parameter Agents Models

By generalizing this preliminary analysis, subsequently the evolution of the agent
network is described in terms of the diffusion—convection—reaction system

T

Dpa®(z,t) = Z[ai(zi)afixk(z, t) + b;(21)0,.7" (2,1)]

i=1
+ c(z, )2 (2, t) + uly (2, 1), k=1,....n (3.8a)
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for (z,t) € 2 x Ry, 2 = (0,1)", with spatially and time varying parameters
and in—domain control 1/Jf2(z7 t), e.g., by imposing the velocity of particular leader
agents. Note that besides the decoupled communication configuration in (3.8a) also
a coupling between the individual states 2*(z,t), k = 1,...,n, can be imposed by
introducing diffusion, convection, as well as reaction matrices.

In addition, conditions along the boundary 02 of the domain {2 have to be as-
signed. For this, certain subsets along the boundary can be chosen as either leader

or follower agents towards the realization of desired formations. This results in

(i) Dirichlet conditions
(2, t) = ub o (2,1), (z,1) € 002 x R, (3.8b)
(i1) Neumann conditions
0,25 (2,t) = ubo(2,1), (z,t) € 01 x R, (3.8¢)
(iii) and mixed conditions
0,28 (2,t) + pPaf (2, 1) = ub (2, 1), (z,t) € 0022 x R, (3.8d)

in such a way that 921 U9{2, U023 = 0f2. Herein, it should be pointed out that the
input not necessarily has to act on all of the respective boundary but that uf, (2, t)
might be of compact support such that uf,(z,t) = 0 for z € 942, C 9£2; for
i=1,2,3.

Finally, the initial configuration has to be taken into account in terms of the initial
state

2F (2, t0) = xf(2), z €. (3.8¢)

As is shown below and illustrated in the subsequent parts by means of simulation
results, the PDE—setting presented above enables a rather generic analysis of the
collective dynamics of the agent network, which is in particular independent of the
actual communication topology. Starting with (3.8), the latter follows directly by
reverting the presented procedure, i.e. from the transfer of the continuous to the
discrete description by means of suitable (finite difference) discretizations.

3.1.2 Communication Topology by Discretization

As pointed out above, the realization of this generic continuous formulation in a
discrete setting follows directly from the consistent discretization of the governing
equations, which imposes the communication topology. Hence, given (3.8)), consis-
tent finite difference representations of the arising spatial derivatives can be, e.g.,
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found in [25]. Consistency thereby implies that the discretization approaches the
continuous formulation in the limit as the discretization stepsize approaches zero.
Hence, let j = (j1,...,Jr) and N = (Ny,..., N,) denote multi-indexes (see
also Appendix[A2), let N = {n;};,—1,.. N, i=1,. r represent the node set, and let
n(;,|;;) expressthenoden;, ;. .., . - Similar to (3), it hence follows that

nj = ((ji — 1)dz', (j2 — 1)d2>, ..., (jr — 1)dz"). (3.9)

Three—point central differences imply that the spatial derivatives at anode n; can be
represented according to

e (0, i), t) — 2 (g, p-1), t)
2dz¢
¥ (ng,15,41),t) — 22% (0, 1) + 2" (0,15, -1y, t)
(d2)?

0

2¥(ny,t) = + (3.10a)

2t

82

2t

a¥(nj,t) = (3.10b)

with dz® = 1/(N; — 1) and the approximation error of order O((dz%)?). Similarly
higher—order (five—point central difference) approximations can be introduced, i.e.,

1
T 1242 [—2* @Gi1si2), 1) + 82" (@i, 1)

- 8xk(n(ji|jifl)’ t) + xk(n(jilji72)7 t)] + O((dzl)él)

9 xk(njat)

P

1
afixk(nj,t) = m [—xk(n(ji|ji+2)7t) -+ 161’k(n(ji‘ji+1),t)
— 30xk(nj, t)+ 16xk(n(ji|ji,1), t) — xk(n(mji,g),t)] + O((dzi)‘l).

While the latter two equations provide an approximation of the continuous descrip-
tion of the order O((dz*)*) for each i = 1,...,r, their realization obviously relies
on a communication topology differing from the one depicted in Figure 3.3l In par-
ticular, both the position information of all nearest neighbors as well as a subset
of their nearest neighbors is required. Nevertheless, these observations illustrate the
generality of the presented distributed—parameter formulation of the agent dynam-
ics, where the additional degree—of—freedom in terms of the discretization scheme
can be appropriately exploited for the implementation of the determined results.
By making use of (3.10), the finite difference discretization of (3.8a)) yields

T

1 L dzibl
GRACIOEDY @2 [(afl + T)$k(n(a‘m+1)7 t)

i=1
iy "L @l
+ (a,g” _ 2 K3 >xk(n(JL|JL1), t):| —|— (c(nj,t) — 2 Z (d;1)2> xk’(nj,t)
i=1
+ ufy(nj,t), k=1,...,n (3.11)

with a?' = a;((ji — 1)d2?) and b = b;((j; — 1)d2?). In case of Dirichlet boundary
conditions (3.8b), the system of ODEs (.11} holds for all j; = 2,...,N; — 1,
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i=1,...,r, with 2¥(n;,t) = ul,(nj,t) forj; = Lorj; = N;,i = 1,...,7. For
Neumann or mixed boundary conditions according to (3.8¢) and additional
differential equations arise along the boundary of the domain.

The resulting system of linear and inhomogeneous ODEs represents the com-
munication structure and interconnection protocol of the agent network. The inputs
uk,(n;,t) for the interior nodes and uf,(n;,t) for the boundary nodes j; = 1 or
Ji = Ni, i@ = 1,...,r, correspond to the trajectories of the leader agents. Their
suitable design is required to enable the agent network to realize particular tasks as
is outlined below.

3.2 Selected Applications and Control Problems

From the many different interaction protocols for multi—agent systems to realize, for
instance, consensus, formations, coverage, flocking, swarming, or distributed esti-
mation subsequently the application of distributed—parameter systems and control
theory is presented for a continuum of agents to achieve consensus and deployment
into desired formation profiles. These examples thereby provide an initial confirma-
tion that the establishment of a link between graph theory, functional analysis, and
modern control techniques for distributed—parameter systems provides promising
opportunities for the study of communication networks such as sensor and actua-
tor networks or so—called smart grids within a common framework. Besides, the
already available results (see, e.g., [@]) illustrate that this approach might enable to
conjecture certain system theoretic properties of the multi—agent network.

3.2.1 Consensus and Stabilization

Consensus refers to the agreement of the multi—agent system to a global state value.
In view of interconnected structure, consensus problems arise, e.g., in the synchro-
nization of mobile agent networks 23,151, complex networks including power net-
works [@] or the load balancing for distributed memory multiprocessors [6]]. In order
to motivate the respective control task assume that the state of a multi—agent system
is governed by (B.8)) in the continuous limit and (3.I1) in the discrete setting. Here,
x(z,t) could describe the spatial location of a continuum of mobile agents or the
number of tasks to be done by a distributed multiprocessor network. The available
degrees—of—freedom, i.e., u’}z (2,t), z € £2, and ugg(z, t), z € OS2, can be hence
utilized to achieve a desired dynamical behavior. For consensus, this implies that
the inputs are determined to ensure exponential convergence

[2(2,t) — @s(2)| x < Me™", M, a>0

or at least asymptotic convergence
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[2(z,t) — @s(2)[x =0

of the state x(z,t) to an equilibrium state x4(z) starting at an arbitrary initial
state & (z,t9) = xo(z). Design methods to achieve the feedback stabilization for
distributed—parameter systems of the form (3.8)) are analyzed in Chapters [§ and O
Thereby, it is shown that state observer techniques can be integrated to obtain an
estimate of the spatial-temporal state evolution from a set of measurements.

3.2.2 Leader-Enabled Formation Deployment

The formation control problem refers to making the agents move to a desired ge-
ometric shape. In the following, the realization of finite time transitions between
desired formation profiles along prescribed spatial-temporal paths is introduced for
a network of mobile agents moving in the plane in a leader—follower configuration.
For this, the motion of a network of mobile agents in the (x!, 2?)-plane is consid-
ered with the 2F—dynamics being imposed according to (3.8), i.e.

O, (z,t) = Z[aT(zz)aﬁxk(z, t) + bi(21)0,:2" (2, 1)]
i=1
+ ¢z, )z (2,t) (3.12)

fork = 1,2 and (z,t) € 2 x ]R;E. Here, it is assumed that the leader agents are
only located at the boundary J2 of the communication domain 2 = (0,1)". The
respective boundary conditions are given by (3.80)-(3.8d) with the input u%, (=, t),
2z € 02 being of compact support. The deployment formations (z1(z),z2(2))
thereby correspond to equilibrium profiles of governing the agents motion,
ie.

D [ai(z)0% a2k (2) + bi(2) 0,2k (2)] + e(z,t)24(2) =0, 2 € 2 (3.13a)

=1

with
25(2) = ufg 4(2), 2 €80 (3.13b)
00,28 (2) = ubg . (2), 2 €8 (3.13¢)
0,28 (2) 4+ pPa(2) = ul(%n’s(z)7 z € 082 (3.13d)

such that 82 = 9421 U 0425 U 2. Solutions to (B.13) require that the parameter
¢(z,t) is non—analytical, i.e., there exists a t; > to such that ¢(z,t) = ¢,(z) for all
t > tg with Ole(z,t) = 0fort =t and all | € IN.
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The leader—enabled formation deployment hence relies on the suitable determi-
nation of the spatial-temporal leader trajectories (u},(2,t), u3,(z,t)), z € 92 to
achieve finite time transitions between different equilibrium profiles

(@) ,(2), a2 () {22 CDM GOy 02 ()
0,s » 0,8 t€[to,to+T] T,s » VT s

along prescribed transition paths (x1*(z,t),22*(z,t)). For the solution of this
tracking control problem motion planning techniques to achieve the desired tran-
sition in open—loop and feedback control strategies to exponentially stabilize the
tracking error dynamics are presented in Parts [Tl and [Vl This involves the analy-
sis of possible collisions as well as the spatial localization of the individual agents
by means of state observers. The realization of the tracking control for a discrete
set of mobile agents moreover requires to impose a particular communication and
interconnection topology as outlined in Section [3.1.2]in terms of a finite difference
discretization of the agent continuum.
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Chapter 4

Model Equations for Flexible Structures with
Piezoelectric Actuation

Smart material systems, where active distributed actuators and sensors are bonded
or embedded in an elastic structure, occur in a large variety of applications with the
purpose of vibration suppression, static or dynamic shape control, or fault detection
[@, , ]. Moreover, due to the vast progress in actuator development new applica-
tion areas emerge such as adaptive optics in telescopes, adaptive wings, or so—called
smart skins [24]. Here, it is desired to realize a transiently varying shape of a struc-
ture to achieve, e.g., the modulation of optical wave fronts, the reduction of drag, or
the improvement of aeroelastic characteristics. Thereby, piezoelectric elements typ-
ically serve as actuators by exploiting the indirect piezoelectric effect, which allows
to convert electrical voltage into mechanical strain. Due to their spatial extension,
the modeling of these systems leads to a distributed—parameter description in terms
of partial differential equations.

This is subsequently illustrated for the benchmark example of a flexible thin plate
with Lipschitz domain and spatially distributed macro—fiber composite (MFC) ac-
tuators. In order to keep this section self—contained, at first some preliminary con-
tinuum mechanical results are summarized towards the introduction of Hamilton’s
principle (see, e.g., 17, @]), which enables a systematic energy—based derivation of
the equations of motion.

Notation. Throughout this section, Einstein’s summation convention is used ac-
cording to Appendix [A1l

4.1 Continuum Mechanical Preliminaries

In the following, the basic notions and concepts of continuum mechanics in the Eu-
clidean space R? are introduced, which are essential for the energy—based modeling
of smart flexible structures with a particular focus on piezoactuated structures. For
a comprehensive (differential geometric) treatment of continuum mechanics, the in-
terested reader is referred to, e.g., [Ia, , ].

T. Meurer: Control of Higher-Dimensional PDEs, CCE, pp. 51—@.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2013
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Fig. 4.1 Elastic deformation of a body in Euclidean space R®

By considering the first law of thermodynamics, i.e. the energy equation, the so—
called strain energy density ws can be introduced according to

€ij
ws = / oildes;. @.1)
0

Here, 0"/ and ¢;; denote the components of the stress and Green’s strain tensor,
respectively (12]. With this, the strain energy W follows immediately from the in-
tegration of (#.I)) over the volume occupied by the considered deformable body, i.e.

W, = / wedV. 4.2)
1%

In order to determine W both the strain components €;; and the stress components
o have to be determined. For the strain components, kinematic relations between
the undeformed and the deformed configuration of a body are utilized while for
the stress components the constitutive equations are introduced relating ¢ and €z
depending on the material properties of the body under consideration.

For the description of the motion of a deformable body, a fixed reference frame
in R? is introduced as illustrated in Figure @1} Here, Cy represents the unstressed
state of the body at time ¢t = %, i.e. the configuration to which the body will return
after the removal of the forces causing the elastic deformation, while C' represents
the deformed state of the body at an arbitrary time ¢ > ¢y. The motion of a material
particle, which was located in the unstressed state at Z = Z'e,;, to the position
z = Z'e; in the deformed body can be expressed by the (invertible) transformation
2t = 2Y(Z,t) or Z! = Z'(2,t), respectively, with 2(Z,ty) = Z. Moreover, the
distance between the two (arbitrary) neighboring material points P and @ in the
undeformed and the deformed state follows as ||dSo||* = dZ%4;;dZ7 or ||dS||* =
dz"6;;dz7, respectively. With this, the change of distance between P and Q due to
the deformation of the body can be determined according to
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[dS||2 — ||dSo||* = dz"6;jdz? — dZ"6;;dZ7
= 0,.20;;0,m 2 dZFAZ™ — d2°6;;4 77
= (04: 2" 0jm 04, 2™ — 655) dZ°dZ7
where equality in the second line follows from the total differential. Herein, F' =
0z4z or F, l’“ = (’92,2’“ denotes the deformation gradient, which accordingly fulfills

det F' # 0. These computations directly imply the components ¢;; of the Green
strain tensor €(Z,t) = (FT F — §)/2 in the form

1
€ij = 5 (8ZL zkékmaz,- z™ — (57’,3‘) .

Together with the displacement vector w(Z,t) = z(Z,t) — Z the strain can be
expressed as

(aiji + 5Z7wj + aijwkakmazjwm) . (43)

DN | =

Eij =

Herein, the displacement gradient H = 8, w with H = 8,,,w* can be introduced.

For small displacements with | H, l’“| < 1 a geometric linearization can be applied
such that (#.3) reduces to

1 ) )
eij = 5 (970" +007). (4.4)

As pointed out above, the evaluation of (£.I) and (@2) requires to introduce a
constitutive equation, which relates the components ¢/ of the stress tensof] o with
the components ¢;; or e;; of the strain tensor € and hence with the displacement
vector w. In the linear elastic case under the assumption of small displacements, the
generalized Hooke’s law yields

ol — ikl

€kls 4.5)
where the 4—th rank elasticity tensor ¢ with components c/*! represents the elastic
material properties of the deformable body. The material is said to be homogeneous
if the 81 components ¢*/*! are independent of the location within the body. However,
observe that due to the symmetry of 0%/ and ey; it follows that

ka:l _ C_]lkl’ ka:l _ Cl]lk,

which reduces the number of material parameters to 36. In general, the components
¢! depend on the orientation of the coordinate system. In this case, the material is
called anisotropic. However, if three mutually orthogonal planes of elastic symmetry
exist the material is called orthotropic. Thereby, the notion elastic symmetry refers

"'The corresponding stress tensor to the Green strain tensor € is the so—called Piola—
Kirchhoff stress tensor o.
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to the invariance of the elastic moduli ¢*/*! at a material point for every pair of
coordinate systems that are mirror images to each other in a plane, which is called
a plane of elastic symmetry [Iﬂ]. Given an orthotropic material, the constitutive
equation (4.3) can be expressed as

o = c”jjejj, o = 2cijije¢j (i # 7). (4.6)

Finally, a material is called isotropic if an infinite number of planes of elastic sym-
metry exist, i.e. the components ¢*/*! are independent of the orientation of the coor-
dinate system. In this case, the stress—strain relationship is given by

o'l = (u(éikaﬂ + §UL§IR) 4 ASY 5“)%7 4.7)

where 1 and X represent the so—called Lamé constants. These are related to the shear
modulus G, the Young modulus F, and the Poisson ratio v according to

E E

2(1+v)’ 1+v)(1-2v)
Depending on the considered application, the thermal or the electrical properties of
the material can be suitably incorporated into the constitutive equations. In order
to illustrate this, subsequently the constitutive equations for a piezoelectric mate-
rial are introduced following the treatise in [IE]. Thereby, nonlinear effects such as
hysteresis or creep are neglected. In particular, it follows that

o = ke, — a DF (4.8)

E; = —afley + B DF. (4.9)

Similar to (3), % and ¢; ; denote the mechanical stress and strain while DF and E;
represent the electric flux density and electric field strength, azj refers to the tensor
of piezoelectric material parameters, and 3;;, are the components of the dielectricity
tensor. The components thereby satisfy the symmetry conditions a;’ = a]' and
Bik = Bri. Obviously, according to (@.9) mechanical strain imposes a change in the
electric field, which is called the direct piezoelectric effect. On the other hand, with
(#38)) a change in the electric flux density results in a mechanical deformation. This

is commonly referred to as the indirect piezoelectric effect.

Remark 4.1. An alternative formulation of the constitutive equations for piezoelec-
tric material is given by
ki k

€ij = Sijki0 + dijEk (4.10)

D' = djyo™ + p* E. (4.11)

in terms of the tensor of elastic compliances s, With 5,511 = Sjiki = Sijik = Skiij>

the tensor dj; with df; = d}; describing the piezoelectric effect, and the dielec-
tric permittivity tensor p*' satisfying p** = p'*. Considering as an example the
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‘@& Electrodes

(e3)™ (€2)™

Polarization
el ) m

Fig. 4.2 Schematics of a piezoelectric patch actuator in the material coordinate system (e; )™

commonly used piezoelectric material PZT-5A, with its orthorhombic crystal struc-
ture, the tensor d in Voigt—Kelvin notation is expressed as

oy
0 0 d,
_ |0 0 ds
d=10 a2 0
d, 0 0
0 0 0

Consider Figure where (e;)™, k = 1,2,3, denotes the unit vectors in the
material-fixed coordinate system. In view of the presented configuration with ma-
terial polarization in (e3)™—direction and correspondingly electrodes on top and
bottom, it is reasonable to assume that F; = E5 = 0 and F5 # 0. In other words,
the main electric field component is directed in the (es)™—direction. Moreover, it
is reasonable to neglect the stress and strain components perpendicular to the plane
spanned by (e!)™ and (e?)™. Hence, implies that the strength of the piezo-
electric effect depends only on d3; and d3,. For transversely isotropic piezoelectric
material this is also referred to as the d3;—effect ].

In view of the previous analysis, the overall potential energy of a piezoelectric elas-
tically deformable body consists of the mechanical strain energy (£.2)), i.e.

1 3
Ws = = / Jljeijd‘/. (412)
2 )y
and the electro—static field energy
1 .
We = = E;D'dV.
2 )y
For the linear elastic case with (@.8)) and (@.9)), this reduces to

1 3 .
Wy, =Ws+ W, = 5/ (O'Ueij + E,'DZ) dv
14
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Fig. 4.3 Schematic structure of the MFC patch actuator in the material coordinate system
(€)™

= 5/ (c”“ekleij —2a}) DFe;; + ﬁ,»kD’fDi) dV. (4.13)

1%

In the case of a coupled structure with a flexible carrier layer and local piezoelectric
actuators or sensors, the volume integral in (£.13) has to be suitably decomposed
into the different layers and their geometric and material properties. In particular
the evaluation of the terms originating from the electric field evolving inside the
actuator requires to address the individual actuator set—up in terms of location and
orientation. For this, subsequently MFC actuators are considered, which enable to
overcome the limitations of the classically used monolithic piezoceramic actuators
such as brittleness of the material, poor conformability, and overall low strain energy
density. Their schematics is depicted in Figure[d.3] The actuator is build up as a fiber
composite actuator, where piezoceramic fibers are embedded into an epoxy carrier
matrix. Interdigitated electrode patterns on the faces of the carrier produce in—plane
electric fields, which permit the realization of large, directional, in—plane actuation
strains. With this configuration of piezoceramic fibers, electrodes, and polarization
the so—called ds3—effect is exploited, which is significantly larger than the d3;—effect
utilized in classic piezoelectric actuators [@ ].

Throughout the subsequent analysis of MFC actuated flexible structures, it is con-
venient to introduce a local actuator—fixed coordinate system as is shown in Figure[d.3]
and to consider the transformation of the local results into a global body—fixed coor-
dinate system. Besides the incorporation of the dynamic effects of arbitrarily placed
actuators this in addition enables a concise determination of the respective compo-
nents a;” and 3, of the material and dielectricity tensor, which are typically provided
by the manufacturer in terms of the local coordinates. In order to address this, con-
sider two coordinate systems with origins o, and o, and basis vectors (ej)" and
(er)™ referring to a global reference system (r—system) and a local material system
(m—system), respectively. Hence, the position vector to an arbitrary point can be ex-
pressed in the i—system, i € {r, m}, with the coordinates (Z*); as Z; = (Z*),(ex)"
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in the undeformed configuration and as z; = (2%);(ex)’ in the deformed configu-
ration. Let S and s!"(¢) denote the position vectors to the origin of the m—system
expressed in the r—system, i.e. S’ and s (t) describe the translation from the ori-
gin o, to the origin o,, in the undeformed and deformed configuration. Moreover, let
R" € SO(3) denote the rotation tensor with components (RF)™ = (e;,)™ - (€)™,
where - is the dot product and (e;)!” denotes (e;)™ expressed in coordinates of
the r—system. This in particular implies that R} (R")T = (R")TR]" = § and
det R' =1 [IE]. The indexes herein refer to the rotation from the m—system to the
r—system. The inverse rotation from the r—system to the m—system hence follows
as R, = (R")~! = (R")T. Note that the parametrization of the rotation is not
unique. In particular, direction cosines, Euler angles, or roll-pitch—yaw angles can
be used depending on the application (cf., e.g., [19]). If not stated otherwise, the sub-
sequent analysis refers to roll-pitch—yaw angles. Observe that the rotation tensor in
general depends on time such that R = R (¢).

With these preparations, the transformations of the position vectors from the m—
system to the r—system are obtained as Z, = S, + R (to) Z, in the undeformed
and z,(Z,,,t) = s7(t) + R, (t)2m(Zm, t) in the deformed configuration. In ad-
dition, this implies the introduction of the local displacement vector w.,,(Z,,,t) =
2Zm(Zm,t)— Z,, and the global displacement vector w,(Z,, t) = 2, (Zm,t)—Z,
or equivalently w,.(Z,,,t) = (R (t) — R (t0))Zm + R ()w(Zm,t) +
s (t) — S by making use of the relations between the coordinate systems in-
troduced above.

Moreover, the transformation rules for the Green strain tensor and the second
Piola—Kirchhoff stress tensor can be deduced as

€-(Zm,t) = R (to)em(Zm, t) Ry, (to)
(ext)r = ()7 (to) (epg)m (R} )7 (to) = (R)7" (to) (BR])}" (t0) (€pg)m

and
(0")s = (B () (") (B (t0) = (L) (1) (R (t0) (")

In addition, the components of the electric flux density and electric field strength
transform according to (D¥), = (R})™(DP)y, and (E;), = (RY)7(Ep)m. With
this, the transformation of the components of the stress tensor and the electric field
strength satisfying the constitutive equations (@.8)) and (&.9), respectively, can be
directly determined by means of the transformed components of the tensors ¢kl
a;’, and f3;;, given by the relationships

(M), = (RL)™M(to) (RD)7 (to) (RE) ™ (to) (R} (to) ("% ), (4.14)
(@) )r = (R (to) (RL)7 (o) (R)™ (to) (a8 m (4.15)
(Bir)r = (RY)7 (t0) (RL);" (t0) (Bpg )m- (4.16)

Hence, for the evaluation of the potential energy (13) it is sufficient to consider
the components of the strain tensor and the electric flux density solely in the global
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r-system with the respective tensor components (c*/*!),., (a;j ), and (B ), obtained
from the introduced transformations (@14)—(@.16).

In order to complement the energetic considerations, the kinetic energy Wj, of
the deformable body follows as

Wi, = / PO, (w,) T d,w,.dV, (4.17)
\%4

where p denotes the density of the body. Note that W, is associated with the macro-
scopically observable velocity of the continuum, while the (microscopic) motions
of the molecules of the continuum is a part of the strain energy. With these prelimi-
naries, Hamilton’s principle for a piezoelectric continuum can be stated in terms of
the first variation of the functional

to
7= / (Wi — W,)dt.

t1

Hamilton’s principle implies that from the set of all admissible spatial-temporal
paths for a material particle w,., the true path renders Z stationary [@, ]. For
conservative systems, this can be equivalently expressed as

ta
5T = 5/ (Wi — W,)dt =0, 6w, (t1) = b, (t2) = 0,
t1

where § denotes the variational operator. In order to include non—conservative forces
that cannot be derived from a potential energy function such as damping this ap-
proach can be generalized to the so—called extended Hamilton’s principle. Here, the
equations of motion are obtained from

to

to
ST — 5/ (Wk — Wp)dt + / OW,edt = 0,
t1 t1 (4.18)

6wr(t1) = 6wT(t2) = 07

where 6 W, represents the variational form of the virtual work of the non—conser-
vative contributions. In the following, the application of the extended Hamilton’s
principle is illustrated for a piezoactuated thin flexible plate.

4.2 Flexible Plate with Distributed MFC Actuators

Based on the previous analysis the equations of motion are derived for an adaptive
structure consisting of a thin plate with spatially distributed MFC patch actuatord as
schematically shown in Figure[£.4]l Thereby, it is assumed that the [ € M individual
MEC patches are located pairwise symmetrically on the top and bottom of the plate

2 Note that subsequently the superscript p refers to piezoelectric actuators.
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Fig. 4.4 Schematics of the considered plate with MFC actuators distributed over the plate
domain (2 and boundary 92. The vectors t and n denote the tangent and normal vector at a
point on 0f2.

with anti—-symmetric voltage supply to each MFC actuator pair. Furthermore, for
modeling purposes the MFC actuator pairs are equipped with a local actuator—fixed
coordinate system in terms of the coordinate tuple (2}, 27, z), which describes the
rotation of the [—th patch pair by an angle a; with respect to the global plate—fixed
coordinate system represented by the coordinate tuple (z!, 22, 23). Note that subse-
quently all overlined quantities refer to a description in terms of the actuator—fixed
coordinate system.

Assumption 4.1. For modeling, the following assumptions are imposed:

(1) The Kirchhoff-Love assumptions hold for both the carrier plate and the MFC
actuators [IE], i.e.

(a) Deflections are small compared to the plate thickness such that ¢;; = ¢;;

(b) There is no force resultant on the cross—sectional area of a plate element. The
midsurface of the plate is a neutral plane, i.e. it does not undergo deformations
during bending.

(c) The transverse normal stress o
components and is neglected.

(d) Plane sections initially normal to the midsurface remain plane and normal to
the midsurface during bending. Hence, it follows that e;3 and es3 are neg-
ligible. Together with the assumption of an orthotropic material this yields
0.13 — 0.23 =0.

33 is small compared to the remaining stress
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(i1) The carrier plate material is homogeneous and orthotropic with respect to the
(21, 22, %) coordinate system and the constitutive equations are given by (6.

(iii) Lineafi piezoelectric material is considered satisfying the constitutive equa-
tions 8 and (@9) with respect to the (z!,22, 23) coordinate system. The
MEC actuator material is assumed homogeneous and orthotropic.

(iv) The MFC actuators neither touch the plate boundary nor do they overlap or
contact directly.

(v) The supply voltage U/ to each MFC pair is applied anti-symmetrically, i.e.
UP = UP' = —UP’, where ¢ and b refer to the top and bottom patch,
respectively.

Assumption d.][(D)} i.e., the plane stress assumption, in particular implies that

1

(wh), = w' = 2201w, (w?), =w? - 220w, (wP), =wd,  (4.19)

where w' = w’(z!, 22, t) denote the components of the displacement vector of the
material point at (2!, 22, 0) when the plate is in equilibrium.

Remark 4.2. In order to ensure consistency with the examples considered in Sec-
tions @ and 3] with a slight abuse of notation subsequently z* is used to refer to the
coordinate in the undeformed state initially denoted as Z*.

The substitution of (£.19) into (@.4) hence yields the respective components of
the strain tensor, i.e.

1 3092 3 2 302 3
e11 = 0w —2°05w°, ez = 0w — 20w,
(4.20)

1
€12 = €91 = 5 (8227111 + az1w2 — 22385122103).

4.2.1 Preparations

In order to determine the individual energy contributions of the carrier plate and the
MEFC patch actuator pairs, the respective constitutive equations have to be evaluated
in view of Assumption[4.]]

4.2.1.1 Constitutive Equations for the Carrier Plate
From Assumptions EI{D(C)} [()(d)} and [(i1)]it follows that
qujeij :YHH@%l—|—2Y1122€11822—|—Y2222€%2—|—2<Y1212 n Y2121)e%2 4.21)

with the material constants

3 While piezoceramic material essentially shows hysteresis and creep behavior this assump-
tion can be fulfilled by incorporating a suitable hysteresis and creep compensation as is
introduced and analyzed, e.g., in [IEL E] for MFC actuators.
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. 1, .. iy
yiikl — 5 (kal + Cklw) ) (4.22)

4.2.1.2 Constitutive Equations for the MFC Patch Actuators

For the mathematical representation of the actuator contributions to the potential
energy, according to Assumption {.1][(Ti1)] the constitutive equations (£.8), are
considered for linear orthotropic piezoelectric material. Thereby, special emphasis
is required for the analysis of the different actuator orientations given in the local
actuator—fixed coordinate systems in terms of (z}, 27, z) with respect to the global
plate—fixed coordinate system. As already outlined in Section 411 the components
(c'1*P), (a))1, and (Bi); of the elasticity, the piezoelectric material, and the di-
electricity tensors have to be transformed into the global coordinate system with
components (z!, 22, 22) according to @.I4)-@T6). This is subsequently outlined
for the [-th MFC pair for arbitrary [ € M from the actuator index set M with
#M =m.

From Figure 4] it follows that the rotation tensor (R)!. between the local and
global coordinate system can be represented as

cos(oy) —sin(oq) 0
(R)!. = |sin(oy) cos(a;) 0
0 0 1

The electrode orientation along the z7—direction implies that the electric field only
evolves along the z/—direction (cf. Figures 3] and £4) such that the only non—
zero components of the flux density and field strength (D¥); and (E;); are given
by (D'); and (E1);. Thus, let (R%). denote the elements of (R)!, then #.I4) to-
gether with Assumptions [d.J[1) and [(ii)] yields for the components of the elasticity
tensor ¢7FP = (cRbP) = (RE)L(RI)L(RE)L(RL)L (c2955P),,, while #T3) and
evaluate to a} = (a)), = (RL)L(RL)L(RI)L(af™), and By = (Bik)r =
(RDL(RE)L(B11)i- As a result, taking into account Assumption ELTI[))(c)] the con-
stitutive equations and (@.9) for the [—th actuator evaluate to

o1l c11Lp (1122p (1112,p (112197 [ a%l a%l
22 B 221Lp (2222p (2212,p (2221p | | o) B agz a%Q Dl
12 c121Lp (1222p (1212p (1221p | | o a%z a%Q D2
21 2ULp (2122p (2112p 212Lp | | a%l a%l

€11

BE
1

. {a%l a%z a%z &%1} €22 {511 512} [ }

11 22 12 21
az az” az” as B21 Bz

Herein, the components of the electric flux density are given by D* = (DF), =
(RE)L (DY), such that D = cos(y)(D?'); and D? = sin(y)(D'),. Note that in
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general certain symmetries of the tensor components for the orthotropic actuator
material are preserved under the transformations (.I4)—@.16). These are, however,
not explicitly taken into account throughout the following analysis since their incor-
poration does neither simplify the notation nor the necessary computations. Thus, it
follows that

oey + BiDN= YUIDe2, 4 o(y12izr | y2i2le) 2 |yt
+2Y122P¢ ey + AY T 2Pe 019 + 4V 22 2 Peggey
—2(a;'D' + a;' D?)ery — 2(ai’ D' + a3’ D?) ez (4.23)
—2([a;® + a}'] D' + [a3® + a3' ] D?)ers
+ 11 D' D' + (B12 + B21)D' D? + B2 D*D?,

where
Yijkl,p _ % (Cijkl,p + cijlk,p + Cklji,p + clkji,p) ) (424)

Based on these preparations, subsequently the potential and the kinetic energies
of the carrier plate and the MFC actuators are determined individually. These serve
as the basis for the application of the extended Hamilton’s principle, which enables
a systematic derivation of the equations of motion of the considered thin plate with
distributed MFC actuators.

Notation. In the following, the additional subscript [ in both the piezoelectric ma-
terial parameters given in the global plate—fixed coordinate system and the applied
voltages refers to the general configuration with each MFC actuator ! € M possess-
ing individual properties.

4.2.2 Potential Energy, Kinetic Energy, and Virtual Work of
Non-Conservative Forces

The overall potential and kinetic energy of the flexible plate with MFC actuators
consists of the energetic contributions of the individual components, i.e. the car-
rier plate and the m actuators. For their determination only the major results are
provided while the intermediate computations for the evaluation of the volume inte-
grals @2) or (@I13), respectively, as well as (£.17) are omitted. In order to suitably
integrate the contribution of the MFC patch actuators the spatial actuator character-
istic A§(z", 2?) is introduced as

45 = [ G 2) - o (B ) - L))
o (F(21,20) — o (21, 2%) — L}7)] (425)
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with the indicator function ¢¢(-) satisfying the conditions p°(z < 0) = 0, p(z >
€) = 1,and ¢°(2) € C*([0,€]) if € > 0. If € = O the indicator function is replaced
by the Heaviside function, i.e. ¢ (x) = o(z). In addition,

2z (2, 2%) = cos(ay) (2! — le,p) + sin(oy) (2* — le,p)

2(2", 2%) = —sin(ag) (2! — 2,7) + cos() (2% — le’p)7
where «; denotes the angle of rotation of the actuator—fixed (2,22, z3) coordi-
nate system with respect to the global plate—fixed (2, 22, 23) coordinate system

(cf. Figure [£.4). The appearing volume integrals are reduced to integrals over the
plate domain {2 by considering that

h
Jo [2. fdz3de2, for the carrier plate
/ fav = ‘L b for the I-th
v —L 3 L 4hl 3 or the (—th actuator
fQ |:f(g+hf) fdz="+ f’g fdz7]de2, pairing.

Moreover note that

e the evaluation of the potential and kinetic energies yields a decoupling of the w'!
and w? motion from the w? motion. Due to the anti-symmetric voltage supply
according to Assumption[£J[V)]it can be shown that only the bending deflection
w? is excited by the MFC actuators such that all terms involving w! and w? are
directly dropped throughout the derivation of the energy contributions;

e gravitational forces are neglected but can be directly incorporated into the poten-
tial energy contributions of the carrier plate and the MFC actuators;

e independent coordinates are dropped whenever the relation is clear from the con-

text to shorten notation.

Kinetic Energy of the Carrier Plate

The kinetic energy of the plate is obtained by evaluating ({.17) with (£.19), i.e.

1/, . ,
Wi(t) = 3 (gk’l (0,w*, 0,w?) + o? (0,0, 8tw3)) (4.26)

with

o (w, ) = / pChwid 2

« (4.27)
0% (w, ) = / pCIVw - Vd o2,

(9]

where p¢ is the density of the carrier material, & is the plate height, I¢ = h3/12,
and V is the Nabla operator. Note that the term §£’2(~, -) vanishes when neglecting
the contributions of (w'), and (w?), defined in #19).
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Kinetic Energy of the MFC Patch Actuators

The kinetic energy contribution of the MFC patch actuator pairs is obtained from

(@17 such that

WE(t) = 5 (1 (0, %) + 2 (0,07, ) ) (4.28)

N | =

with

P w, ) =2 /Q > AR wibd s
e (4.29)

P2 (w, ) = 2 / S ATV - Vids.
2iem

Here, p} is the homogenized density of the actuator material, h] is the height of
a single actuator, and I} = ([h/2 + h}]® — [h/2]®)/3. The multiplication by 2
in is due to the consideration of an actuator pair with actuators mounted
symmetrically on the top and bottom surface of the plate. Similar to above, the term
¢P%(-,-) vanishes if the contributions (w"), and (w?), are neglected in #19).
Potential Energy of the Carrier Plate

The potential energy of the carrier plate is solely determined by the strain energy
@.12) together with . 19)—(.21)), which can be represented as

1
Wy () = 5w’ w?) (4.30)
with
Sp(w, ) = / I° (qlafl w1 + 2% wi%w
2
+ P AwAD + q4azlaZQwazlaz2w)drz. 4.31)

Here, A =V -V = 92, + 0% is the Laplacian and the constants ¢* follow as

qlzyllll_yl122’ q2:Y2222—Y1122, q3:Y1122, q4:4(Y1212+Y2121).

Potential Energy of the MFC Patch Actuators

The potential energy contribution (£.13)) of the MFC patch actuator pairs consists of
two terms due to the strain energy and the electric field, i.e.
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1 ,
= §§£’b(w3, w®) + ¢2¢ (w?) (4.32)

with

P (w, ) =2 Z Aelp ql PP wdA b 4 qp P 0% wd b
Piem
+ qlg’pAwAw +4q ’pazlaﬂwazlazzw (4.33)

+ ql5’p (53110 + 0,10, w) (82”2} + 821522@)

z

+ 7 (2w + 0.40,20) (0210 + 0,10.270) ) L2

The constants qf’p are thereby given by

1111,p 1112,p 1122,p  2p _ 1,2222p 2212,p 1122,p

ql =Y, —2Y -Y , ¢ =Y, —2Y, -y,
 Al122p 4p 1212,p 2121,p 1112,p 2212

q" =Y g —Z(Yl R R e

1112 2212
5p _ 2, P ,p =2Y, P

The second term in (#.32)) yields the contribution of the electro—-mechanical coupling
given by

e (w) /Q > AFhY (h+ hY)x

leM

([a1h0%w + 3302w + (aff + a}) 0.1 0,2w] D} (4.34)

+[a3h07w + a330%w + (37 + a3}) 0,10, w] D?)dﬂ.

Here, Assumption [4.I(v)| on the anti-symmetric voltage supply implies 13;“ =
le’t - le’b, where ¢ and b refer to the top and bottom MFC patch actuator of
the respective actuator pair.

Supply Voltages and Electric Flux Density

The relationship between the electric flux density D! and the applied voltage U} can
be determined by considering the constructive set—up of an individual MFC actuator
(cf. Figures[£.3land[£.4). For this, assume that the self—generated electric field due to
the direct piezoelectric effect, i.e. afley, i, k,l = 1,2, is insignificant compared to
the applied electric field E;, i = 1, 2. Then integration in the z'—direction between
two neighboring electrodes located at z! and z! + e? with e? denoting the electrode
spacing provides

z, +e?
Ur =U? = [1 (Ev)idz = eP(Bu)i(D ).

1



66 4 Model Equations for Flexible Structures with Piezoelectric Actuation

Hence, in the local actuator—fixed coordinate system this yields

UP
DY) = ——,
D) el (B
which implies in the global coordinate system that
Up
D' = (DY), = (RIYL (D1, = SSe)l”
(DY), = (ROLDY = 537
. Ur
D2 — D2 s = R2 l D2 — Sln(al) .
( ) ( l)r( )l elp(ﬂll)l

By recalling that [)l’c = le’t — D;“’b it follows for the [-th MFC actuator pair
together with Assumption4. Ij(v)|that

cos(ay) ~ 2cos(ag)

D! — UPJ _ UP,b _ UP

! 6?(511,1)1( ! ) e’ (B ! 435)
~ i 2 sin(ay) '
D2 _ SIH(Oél) Up,t _ Up,b — Up'

! 6?(511,1)1( ! ') e’ (Brig) !

Virtual Work of Non—Conservative Forces

Mechanical structures in general exhibit energy dissipation due to damping. As out-
lined above, for its incorporation the variational form of the respective virtual work
is considered, which for viscous (external) damping can be expressed as

Wie(t) = 5, (0,w*, 6w?) + 2, (9,w®, w?) (4.36)

with the contributions of the carrier plate and the MFC patch actuator pairs

S (W, W) = / vewds?2 4.37)
(9]
SEn(w, ) =2 / > Vi Afwidd 2, (4.38)
2em

where v¢ and v}, | € M, represent the respective viscous damping coefficients.

4.2.3 Strong Form of the Equations of Motion

The equations of motion of the piezoactuated flexible plate are subsequently derived
by considering the extended Hamilton’s principle (£.I8). By recalling that the vari-
ational operator ¢ can be interchanged with both differential and integral operators,
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the variational forms 6W},(¢) and W), (¢) of the overall kinetic and potential en-
ergy Wi, (t) = WE(t) + W, (t) and Wy (t) = WS (t) + WE(t), respectively, can be
directly determined as
SWi(t) = o' (9,w®, 0, (6w?)) + ¢ * (Byw?, 0, (dw?))
+ < (00,0, (6w”)) + < (8,0°, 0, (6w”))
SWy(t) =<, (w?, ow®) + gg’b(w37 sw®) + she (5w?).

Together with the divergence theorem, i.e.
/ V- (uv)df2 = / (v-Vu+uV - -v)d2 = / uv - ds (4.39)
[0 [0 o0

with ds = nds, where n = [n!,n%]7 denotes the normal pointing outward on the
boundary 042, the equality (see, e.g., 4, p- 12])

/ (m10,1u + m20,2u)ds
09
= / ([n'my + n*mo)d,u + udn®my — n'mo))ds  (4.40)
00

with the tangent vector £ = [—n?,n!]7 orthogonal to n such that 9, = t - V, and
the fundamental lemma of variational calculus the equations of motion follow after
some tedious but basically straightforward computations. In particular, the PDE
pOfw® — pl AOfw?® + vo,w® + 0% (p' 02 w®) + 02 ( 29%w%)
+A(M3Aw3)—|—8218 P ( 48 822’111 )+8221 (/J/ (8 w + 8 1822’111 ))
+az1 822 ( (82 w3 +0 18z2w )) +8218z2 (,UzG (azl azzw + azzw )) (4.41a)
O (50,0000 + ) = Y TYUD

leM

is obtained governing the evolution of w3(2!, 22,¢) for (21, 2%,¢) € 2 x (0,7).
Herein, the following abbreviations are used summarizing the various material
parameters

p=ph+2)  Aplhl

leM
pl = p°I°+2 Y AfplI?
leM
v=v°4+2 Z Aleylp
leM

= I+ 2Y e GV IPAS, =1, ,4
QZZGM qu pIpAlea J =096
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I'P = I cos(ay) + I sin(ay)

with
I} = I [alj0% A + a330% 45 + (a3 + a2}) 0,102 Af]

and

_2hj(h+ 1))
eV (B
The respective boundary conditions follow depending on the boundary configu-

ration by taking into account Assumption 4. 1(iv)] and the assumption that 92 =
082, U an U os2y:

(i) clamped conditions for (21, 22) € 942,

FlO:

w? = d,uw* =0 (4.41b)

(ii) free conditions for (2!, 2?) € 912

n'n'k!t 4 ntn? (k12 + K1) + n*n?k* =0 (4.41c)

8{(112112/43124—111112(/{11—&22)—nlnlﬁlzl)—n1<8z1l€11+822;‘€12)

, (4.41d)
=12 (0,,5%" + 0,267%) — pl9,0fw* = 0
(iii) hinged conditions for (2!, 22) € 942,
wd =0 (4.41e)
n'n'k!t 4 ntn? (k12 + K1) + n*n?k* = 0. (4.411)

Thereby, <% abbreviates

= ptohw? + P Aw® + PP (02w + 0,10, .w°)

k1% = 10,10 2w + P (02w + 0,10,.w°)

/*621 = /16 (821 822103 + agz w3)

k2% = pP0%hw® + PP Aw® 4+ p°(0,,0,.w° + 9% w?).
For the unique determination of the motion, initial conditions for displacement and
velocity have to be imposed, i.e.

w? =wd, duw =w}, (21,2 e, t=0. (4.41g)

An additional simplification arises from the remark below.

Remark 4.3. In most situations, the kinetic energy contributions of gE’Q ((’9th, 8tw3)
and ¢7*(9,w?, d,w?) are insignificant compared to those of <" (9,w?, d,w*) and
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b1 (8tw3, oyw? ), respectively. Hence, subsequently pI(z!, 2%) = 0 is considered
to simplify the analysis.

Throughout the following chapters, the two cases ¢ = 0 and ¢ > 0 of spatial
patch characteristics /A5 are analyzed. However, note that due to the appearance of
derivatives of A§ with respect to 2! and 22 on the right-hand side of the governing
PDE (#.41a)), special emphasis is required for the case ¢ = 0, where A is no longer
continuously differentiable. In order to analyze also this case, the weak or variational
form has be considered by introducing a class of suitable test functions. Moreover,
the weak form provides a useful basis for the numerical analysis of the equations of
motion by means of a weighted residual approach.

4.2.4 Weak or Variational form of the Equations of Motion

For ¢ = 0, the indicator function ¢¢(+) is by assumption equivalent to the Heaviside

function such that ¢°(-) = o(-). In this case, the strong form (4Ta)-F4Tg) is
not well-defined and the analysis of the system dynamics requires to introduce the
respective weak or variational form. For this, subsequently only the case of 02, #
() is considered but more general situations can be analyzed similarly. Hence, set
z = (21, 2?) and introduce the Hilbert space

H3 (2) ={w € H*(2) : w|.co0, = Oyw|.co0, = 0}. (4.42)

Subsequently, let V = Hj, (£2) and let # = L?(£2) equipped with the inner
product

(w, )y = / pwib A2, (4.43)
2

where p = p(z) denotes the spatially varying density per unit area, which is strictly
positive and real. Multiplication of the PDE (@.41a) with a test function 1(z) € V
and sequentially applying the divergence theorem taking into account (4.40)
and the boundary conditions (E4Tb)~E.411) results in

<8t2w3(t),T>H + (O,w* (1), T>H + gg(w?)(t),T) + gg’b (w?(t),T) =

- Z UP ()T} x

leM

1
(< b [a1h05 7 + a33057 + (a1 + a1}) 0,102 7] Cosal> +
H

(4.44)

—

(41, fabion 02T+ (ol + B0, e )
H

with 7 = v/p. Consider now the linear functionals
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¢! (w, ) = o (w,b) + 6" (w, )
= /Q ( L2, woP b + p20%wok + i AwAd
+ 110,10,2w0_,0_y
+ 12 (02w + 0,10 2w) (0440 + 91 0_, 1)
(020 + 0,40.20) (900 + 0,,0,,10) ) A2 (4.45)
¢ (w, b) = (Pw, b),, (4.46)

for w, @ € Vsuch that¢' : V x V — Cand ¢? : H x H — C. It can be easily
shown that ¢/, j = 1,2, represent sesquilinear forms according to Definition [B.10
Furthermore, the following properties can be verified.

Lemma 4.1. The sesquilinear forms ' : V x V — C and ¢*> : H x H — C defined
by [@43) and [@48) satisfy

(i) Vw, 0 € V: ¢ (w, ) = ¢J (0, w)
(ii) dc1 > 0 s.t. Vw,w € V- |§ (w, W)
(iii) Fk1 > 0 s.t. Vw € V1 R{<! (w w)}
(iv) 3eg > 0s.t. Vw,w € H : |§ (w, )|
(v) 3kg > 0s.t. Vw € H : R{%(w,w)}

< cfwlvlloly
= c'(w,w) > ky||wl,
< caf|wllw @]
= ¢*(w,w) > ka|lw|)3,

i.e. both ¢ and 2 are symmetric, continuous, and coercive, which implies that ¢* is
V—elliptic and ¢? is H—elliptic.

Proof. The symmetry property[(D)]is obviously satisfied, which implies that ¢/(w, 1),

j = 1,2 are real. For the proof of property [(iD] let ¢; = max;(sup, ¢, |1/ (2)])
and take into account the Holder inequality. Then the sequence of inequalities is
obtained

[ (w, )]

< c’l{/ |02, wo? b
0

+/|a 9.2w0_, 0 _,w|d 2
2

ag+ [ |o2udZi
2

[ 10w+ 0.0.00) (0% + 9,000 02
(9]

+ [ @20+ 0.00.00) @+ 0,0 1)

< {208 202 + 2 0]
+10.10.2]] .||, 162w||L2+||021w+azlaz2w||m||a§1u>+8zlaf i
02w+ 0w 0 + 00,00




4.2 Flexible Plate with Distributed MFC Actuators 71

< Tallwlvlldly = allwlvldly

for all w, € V. To verify (i) observe that for any w € V and p? > 0
)= [ {toEf? + 2l + 7 Al + 10,1000
10|+ 0,10,0) | + 1] (2w + 0.00.0w) |}
> [ {nt ol wlotf +2 o0l fag

Zkl/ {|3§1w‘2+|832w|2+2|821322w|2}d(2
)
= kyfJwl

for k1 = min{inf,cn p*(2)),inf. e p?(2)),inf,co u*(2))/2}. Taking into ac-
count property [D)]implies
Proceeding similarly yields the existence of a constant c > 0 such that

¥(w,0) < [ pruidf < callwlli
i0)

for all w, W € H, which proves[(iv)] Moreover, property[(v)]holds since ¢*(w, @) is
symmetric and since 7 is bounded and strictly non—negative. O

With these properties, the Lax—Milgram theorem implies the existence of bounded,
invertible linear operators A € £(V, V') and2A* € L(H,H ') such that ¢! (w, 1) =
(Alw, )y y and 6% (w, W) = (A%w, 1W)3/ 3, where V' and H ' are the dual spaces
to V and H, respectively, and (-, -}y as well as (-, -)3 + % denote so—called duality
pairings 22, 2, [1]]. For their interpretation note that any element w € H can be
considered as a linear functional on V C H by the mapping v — (w,v)y € R
for all v € V and thus as an element of the dual space VV’. Furthermore, # can be
identified with H’ by the Riesz representation theorem[B.7l With this, the sequence
of continuous and dense embeddings V < H = H’ < V' is obtained, which forms
a so—called Gelfand triple with H serving as the pivot space. It is a consequence
of the Riesz representation theorem that linear functionals f € V' acting on V
can be continuously extended to the larger space H if and only if f is of the form
f(z) = (y,x)y for fixed y € H and all 2 € V. By considering the duality pairing
(f,v)y .y, which s the extension of the inner product (-, -)3; from Vx H to V' x H,
linear functions f € V' admit the representation f(v) = (f,v)y . As aresult, the
weak or variational form (&.44) can be equivalently either written as

<8t2w3(t),T>v,’v + (A () (1) + (A*0,w (1)) (1) = f(Tt)

, Mdd (4.47a)
w?(0) = wg, gw’(0) = wy

with
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=Y UPIYx

leM

1
(< ‘ P [a1h02 T + 035057 + (ay] + a7})0,.0,27] cos al> (4.47b)
H

+< p[agla T—|—a§38222T+ (a21—|—a2l)8 ,.7] sinal> )
H

or interpreted as an abstract differential equation

OFw? (t) + AL w? (1) + A20,w (1) = f(t) (448)
w?(0) = wj, 0w’ (0) = w} '
in the dual space V’. With these considerations existence and uniqueness of solu-
tions can be established following [, Theorem 4.1] by making use of Lemma E.1]
and the Lax—Milgram theorem, as is summarized below.

Theorem 4.1. Let w} € V, w} € H, and f € L*((0,7),H'). Then there exists a
unique solution of @AT) or @AY, respectively, with w* € L*((0,7),V), d,w? €
L2((0,7),H), and 9?w3 € L?((0,7),V’). The map (w3, w3, f) — (w3, dw?) is
continuous from ¥V x H x L*((0,7),H") to L*((0,7),V) x L*((0,7), H).

Similar results are, e.g., obtained in [Iﬁ]. Note that this result obviously holds for
both ¢ = 0 and € > 0 in the indicator function ¢¢(-) describing the spatial actuator
characteristics, which enables a treatment of the governing equations in a common
framework.

4.3 Selected Applications and Control Problems

The example of a thin plate with distributed MFC actuators can be considered as
a prototypical smart structure involving actuators embedded into a flexible carrier
layer. The level of smartness thereby relies on the appropriate coordination of ac-
tuation and sensing by means of control and optimization. Since this benchmark
example exhibits the main features of smart flexible structures generalizations can
be derived both in view of the development of control design systematics and novel
applications. While a comprehensive discussion is outside the scope of this contri-
bution, subsequently selected control problems are briefly highlighted together with
prospective application areas.

4.3.1 Motion Planning and Transient Elastic Shaping of
Structures

The realization of prescribed transient changes in the deflection profile of flexible
structures facilitates new and innovative applications comprising
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e adaptive optics, where deformable mirrors are used, e.g., in earth bound tele-
scopes to compensate atmospheric distortions;

e flow control, where transient deformations are used to influence the evolving
boundary layers and the resulting flow field;
flapping wing structures mimicking the flight motion of insects or birds;
morphing structures involving large deformations of the structural configuration
to achieve shape changes.

Herein, it is on the one hand desired to develop systematic strategies for the deter-
mination of input signals to the actuators to realize the desired elastic motion of the
in general 2— or 3—dimensional flexible structure. This feedforward control problem
moreover includes motion planning approaches to derive spatial-temporal trajecto-
ries for deflection or strain in certain regions of interest Q; of the spatial domain
2. In view of the considered thin plate with distributed MFC actuators, this implies
that

yi(t):/ ! (z)w®(z,t)ds2, i=1,...,p (4.49)
2

7
Y

or more generally 3% (z,t) = w?(z, t)|zEQZ, i =1,...,p, has to follow a desired
spatial-temporal path y**(t) or y**(z,t), respectively. Note that the problem for-
mulation includes rest—to—rest motion as is commonly used in multi-body or robot
dynamics. This is thoroughly addressed in Section where experimental results
are presented for a flexible plate structure with spatially distributed piezoelectric
patch actuators.

On the other hand, the realization of the desired motion in general relies on the
incorporation of suitable feedback control strategies to compensate model errors or
exogenous disturbances acting on the structure.

4.3.2 Vibration Suppression and Elastic Motion Tracking

Vibration suppression can be essentially interpreted as the robust stabilization of an
equilibrium by suitably processing measurement data. However, in view of the real-
ization of prescribed spatial-temporal deflection profiles w*(z, t) this is equivalent
to either the exponential

lw(z,t) —w*(z,t)||x < Me ", M,a>0
or asymptotic
[lw(z,t) —w*(z,t)|x =0 as t— o0

convergence to the desired state. In order to achieve tracking of the desired elas-
tic motion in general feedforward control and methods of feedback stabilization
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are combined according to the 2DOF control concept schematically depicted in
Figure [LJl Examples of the application and the resulting tracking performance
achieved by making use of the 2DOF control concept for elastomechanical struc-
tures can be, e.g., found in [@, , , , , ] and the references therein.
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Chapter 5
Mathematical Problem Formulation

The results obtained for the modeling examples of Chapters 2H4] can be embedded
in a general mathematical setting involving parabolic diffusion—convection—reaction
systems (Chapters2]and[B)) or so—called biharmonic Petrowski systems (Chapter [4)
defined on bounded higher—-dimensional domains. This enables a rigorous formula-
tion of the subsequently analyzed control problems.

5.1 General System Setting

Let {2 be an open bounded subset of R” and set O = 2 X (to,to + 7) for some
fixed 7 > 0 as well as 0Qqp := 942 X (to, to+7) with 92 the boundary of 2. Multi—
index notation is used with the multi-index k = {k*, ... k"}, |k| = k' + -+ + k"
such that D¥ = D, ... DX with D!, = 8_, and DY = 1. Hence, let

ZSH (z,t)27 (2 t)}
i=1 (5.1)
£ij(z,t) = Z ai’j(z)Dk + ai,j(zat)

1<|k|<2K

Rz, t)x( [Zﬁ” z, )2 (2, t)]

Lz, )x

’
n

i=1 (5.2)
Rij(z,t) = Z pi,j(Z)Dk+pi,j(Zat)
1<|k|<2K
P
&(z) Z@H )l (z,t)
=1 (5.3)
&, ;(2)z? (2,1) / Z ¢)D*27 (¢, t)dn
|k|<2K

T. Meurer: Control of Higher-Dimensional PDEs, CCE, pp. 77—@.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2013
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denote operators acting on the state vector z(z,t) = [2!(z,t),...,2"(2,t)]T with
K € {1,2}. Since £(z,t) is a differential operator of order 2K defined on the
domain {2, in general n’ = 2nr boundary conditions are required, which are subse-
quently described by R(z,¢) in terms of the coefficients p} ;(z) and p ;(z,t). The
coefficients rﬁ ;(2,¢) are introduced to represent spatial sensor characteristics so
that &(z, t) denotes the output operator.

Notation. If £(z,t), R(z,t), and &(z,t) are independent of ¢ then £(z), £(z), and
®(z) is used, respectively. If in addition the dependency is clear from the context,
then £, &, and & are used to refer to (TI)—(3.3), respectively. Without loss of gen-
erality in these cases tp = 0.

With these preparations, the distributed—parameter systems considered in
Chapters P2} can be embedded into the following class of initial-boundary—value
problems

Ox(z,t) = L(z,t)x(z,t) + F(2)un(z,t), (2,t) € Op (5.4a)
Rz, t)x(z,t) = uan(z,t), (z,t) € 091 (5.4b)
y(z,t) = 6(2)z(2, 1), te R (5.4¢)
x(2,t0) = zo(2), z e 0. (5.4d)

Here, §(z) is an input operator describing the spatial actuator characteristics and

location. The vectors uo(z,t) = [ub(z,t)...,up" (2, 1)]7 and wop(z,t) =
[ubo(z,t), .. upo?(2,6)]F with m = mgq + mog represent the distributed

in—domain and boundary input, respectively, where so far no distinction is made
between infinite— and finite—dimensional control inputs. Note that besides inhomo-
geneous boundary conditions a suitable choice of the components uyy, (z, t) enables
to introduce locally or globally homogeneous Robin boundary conditions. The no-
tions ’local’ and ’global’ thereby refer to the fact that each of the components of
up(z,t) might be zero only on a subset of 92 (local) or zero for all (z,t) € 0Qr
(global). Similarly, Dirichlet and Neumann boundary conditions can be included
for each of the components by means of the operator £(z, t). The system output is
given by y(z,t) = [y'(z,t),...,yP(z,1)]T and relates x(z,t) and its derivatives
D¥z(z,t) up to order |k| = 2K — 1 according to &(z,t), which provides spatially
averaged or pointwise information depending on the coefficients rﬁ j (z,0Q).

In the following, additional assumptions are imposed to restrict the analysis to
parabolic PDEs (in the sense of Petrowski) with bounded and suitably differentiable
coefficients.

Assumption 5.1. Consider (3.1) and (5.4), then it is assumed that

(i) the PDE (5.44) is uniformly parabolic in the sense of Petrowski, i.e. there exists
a constant 6 > 0 such that all roots ¢; of

det Z af’j(z)(zf)k — 0456 =0

k|=2K .
L i,j=1,...,n
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with § € R, [§] = 1 satisfy max; supj¢|—y R{q} < —0forall z € {2;
(ii) the coefficients af, j (z) of (&) are continuous bounded functions on Q.

Together with additional restrictions on the domains of u(z,t) and use(z,t)
these assumptions imply existence, uniqueness, and regularity of in general only
weak solutions to (5.4). For further details, the reader is referred, e.g., to 12,l4,3, 1.

5.2 Trajectory Planning and Tracking Control

The considered trajectory planning and tracking control problem for (3.4) concerns
the design of input trajectories (u(z,t), usn(z,t)) to realize transitions from an
initial (stationary) profile xy(z) to a desired final profile

z(z,to+T) =xr(2), z €N (5.5)

along a prescribed spatial-temporal transition path *(z,t) within the finite time—
interval ¢ € [to,to + T, i.e.

(uon(z,t),un(z,t))

tefto,to+T)

xo(z) = x(z,t0) x(z,to+T) = xr(2). (5.6)

Here, 7' > 0 denotes the specified transition time. This configuration in particular
includes the finite time transition problem between stationary profiles, where the
final profile is required to satisfy x(z,t) = xp(z) for t > to + T with zp(2)
representing a steady state solution of (5.4). From a practical point of view, this
corresponds to important control tasks such as the start—up and the shutdown of
reactors, or the transition between operating points, which typically arise in thermal,
chemical, and biochemical engineering as well as related areas.

For the solution of the control problem, flatness—based methods for trajectory
planning are presented in Part [[IIl Here, at first a spectral design approach is in-
troduced in Chapter [@] for the case of time—invariant PDE—systems defined on a
rather general spatial domain 2. Secondly, a formal integration approach is pro-
posed in Chapter [7] for time varying scalar diffusion—convection—reaction systems,
i.e. n = 1 in (&4), with parallelepiped domain. The state—feedback stabilization
and state—observer design is addressed in Part [[V] by exploiting and extending the
backstepping technique to boundary controlled distributed—parameter systems with
spatially and time varying parameters. Besides the analysis of PDEs defined on the
line in Section [§] this covers higher—dimensional parallelepiped domains and con-
figurations comprising multiple inputs and outputs in Section [9} In addition, it is
thereby shown that a suitable reformulation of the backstepping approach enables
an integrated tracking control design to achieve the exponentially stable tracking of
desired trajectories for unstable distributed—parameter systems.
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Chapter 6

Spectral Approach for Time-Invariant Systems
with General Spatial Domain

The spectral analysis of a finite— or infinite—dimensional linear operator is a well—es-
tablished and profound mathematical tool for stability analysis and feedback control
design. The dynamic system properties are thereby determined based on the eigen-
value distribution and the respective set of eigenvectors. For infinite-dimensional
systems governed by PDEs certain restrictions apply, which are in particular re-
lated to the possible existence of continuous spectra. Fortunately, a wide class of
physically important systems including, e.g., diffusion—convection—reaction, wave,
Euler-Bernoulli, and Timoshenko beam equations, yields so—called Riesz spectral
operators, which exhibit a purely discrete eigenvalue distribution and whose eigen-
vectors and adjoint eigenvectors, respectively, span a basis for the underlying func-
tion space. These properties can be advantageously exploited for the controllability
and observability analysis similar to the finite—dimensional case [IEI]. Furthermore,
Riesz spectral operators satisfy the spectrum determined growth assumption such
that the stability properties of the system can be directly determined based on the
eigenvalue distribution (14, 37]. This property can be in particular utilized for the
stabilizability and stability analysis as well as for the design of stabilizing state—
feedback controllers, see, e.g., ,@, , , , @] and the references therein.
In the following, a spectral approach is proposed for the solution of the trajec-
tory planning problem for time—invariant distributed—parameter systems governed
by Riesz spectral operators defined on a general spatial domain. For this, it is at first
required to re—formulate the governing PDE(s) and boundary conditions in an ab-
stract operator theoretic framework in suitable Hilbert spaces. Herein, special em-
phasis is required for the case of unbounded input operators arising, e.g., in the
case of boundary control or pointwise in—domain control. As outlined in Section
this leads to the introduction of admissible control operators and hence well—
posed systems by interpreting the range of the operators in a larger sense. Thereby,
two approaches based on either suitable operator extensions or homogenization of
boundary conditions are presented to cover boundary control problems. In order to
be able to consider a large class of systems in a common framework, Riesz spectral
operators are introduced in a rather general setting by taking into account opera-
tors whose generalized eigenfunctions and generalized adjoint eigenfunctions form

T. Meurer: Control of Higher-Dimensional PDEs, CCE, pp. 83.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2013
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a orthonormal Riesz basis. This in particular includes the case when the geometric
multiplicity of an eigenvalue is strictly less than its algebraic multiplicity.

Given a well-posed abstract system with Riesz spectral system operator, the tra-
jectory planning problem is considered in Section[6.2] Here it is shown that a general
systematic solution can be obtained by a suitable re—interpretation of the resolvent
operator and the introduction of a flat or basic output, which allows to parametrize
system states and control inputs. Hence, by prescribing an appropriate desired tra-
jectory for the basic output the evaluation of the input parametrization directly yields
the feedforward control, which realizes the corresponding spatial-temporal state
profile imposed by the state parametrization. This, however, requires to ensure the
uniform convergence of the state and input parametrizations by means of differen-
tial operators of infinite order applied to the basic output. As is shown in Section
the convergence problem has to be addressed twofold. On the one hand, con-
vergence can be reduced to a problem of trajectory assignment for the basic output,
which in general has to be restricted to a certain Gevrey class. On the other hand,
additional restrictions apply, which are related to the controllability property. The
latter essentially depends on the geometry of the spatial domain and the number,
the dimension, and the location of the control inputs. The determination of spatial—
temporal paths for the basic output ensuring convergence is considered in Section
Herein, finite time transitions between stationary operating profiles as well as
non-stationary states are embedded into a systematic framework including their nu-
merical evaluation.

The spectral trajectory planning approach is analyzed and validated by means of
simulations in Section [6.3] for a selection of application examples. This comprises
the heat and wave equation with in—domain control and 1-dimensional spatial do-
main in Section The results obtained for the wave equation confirm that the
presented approach is also applicable to hyperbolic systems with a finite speed of
wave propagation. Here, it is shown that the parametrizations in terms of differ-
ential operators of infinite order converge to shift operators, which reflect the wave
speed. Moreover, the trajectory planning problem is solved for systems with higher—
dimensional spatial domains. For this, a linear diffusion-reaction equation on an
Riemannian manifold and a linear diffusion—convection—reaction system on a paral-
lelepiped domain are analyzed in Sections and respectively. Thereby, it
is assumed that the control input is restricted to a subset of the domain’s boundary.
In addition, two control configurations are analyzed, namely infinite—dimensional
and finite—dimensional boundary control. While the first is mainly of theoretical
interest it allows to determine rather general results. For finite—dimensional bound-
ary control in terms of a finite number of patch actuators, it is shown that the state
and input parametrizations in general diverge for the realization of finite time tran-
sitions between stationary profiles. However, it is exemplarily shown that the in-
corporation of divergent parametrizations involving suitable summability methods
into the presented spectral design methodology significantly enhances its domain of
applicability.

Finally an experimental validation of the design systematics is provided in
Section[6.6]for a flexible plate structure with spatially distributed piezoelectric patch
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actuators. Herein, the weak formulation of the equations of motion is utilized for
the theoretical analysis and the determination of an efficient semi—numerical im-
plementation of the spectral design technique. Thereby, the weighted—-residual ap-
proach is considered for the determination of a finite—dimensional approximation of
the distributed—parameter system, which enables the numerical computation of the
eigenvalue and eigenvector distribution. With this, the formal parametrizations can
be reduced to differential operators of finite order and enable an approximate eval-
uation of the state and input parametrizations. The presented experimental results
confirm the applicability of this approach and illustrate the tracking performance
for high—speed rest—to-rest bending and torsional motions of the plate structure.

Notation. Throughout this chapter the explicit dependency of variables on the tuple
z of spatial coordinates is consecutively dropped in accordance with the common
control and operator theoretic literature. However, in certain situations the spatial
argument is added to clarify and emphasize the specific character of the particular
variable.

6.1 Abstract Formulation and Spectral Analysis

In order to provide a rigorous and general analysis, subsequently an abstract oper-
ational system formulation is introduced for the trajectory planning problem. For
this, consider the abstract control problem governed by

O (t) = Lx(t) + Fun(t), z(0) =xo C D(L) (6.1a)
Rx(t) = upn(t) (6.1b)
y(t) = Bx(t). (6.1c)

Here, £ : D(£) C Z — X denotes a linear time—invariant strongly elliptic dif-
ferential operator with domain D(£) (cf. (3D). The space Z is called the solution
space while X represents the state space. It is in particular assumed that 7 C X with
continuous embedding (cf. Appendix[B.3). The distributed input ug, (t) = ue(-,t)
is assumed to be defined on the Hilbert space U and is assigned in terms of the oper-
ator § : D(F) € U — X with domain D(§). The boundary conditions are imposed
in terms of the boundary operator & : D(R) C Z — V (cf. B2)), e.g., in terms
of the boundary trace operator, with the input ugg, (t) = usq (-, t) from the Hilbert
space V. Moreover, the compatibility condition &(-)x(-,0) = usq (-, 0) is assumed
to hold. The output y(¢) is defined on the Hilbert space Y in terms of the operator
6: XY

Due to the in general inhomogeneous boundary conditions the abstract analysis
of the evolution equation (6.1) requires special emphasis. In particular, it is desired
to transfer the governing equations into the abstract form

O, (t) = Ax(t) + Bu(t), t>0 (6.22)
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z(0) = xo € D(A) (6.2b)
y(t) = Cx(t), t>0 (6.2¢c)

with the possibly unbounded input and output operators 8 and € but purely ho-
mogeneous boundary conditions included into the proper definition of the domain
D(2A) of the system operator 20 who is the generator of a semigroup. Thereby, the
well-posedness of (6.2)) requires that 8 and € represent so—called admissible con-
trol and observation operators (see, e.g., [@] or [66]), which are briefly introduced
in the following section.

6.1.1 Admissible Control and Observation Operators

The admissibility of the control operator B follows from the continuity of mild
solutions z(t) € X of (&2). For this, let zy € X, u(t) € LZ.([0,00);U),
B € L(U,X_1) with X_; as introduced in Lemma[B.4] and assume that 2 is the
infinitesimal generator of a Cy—semigroup T(t). Motivated by the classical variation
of constants formula, consider the operator B, € L£(L?([0,00);U), X_1) defined
by

Bru = /T T(1 — 5)Bu(s)ds. (6.3)
0

Note that B, is also called the controllability map [@, Section 4], which is used
for the definition of exact and approximate controllability, where either ranBB, = X
(exact controllability) or ranB, = X (approximate controllability).

Definition 6.1 (Admissible control operator). The operator B8 € L(U, X [Eé is
called an admissible control operator for T(¢) if ranBB, C X for some 7 > 0 [66].

It should be pointed out that if 23 is admissible then the integration in (&3) is eval-
uated in X_; but the integral is in X, which by definition is a dense subspace of
X_1. The input operator is called bounded if it can be restricted to B € L(U, X)
and unbounded otherwise. Moreover, it can be shown that if 5 is admissible and
ranBB, C X for some 7 > 0 then B; € L(L?([0,00);U), X) forevery t > 0. As a
result, given an admissible control operator 8 € L(U, X_;) for T(t), then for ev-
eryzg € X and u(t) € L2 ([0, 00); U) the initial-value problem (6.2)) has a unique
solution in X_; given by

z(t) = T(t)xo + Bru,

which satisfies z(t) € C([0,00); X) N HL.((0,00); X_1). Hence, the existence of
a mild solution is guaranteed. By assuming that w(t) € H_((0,7);U) or u(t) €
HI%C((O, 7); U) for some 7 € (0, 00) different regularity properties of the solution

to can be determined (cf. [@, Section 4.3]).
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For the introduction of the dual concept of an admissible observation operator
consider with B = o, where o denotes the zero operator. Let € € £(X;,Y)
with X; given by Lemma[B.3l zy € X1, and assume £l is the infinitesimal genera-
tor of a C—semigroup T(t). Then the resulting initial-value problem has a unique
(mild) solution x(t) = T(t)xo [14]. Hence, in view of (6.2d)), the (truncated) obser-
vation map

CX(t)xo, te]0,7]

Cr =
( mo) {0, t>T

can be introduced such that C, € £(X1, L?([0,0);Y)). Note that the observation
map can be used to define both the exact observability of the autonomous system
(62 with B = o if C; is injective with bounded inverse as well as the approximate
observability if kerC, = {0} [@, Definition 4.1.12].

Definition 6.2 (Admissible observation operator). The operator € € £(X1,Y) is
called an admissible observation operator for T(t) if for some 7 > 0 the observabil-
ity map C; has a continuous extension to X [@].

This definition implies that the operator € € £(X1,Y) is an admissible observation
operator for T(t) if and only if for some 7 > 0 there exists a constant X+ such that

/O [T ()zo|3dt < K2||zo|%  Vao € D).

Moreover, an admissible observation operator € € £(X1,Y) is called bounded if it
can be extended such that € € £(X,Y) and unbounded otherwise.

For a detailed discussion and the summary of further properties of admissible
control and observation operators the interested reader is referred to [@, @].

6.1.2 Abstract Boundary Control Systems

With these preparations, it is now possible to transfer the inhomogeneous boundary
control problem (6.1) into the abstract operator form (6.2)), which serves as the fun-
damental basis for the subsequent sections. For this, basically two approaches are
available, which either rely on suitable operator extensions [@, , , @, @] or
are based on the homogenization of the boundary conditions and the consideration
of the resulting system on an extended state space (18, 14].

6.1.2.1 Operator Extension Approach

At first let § = o in (G.I) with o the zero operator such that the only forcing of the
system arises from the inhomogeneous boundary condition. The following treatise is
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based on [@], which provides a concise generalization of the results of [@, @, ]
on admissible input elements and their relationship to boundary control problems.
Proceeding as in [@, Section 10], a boundary control system on V, Z, and X is a
pair of operators (£, R), where £ € L(Z,X) and 8 € L(Z,V) if there exists a
B € C such that the following properties hold:

(i) RKis onto,

(ii) kerfis dense in X,
(iii) BT — £ restricted to kerRf is onto, and
(iv) ker(8J — £) Nkerg = {0}.

Under these assumptions, it is at first required to introduce the Hilbert space X; =
kerf and the operator 24 = £|x,, i.e. the restriction of £ to X7, to recast (&1
into the familiar form (©.2). In view of [(i1)] it follows that X is a closed subspace
of Z and 2 € L(X71, X). Moreover, property [(ii1)] implies that ran(8J — £)|x, =
ran(3J—2) = X such that 87— is surjective. Since property[(iv)]yields ker(8J —
2A) = {0} and thus the injectivity of 37 — 2l the bijectivity of 33 — 2( is guaranteed.
Hence, for 8 € p(2A) it follows that (33 — A)~! € L(X). On the other hand, the
definition of X and 2l implies that (33 — 21)~! € £(X, X1), which illustrates that
for any 8 € p(2) the norm on X, is equivalent to the norm ||x||; = ||(8T — A)z||.
As pointed out in Lemma [B.3] the norms generated for different 3 are equivalent
in the graph norm and hence independent of the particular choice of 5. Let X_1
denote the completion of X with respect to the norm ||z||_; = [|(37 — )~ 'z].
Then by Lemma [B.4] the operator 2 has an extension, also identified with 2l, such
that 2 € £(X, X_;). With these preliminaries, the existence of a unique operator
B in the sense of (&.2) can be guaranteed.

Lemma 6.1. Let (£, R) be a boundary control system on'V, Z, and X in the sense
defined above. Let A = £|x, € L(X1,X) and X_4 be the completion of X under
the norm ||z||—1 = ||(B3 — A)"tz|x for B € p(A). Then there exists a unique
operator B € L(V, X _1) such that

£ =9+ BK, (6.4)

where 2 is regarded as the extended operator from X to X_1. For every 5 € p(2)
it follows that (33 —20)~'B € L(V, Z) and

A(BI—A)"1B =7, (6.5)

so that B is bounded from below.

For a proof of this result consult [@, Section 10.1]. Hence, the evaluation of (6.1))
with directly yields 9,z(t) = (A + BR)x(t) = Ax(t) + Busg(t). In prin-
ciple B follows from since & € L£(Z,V) implies the existence of at least a
bounded right inverse of R. However, for an explicit computation of ‘B it is conve-
nient to follow one of the two approaches presented below (see l66, Remarks 10.1.5,
10.1.6]):
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(i) Compute the solution z = (8J — £) ' Buyp for B € p(L) to the elliptic
boundary—value problem

Lx = Px, RKr=1uyn.

With this, ‘B can be directly identified.
(ii) From (&.4), it follows that

<£$7 ¢>X = <(Ql + %ﬁ)w’ ¢>X - <$791*1/’>X + <ﬁ$’ %*¢>X

for any & € Z and ¢ € D(*). Hence, in many applications the adjoint B*
can be determined from

(Rz, B"Y)x = (Lx,¢¥)x — (z,A"Y)x (6.6)

using, e.g., integration by parts or the divergence theorem, respectivel}ﬂ.

If § # o, then the control operator follows directly as the composite operator

B s [3,B] (6.7a)
with the operator B on the right—hand side defined as above and the composite input

u(t) = [uh(t), uln )] (6.7b)

Hence, assuming that 5 as defined in is an admissible control operator in
the sense of Definition a mild solution to (6.I) can be determined provided
that u(t) € L2.([0,00); U) with u(t) from (678) with higher regularity obtained
if u(t) € HL.([0,7);U) or u(t) € HZ.([0,7);U) for some 7 € (0,00). This
naturally leads to the definition of a well-posed boundary control system according
to [@] (see, e.g., [@] for related results given that [ is a so—called Riesz spectral
operator, which is considered in Section [6.1.3)).

Definition 6.3. The boundary control system (£, f) is called well-posed if 2 as
introduced in Lemma [6.] is the generator of a C—semigroup T(¢) on X and B
defined in (6.74) is an admissible control operator for T (t).

6.1.2.2 Homogenization Approach

As an alternative, [1§] introduces a homo genization approaclﬂ by considering a suit-
able change of the dependent coordinates. For this, consider the change of variables

"It should be pointed out that this approach is well-established for the solution of DPSs
with inhomogeneous BCs using the so—called modal transformation (see, e.g., ]) though
embedded in a less rigorous theoretical framework.

% The underlying idea is extensively discussed, e.g., in structural mechanics @], however
in general in a less rigorous framework.
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x(t) — x(t) + Kuan(t),

where & € L(V, X) is a bounded operator satisfying
AR upn(t) = uan(t).

With this, (6.1) reduces to

atm(t) = Lx(t) + Fup(t) + LR upo (t) — ﬁ'atu(‘)g (t)
Rx(t) =0
z(0) = zog — Rusn(0)

with homogeneous boundary conditions. As a result, (6.I) can be re—formulated in
an abstract operational framework in an extended state space X — X & Vaccording

to (6.2) with

a(t) = [27 (1), ubo(t)]" (6.8a)
u(t) = [uh(t), ,ulg ()] (6.8b)
oA [il Sﬂ (6.8¢)
% — [f —f’} (6.8d)
¢=[®,0". (6.8¢)

In addition, it follows that D(A) = D(£) @V, B : D(B) = DF) oV — X,
and € : X &V — Y. As indicated by the mappings (6.8a) and (6.8D), note that
no notational distinction is made between the dependent coordinates in the original
and the extended set—up. Similar to the previous paragraph it is again assumed that
the input and output operators B and ¢ defined in and are admissible
control and observation operators in the sense of Definitions and[6.2]

Based on the general abstract operational system formulation (6.2) with the oper-
ators determined by means of either operational extension or homogenization, sub-
sequently, the class of so—called Riesz spectral operators is introduced, which allows
for a rather intuitive system representation by exploiting the spectral properties of
the operator (. Thereby, it has to be pointed out that many physically relevant prob-
lems such as linear diffusion—convection—reaction systems, wave—type equations,
Euler—Bernoulli and Timoshenko beam equations, as well as Kirchhoff and Mindlin
plate equations can in general be re—formulated in terms of Riesz spectral operators,
which makes this a rather important and attractive class both from a theoretical and
application point of view.
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6.1.3 Bases of Hilbert Spaces, Riesz Bases, and Spectral
Operators

In order to motivate the notion of a Riesz basis and to determine the properties of
the important class of (Riesz) spectral operators, at first some preliminary results on
normed linear spaces and spectral analysis are summarized subsequently. For this,
let B be a Banach space with norm || - || 5 and let X denote a Hilbert space with
inner product (-, ) x and induced norm ||z|| x = \/(z, z)x.

A sequence (ey,) e of vectors in a Banach space B is called a (Schauder) basis
of B if every vector € B can be expanded uniquely in a series

xr = Z TEEL, (6~9)

kelN

which converges in the strong (norm) topology of B, i.e. || — >_}_, zrex|p — 0
as n — oo [69]. Given a basis (e ) ke of a Hilbert space X, the following theorem
holds, which traces back to S. Banach and whose proof can be found, e.g., in ].

Theorem 6.1. The sequence (f,)ken biorthogonal to a basis (e )rew of a Hilbert
space X is also a basis of X.

Consequently, any € X can be uniquely expanded into the series

T = Z@;, F1) x €k (6.10)
keN
which is convergent in the norm || - || x.

Let 2 be a linear bounded and invertible operator on X and let (ej)ren be an
arbitrary orthonormal basis of X. Hence, for any € X it follows from (&.9) or
(©.10)), respectively, that

A g = Z(Q{flm,ewxek = Z<m, (ﬂfl)*ek>xek

kelN keIN

and hence with Kk, = (Ql’l)*ek and f, = ey,

= (kL) fr (6.11)

kelN

Moreover, since (f;, ki) x = (Uey, (A er)x = (ej,er)x = ;4 the expan-
sion (&.I1)) is unique and equivalent to (6.9). Thus every linear bounded invertible
operator transforms any orthonormal basis of X into another, but not necessarily
orthonormal, basis of X. Following [B, ﬂ] abasis (f},)ren of X, which is obtained
from an orthonormal basis (e ) ke of X by means of such a transformation is called
a basis equivalent to an orthonormal basis or a Riesz basis. In addition, since 2 trans-
forms the orthonormal basis (e )rec into the basis (f,)ken, as shown above, the
operator (2~ 1)" transforms (e ) e into the basis (k) ren, which is biorthogonal
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to (f1)ken. Hence, a basis which is biorthogonal to a Riesz basis is itself equivalent
to an orthonormal basis ].

Remark 6.1. If not stated otherwise throughout this chapter the natural numbers IN
are considered as the index set. However, all results hold similarly if another count-
able index set is used, e.g., Z. The choice thereby depends on the particular system
under consideration. In addition note that Riesz bases can be similarly defined for
non-separable spaces by allowing an arbitrary index set (cf. (44, Lemma 5. 17.17)).

With this, the following theorem can be introduced, which provides a procedure to
deduce that a given sequence indeed represents a Riesz basis.

Theorem 6.2. The following assertions are equivalent:

(i) The sequence (ey)rew forms a basis of the Hilbert space X equivalent to an
orthonormal basis, i.e. (ey)ren is a Riesz basis.

(ii) The sequence (ey)rew becomes an orthonormal basis of the space X by an ap-
propriate replacement of the inner product (-, -) x by some topologically equiv-
alent new inner product (-, -)1, i.e. there exist positive constants ¢y, ca such that
Sforall x € X the induced norms satisfy c¢1(x, x)x < (x,x)1 < c2{x, x)x.

(iii) The sequence (ex)ren is complete in X and there exists positive constants
m, M such thatfor any posmve integer k' and arbltrary ap, k=1,..., K,
one hasmzk Lawl? < Zk 1 arer| < Mzk | o).

(iv) The sequence (ey)ren is complete in X, there exists a complete biorthogonal
sequence (f ) e, and for any x € X one has Y, o |(x, ex)x|* < 0o and
Dokew (@, Fro) x[* < o0

(v) The sequence (ey)ren is complete in X and the Gramian matrix given by
[(ex, ) x]k,jew generates a bounded invertible operator on (2.

The equivalences |(1)| [.] are also known as the Bari Theorem for which a proof
can be found, e.g. in [ﬂ Theorem. VI.2.1], or [@ Theorem. 9] respectively.
The latter reference in partlcular points out the equivalence with [(v)| For further
properties of Riesz bases and generalizations such as Bari bases the interested reader
is referred to ]. As amain assertion of the Bari Theorem it follows thatany € X
can be represented as a linear combination of the individual ey, k € IN, even if these
are not mutually orthogonal but form a Riesz basis [@, Iﬂ, @]

Corollary 6.1. Let (ex) ke be a Riesz basis. Then

(i) there exists a sequence (f,)ken biorthogonal to (ey,) e, which forms a Riesz
basis for X;
(ii) every x € X can be uniquely expressed as

T = Z<m, fk>Xek

kelN

and there exist constants m, M > 0 such that

m S [, fi) |’ < ek < M3 (2 £1) |-

keN keEN
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The properties of Riesz bases briefly summarized above can be directly exploited to
define and characterize so—called (Riesz) spectral operators on Hilbert spaces. Note
that subsequently not the most general case of a spectral operator is introduced but
that the notation and the presented results are adjusted to the class of systems under
consideration by following mainly 128, 24, l61]] and the references therein. For a
general spectral theory of non—selfadjoint linear operators, the interested reader is
in particular referred to [@].

Definition 6.4 (Scalar operator). Let (e)rcn be a Riesz basis in a Hilbert space
X, let (f},)xen be the Riesz basis biorthogonal to (ej)rew, and let (Ax)ken be a
sequence in C. The linear operator

Ax = Z e, fr)xex

keN

in X with domain

D) = {a € X5 3 Il fxl < oo}

kEN
is called a scalar operator.

Definition 6.5 (Spectral operator). An operator 2 in X is called a spectral operator
if it can be represented in the form

A=6+N (6.12)

with & a scalar operator and 91 a bounded finite rank nilpotent operator commuting
with &.

By imposing a restriction on the sequence (A )ren the following Lemma can be
verified [[66].

Lemma 6.2. Let (ey) e and (f),) kew be orthonormal Riesz bases and let (i) ke
be a sequence in C. Then the following statements are equivalent:

(i) The sequence (Ai) ke is bounded.
(ii) The series Ax = ) - Ak <:L’, fk>X€k is convergent for every x € X and the
thus defined operator 2 is bounded on X.

If the above statements are true, then supy i | A\x| < ||| < /M /msup,cn | Ak
where m, M as introduced in Theorem[6.2Yii1)}

Given a bounded operator 2 € £(X), the last statement implies that A\, € o,(2),
where o, (2() denotes the point spectrum of the operator 2 [66, Proposition 2.2.10].
By restricting the analysis to operators with a pure point spectrum, the relationship
between the spectral properties of the operator and the properties of a the Riesz
basis of the Hilbert space X can be further exploited by analyzing the Riesz basis
properties of the root vectors or generalized eigenvectors, respectively, of a linear
operator 2|, i.e. the sequence of its eigenvectors and associated vectors.

>
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For this recall, that the spectrum o (2() of the closed linear operator 2 contains
all eigenvalues, i.e. all A € C for which the equation

(A—A3)p =0

has at least one nonzero solution ¢ € X. In this case ¢ is called an eigenvector. The
vector ¢, € X is called a generalized eigenvector of the operator 2l corresponding
to the eigenvalue Ay, if

(A—-2.3)"p, =0

for some ny € IN. Here, n; is denoted as the order or the index of A\, cf. [IEI,
Definition A.4.5] or [@, Section 9.9]. The dimension of the set of all generalized
eigenvectors corresponding to Ay, i.e. dim ker (2 — A7) "* is called the algebraic
multiplicity 7} of the eigenvalue \;. The dimension of the space consisting of all
eigenvectors of 2( corresponding to Ay, is called the geometric or proper multiplicity
r{ of the eigenvalue ). Since the set of all eigenvectors to A is by definition part
of the set of all generalized eigenvectors to A, it follows that r{ < 7. If #] < rf
then the chain of associated vectors has to be introduced according to

(A= NIy, =y, =7+ 1.

with ¢, denoting the eigenvector to the eigenvalue ). In order to provide a con-
cise formulation, the following notational convention is imposed.

Notation. The sets (((ﬁkj)j:l,m,rg)kElN and ((1/:,“7,)]-:1,%7“?);@611\1 of generalized
eigenvectors of the operator 2l and its adjoint 2A*, respectively, are composed ac-
cording to the following rules: For each k € IN,

(i) thefirst j = 1,...,r] elements correspond to the eigenvectors to Ay,
(i) the final j = r{ 4+ 1,...,7{ elements are the associated vectors to \j.

With these preliminaries and conventions the main result on the representation of
the considered class of (Riesz) spectral operators can be formulated as follows (see
also [@, Theorems. 2.9, 2.12] and [@, Theorem. 4]).

Theorem 6.3. Let 2 be a closed linear operator with isolated (point) spectrum
op() = (Ag)ken and o,(2) being totally disconnectedd and ri < oo for all
k € IN. Suppose that the set of generalized eigenvectors (¢, ) j=1,...,r¢ Jrew forms
a Riesz basis for X. Then

(i) the set of generalized eigenvectors (1, ) j=1,...r¢ )Jkew of the adjoint operator
A* forms a Riesz basis for X, which is biorthogonal to ((d)k? )jzly___ﬁg)kem;
(ii) A = & + N is a (Riesz) spectral operator according to Definition[6.3with

a
Tk

Sx=> M (@ ) D, (6.13a)

keN Jj=1

3 Any two elements of o, () cannot be connected by a segment lying entirely in o, (21).
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"
Ne=3 > (z4) b, (6.13b)
kEN j=1+r]

forall x € D), where

D) =SzeX: Y N ey, ) |  <oop. (6.14)
=1

keN

Some remarks to Theorem[&3lfollow. In view of Corollary[6.1l Theorem[@3limplies
that if the set of generalized eigenvectors ((d)kj ) j=17___77-2) ren forms a Riesz basis
for X, then every & € X can be uniquely expressed in terms of the Fourier series

=) (@b )x Py, (6.15)

kEN j=1

Moreover, it is shown in [24] by a counterexample that the generalized eigenvectors
of an operator 2{ not necessarily form a Riesz basis for X. As aresult, in general the
application of one of the criteria provided in Theorem [6.2]is required to verify the
Riesz basis property.

The explicit formulation of 91 in holds for the general case of 1 < rj <
rj for each eigenvalue Ay, & € IN. Hence, if ri = ry the operator 1 reduces to the
zero operator o. In addition, a direct evaluation provides in view of the biorthogo-
nality of the Riesz bases ((cj)kj )j:lp__’y-g)ke]N and ((wkj )j=1,..., rg)kem that

Tk
mim = Z Z <x7'¢'kj>x¢kj,i7 { Z 17

kKEN j=r+i

which confirms that 91 is nilpotent of rank n = 1 + r* — r9, where r* =
maxzen{ry} < oo and 7Y = mingen{ry}, ie. M = o. This observation en-
ables to introduce a closed—form expression of both the resolvent of 2 and the Cj,—
semigroup generated by 2.

Theorem 6.4. Let A = & + N be a Riesz spectral operator with the scalar operator
S and the finite rank nilpotent operator N defined in (&13). Then

(i) A € p(A) if and only if infew |\ — Ag| > 0. In this case,

Tk
1

A=) le = —— (@ )x ey,

kEN j=1

(6.16)

a_ .9 a
Tk Tk Tk

+Z Z W Z (@, ), ) x Py, -

kelN i=1 j:ri+1',
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(ii) The operator U generates a Cy—semigroup T (t) if and only if supcy R{ A\ } <
oo. In this case,

e =Y M (@,1y,) x by,
j=1

keN 6.17
- i e (6.17)
S DD DS DR R
keN =1 j=ri+i

(iii) The spectrum determined growth condition holds true for <(t).

(iv) The operator A generates an analytic semigroup if and only if o,(2() C Sy o,
where S, = {z € C: R{z} < r, |arg(z)| > 7/2 + a} for some r € R*
and o > 0.

The proof of Theorem can be found in [Iﬂ] for a general quasi—nilpotent op-
erator 91 without providing explicit expressions for resolvent and generated Cj—
semigrou[ﬂ However, these are essential for the solution of the trajectory planning
problem. For this, once the Riesz basis of generalized eigenvectors is chosen, it is
particularly convenient to exploit the equivalence of both the operator 2 as well
as the resolvent (\J — 24)~! with infinite—dimensional matrices in the space /2.
Therefore, observe that under the assumptions of Theorem[6.3lany € X can be
represented by the Fourier series with ((z, z/ykj>x)j=17mﬂ«;7 ken € ¢2. This
implies that X is isometric isomorph to ¢2. Hence, given with (&.13)), it fol-
lows that 2( can be re—formulated as

2 = diag{Ax } ke, (6.18)
where each sub—matrix is of Jordan canonical form and governed by
A = AT + M (6.19)

Here, Jj denotes the 7§ x 7 identity matrix and 1y, is the rj} x r}! matrix which is
nilpotent of rank nj, = r — r{ and given by

(M), =0l —1—r)d1s G 1=1,....rf.
Similarly, for all A € p(2) the resolvent (6.16) can be equivalently represented as
AT —2)"t = diag{()\jk _Q[k)fl}ke]N 6.20)

with the 7 x r{ matrices

* Eqn. (@16) follows by evaluating (AT —20) (AT —A) "l = AT —A) ' (AT —A)x =
x for A € p(A) and & € D(A). In addition, (@.I7) can be verified by considering
0 T(t)e = AT (t)x = T(t)Ax forx € D(A) and T(0) = J.
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1 _
(AJp —Ap) ' = N T + Ny, (6.21)

where
re—ry B
U(j ) rk) 5

EE Ny gL Y- g l=1,...,rk

i=1

Note that Heaviside functions 0’( ) are introduced to account for the lower summa-
tion limits j > 1 + 7 in (6.I3B) and j > i + { in (€16). By evaluating (6.19) and
(621)) their familiar Jordan canonlcal forms are obtained, i.e.

ri—1 re—rp+1
_)\k...();()... 0_
: rg—1
0 - Ai0 0
A=, 0 - 0idg 1 -o- 0
: rk Tk+1
0 0:0 A 1
0 - 0:0 0 0 A
and
-1
(AT, —2A) " =
rifl rgfrngl
e 0 0 0
= it
.......................... _11
0 0 >\ X (A=2%)2 (A—ap) kTR
) 1 re—ri+1
0 0: 0 X e
0 010 0 0 e ]
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Remark 6.2. The Riesz spectral operator 2 is called diagonalizable if 2l = & with
S as defined in (©13a). In this case, it follows that the algebraic and geometric
multiplicity of each eigenvalue coincide, i.e. r{ = r{ for all k& € IN such that the
operator can be entirely described in terms of its eigenvalues and eigenvectors [@].

Based on these preliminaries, the formal flatness—based state and input parametri-
zation is generically considered for distributed—parameter systems whose system
operator is a (Riesz) spectral operator.

6.2 Formal Parametrization of Riesz Spectral Systems

In the following, distributed—parameter systems in abstract form governed by

O (t) = Ax(t) + Bu(t), x(0)=xzo < D) (6.22a)
y(t) = Ca(t) (6.22b)

are considered, where (t) € X, 2 : D) C X — X is assumed to be
the infinitesimal generator of a Cy—semigroup, u(t) € L2 _([0,00);U), and B €
L(U,X_1)as well as € € L(X;,Y) are assumed to be admissible control and ob-
servation operators. Here, X_; and X are as introduced in Lemmas [B.3] and [B.4
With these preliminaries, is well-posed in the sense of Definition Fur-

thermore, the following assumptions are imposed.
Assumption 6.1. Given (6.22)), then

(1) A is assumed to be a (Riesz) spectral operator according to Definition ie.
2l can be decomposed into 2 = & + 91 with a scalar operator G and a nilpotent
operator 1 as defined in (G.13).

(ii) the initial state & is assumed to be a stationary state, i.e. 2Axg = 0, g € D(A),
such that without loss of generality o = O.

By recalling that the resolvent corresponds to the Laplace transform of the Cj—
semigroup generated by 2l it hence follows that

&(s) = (sJ— Ql)_l%ﬁ(s), s € p(A) with s > sup R{\},
keN

where s € C denotes the Laplace variable and &(s) and u(s) the Laplace transforms
of x(t) and u(t). In view of the explicit expression (6.16)) of the resolvent for a Riesz
spectral operator this yields for all s € p(2() with s > sup, iy R{ ¢}, that

x(s) = Z <S _1/\k Z<%ﬁ(s)7’¢kj>x¢kj

Jj=1

TE—T 1 re
+ Z W Z <$Bﬁ(5)a'¢’kj>x¢kj_l>.

i=1 j=rdti
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In view of the Riesz basis properties of the generalized eigenvectors of 2 and 20,
the projection (-, ) k; ) x onto the k;—th spectral component

i‘k‘J(s) = <"i:(s)7¢kj>x7 j:17"'7’r]%7 kelN

yields
1 TR Cii g
2, _ 7,,] ~
L, (S) - s — )\k< d)k x + Z 8 — )\k 7,_;'_1 u(s)?¢kj+,i>x
(6.23)

with o j == o(j—7r])—o(j—ri{—1+i)suchthato; j, = 1fori =1,...,rf—j,
] = rg, ...,7¢ — 1. Hence, different actuator configurations governed by the oper-

ational representation Bu(t) can be analyzed depending on the dimension, shape,
and smoothness of the spatial domain (2 and its boundary 042. For this, it is shown
subsequently that formal state and input parametrizations in terms of a basic out-
put can be determined for both finite-dimensional as well as idealized infinite—
dimensional boundary and/or distributed control within the proposed framework.

6.2.1 Finite-Dimensional In-Domain and Boundary Control

For finite—dimensional mixed distributed in—domain and boundary control the input
operator Bu(t) can be in view of (6.7) generically represented as

m

u(t) = blul(t) (6.24)
=1

with the spatial input characteristics b’ = b’(z), which implies to introduce
L= (6l ) x. (6.25)

Here, U = C™, bl(2) € L(U,X_1), and u!(t) € L?([0,00)) foralll = 1,...,m
such that (6.23) evaluates to

m =Ty
Ty, (s) = Z( S+ Z 8_’;:1“ 2J+7>al(s). (6.26)

=1

Furthermore, the following assumption has to be imposed to ensure approximate
controllability (see, e.g., [3]).

Assumption 6.2. Let r9 = maxpen{ry} < oo. The number m of input components
in (6.24)) satisfies m > r9 and forall k € IN
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I"k ([bk} ] ;:1,...,77{;) Z Tz'

By virtue of the Riesz spectral system description, this assumption allows for a
quite intuitive interpretation. The projection of (6.22a)) with (6.24) onto the sequence
(¥ ks ) j=1,...,re Tor fixed k € IN results in the rji—dimensional linear system

Ty (t) Ty (t) bllcl e le ul(t)
0, : =2y : + | : : (6.27)
SUkrz (t) xkr;; (t) bi.TZ L bZi;: um(t)
: ;
=B,

with 2(;; as introduced in ) and (6.19). Thus, the respective Kalman control-
lability matrix is non—smgular prov1ded that m > r] and rk(By) = r{. By [@
Theorem 3.4], i.e. the Riesz spectral system is approximately controllable
if and only if all finite dimensional subsystems (6.27) are controllable, approximate
controllability can be deduced from Assumption[6.2]

With these preparations, in the following a formal operational state and input
parametrization is systematically introduced in terms of a basic output. For this, it
is crucial to note that the expression of the resolvent (6.26) allows a reformulation
by introducing so—called Weierstrass primary factors, which are briefly introduced
in Appendix [B.2.2 This yields an equivalent expressmrﬂ following

m bl 1 T o kb 1
. (s) = —— + S B : al(s
:(5) Z < /\k> e vl (—Ag)iHt (1- /\ik)erl (=)

s s Or—1
zm: ( bg{j)eekf(ﬁ’g )(1— %) k Hﬂ;ﬂg g%(}\%’gs)
- X oen 9™ (55:9°)

. 0 —i—1
o 0, F
Ly gt (- 5)" T g 0 o) il (s)
- u s
i=1 (_)\k)z+1 Hneﬂ\lga’L()\s,,L’g)

with 0, := 1+ r{ — r{. Herein, G’ (s, 9%) = (G(s,g°))’" with the Weierstrass
primary factor

o J1—s, g°=0
G(s.9°) = {(1 ) expF(sg%), g° >0 (6.28)

5 The necessity to incorporate Weierstrass primary factors will become apparent in Section
Until then it is sufficient to formally interpret the infinite products simply as functions
of the complex variable s with yet to be determined convergence properties.
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where

%

o
s
- Z - (6.29)

i=1

The term ¢° is the genus of the sequence of zeros (A, )nen of the infinite product
[1,,en G(s/An,7), see Definition B4l By formally introducing the new quantity

£!(s) according to

ol a'(s)
— (6.30)
é— (S) H"E]N ggn (}\s ’gs)

n

the formal state and input parametrization

m bk‘ R re—ry i ‘,kb%. o R
Tr, () = Z(‘/\_;Opﬁ(s) + Z (_j/\TfITDi(S) El(s) (6.31a)

=1 i=1

al(s) = D(s)E\(s). (6.31b)

is obtained with the operators “Df (s) and D*(s) given by

pr(s)— o) (12 2) T ot (2 6.32
K(s)=e : v 119 SV (6.32a)

neN
n#k

D(s) = [[ " (Aig> . (6.32b)

Herein, 0) implies that the dimensions of & (s) and @'(s), 1 = 1,...,m, nec-
essarily commde. In accordance with finite—dimensional system’s theory, the vector
£(s) = [1(s),...£m(s)]T is called a flat or basic output in the operational domain.
Hence, prescribing a suitable desired trajectory for the basic output directly provides
the feedforward control by evaluating which realizes the path

=Y Z B, (5:€(5)) by, (6.33)

kelN j=1

where the notation a (s; £(s)) is used to refer to (G31a).
By formally introducing the inverse Laplace transform of the parametrized
Fourier coefficients according to

the equivalent time—domain formulations of (@.33)) and (6.31B) are obtained with
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H=> Z w1, (E(1) by, (6.34a)

keN j=1
with &(t) = [€1(¢),..., €™ (1)) and
il(s) =il (s, (s)) e—ou! (¢ (1)). (6.34b)

These conclusions, however, require the convergence of the so far only formal state
and input parametrizations, which is analyzed in Sections [6.3.1.3| and [6.3.2.2] de-
pending on the properties of b} = (b'(2), %y, (2))x and hence b'(2) as well as

€l(s) or £!(t), respectively.

Remark 6.3. Tt is rather obvious that the introduced factorization of the resolvent
is not unique. However, by observing that s is the operational equivalent to time
differentiation, the proposed set—up ensures that the state and input parametrizations
only include derivatives of the basic output with respect to ¢. This observation is
exploited for the convergence analysis and is in addition in strict conformity with
the definition of differential flatness for finite—dimensional systems.

Moreover, the number of derivatives, though infinite, can in principle be con-
sidered as minimal in the sense that the order of s is exactly chosen so that no
time—integration occurs. In order to illustrate this, consider the alternative formal
representations

A 1 m TR=TR o, . ~
i, () = - (bl D R J+’>D’“(s)€l(8) (6.352)
3 .

Di(s) = & (5p0) IT¢ (i,gS> (6.35b)

D(s) =[] ¢ (Aig> (6.35¢)

and

m bl, ~ rzfri gi, "kbl oA ~
fkj<s>—2<—%;° dORSDY #f;ﬁ@;&))f%s) 636

with
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715%(5) — e(i+1)f(%k’g'g) H gi+1 (}\i’gs) H ga—i—l ()\i’gs) (636b)

neN n neN
n#k

DU(s) =[] ¢’ (fg) (6.36¢)

nelN

for§ = 1+maxyew (rf—r7). While a convolution integral arises in general in (6.33)
due to the term 1/(s — A\x)* the principle order in s for (6.36) grows significantly
faster than in the proposed setting (G.31).

It is important to note that the assignment of a path £.(t) or £ (s), respectively, for
the basic output in principle directly yields the feedforward control from the evalua-
tion of (€.31D), which is required to realize the corresponding spatial-temporal path
(©.33). While this is the underlying idea of flatness—based trajectory planning its ap-
plicability essential relies on the convergence of the state and input parametrizations
and hence the determination of suitable paths for the basic output.

Remark 6.4. The determined formal state parametrization in addition allows to ex-
press the output (6.22b)) in terms of the basic output according to

y(t) = Cz(2) 6.37)

with x(¢) from the time-domain equivalent to (633 with Fourier coefficients
(6.31a)). It is thereby obvious that the convergence of the parametrized state directly
ensures the convergence of the parametrized output.

Remark 6.5. The parametrization moreover reveals that the basic output in general
does not allow a physical interpretation but has to be considered as a computational
quantity to enable the formal state and input parametrization. However, as is shown
in Section[6.4] below for the admissible trajectory assignment, this does not impose
any restriction on the solvability of the considered trajectory planning problems.

6.2.2 Infinite—Dimensional In-Domain and Boundary Control

Besides the realizable configuration with a finite—dimensional input operator, given
a higher—dimensional spatial domain (2 various input set—ups can be considered,
which in general rely on the assumption of an infinite—dimensional input opera-
tor. This implies that the input Bu(t) = Bu(-,¢) is restricted to a subspace of
(2 including the boundary 92 (cf. also the system representation (6.1), which is
the basis for the abstract formulation (6.2))). Although these scenarios are primarily
of theoretical interest, they on the one hand provide further insight into the princi-
ples of the proposed spectral design approach and its limitations. On the other hand
and as will be shown in the subsequent sections, the consideration of an idealized
input significantly enhances the range of applicability by incorporating methods
of interpolation and optimization to approximately realize the infinite—dimensional
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control actuation by means of a finite number of suitably placed, shaped, and ori-
ented finite—dimensional actuators.

Due to the explicit dependency of the input on the spatial coordinate, the evalua-
tion of the projection (B(s), ¥y, (2)) x in general can be represented as

(Ba(s), ) x = (ls), B ey )x = S 0L il (s) (6.38)

with m denoting the number of components in the vector 4 (s). With this, (6.23) can
be further evaluated to obtain

g

~ i ]. ~ TZ?T’C 0;ik N
Ty (5) _Z<mb%%<s)+ > W%Hum@ (6.39)

=1 i=1

forall j = 1,...,r¢, k € IN. Here, bgcj denotes a coefficient being constant for
each k; and [ while 1127, (s) can be interpreted as a Fourier coefficient obtained

from the projection of @(s) onto B*) k,- This however implies that the set of func-
tions B*4p;, represents a Riesz basis. For higher—dimensional spatial domains and
infinite—dimensional control, the application of the adjoint 8* to the components of
the Riesz basis ((¢ k) ) jzlw’rz)kem in general results in a linear dependent set of
functions ((‘B*wkj )jzlw,rg)kem, i.e. there exit elements, which can be expressed
in terms of linear combinations of the remaining elements in the set. This property
is illustrated in the following example.

Example 6.1. Tt can be easily shown that the sequence ((¥; (Z))j:l,___ﬂnz-)ke]N de-
fined according to

Y1, = Ksin(z') sin(2?)

o, = K sin(22') sin(2?), o, = K sin(z') sin(22?)

Y3, = Ksin(2z') sin(22?)

1y, = K sin(32") sin(z?), Yy, = K sin(z")sin(32%) (6.40)
Vs, = K sin(32') sin(22?), Y5, = K sin(221) sin(32?)

Ve, = K sin(3z') sin(32?)

with K = 2/ is an orthonormal basis and hence a Riesz basis for L?(£2) with
R={2€eR*: 0<2/ < j=12} Let B*Yy(2) = —0 2k, (2)|.2= such
that

B*Yy, = Ksin(zh)

By, = Ksin(2z"), B 1y, = —2B* Yy,

B Y3, = —2B"Yy,
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By, = K sin(32), B*1py, = 3B Yy, (6.41)
%*wfn _2%*1/)417 SB*1/]52 = 3‘3*1/)21
B e, = 3B Yy,

It is obvious that the linear independence is lost in the sequence above. However,
from the sequence (xx(2'))ren can be extracted according to yi(z!) =
B, (2), x2(21) = B o, (2), x3(2') = B*¢y, (2), ..., which forms an or-
thonormal basis for L2(0, 7). Note that the thus introduced operator B8* corresponds
to the adjoint of the control operator arising in the boundary control of the heat equa-
tion defined on {2 with Dirichlet boundary conditions on all of the boundary of 2
except on the surface 22 = , where the infinite—dimensional input u(z!, ¢) is pre-
scribed, i.e.

Opx(z,t) = Ax(z,t), z€02,t>0
x(z,t) =0, 2e{o,n} A22=0
x(z,t) = u(zh, ), 22 =.

In this case, (6.40) represents the eigenvectors of the respective system operator.

Hence, in order to address this issue and to enable the reconstruction of @ (s) from
its Fourier coefficients ﬂgcj (s) the following assumption is imposed.

Assumption 6.3. The sequence ((%*d)kj ) jzlw’rz) ren includes a linear indepen-
dent subsequence (x},)ren, which forms a Riesz basis for U. Moreover, the se-
quence ((‘qukj )j=1,___,7~g )ken includes a linear independent subsequence (¢}, ) ke,
which forms a Riesz basis for U biorthogonal to (X )keNN-

Note that subsequently, no notational distinction is made between the tuple of in-

dependent coordinates z in ¢, = ¢y, (2), Yy, = Py, (2) and in ¢, = @} (2)
and X, = Xy, (2), although Example confirms that these do not necessarily
coincide.

Remark 6.6. In view of the assumption above, the inner product (@, B* k; )x in
(16.38) can be considered as an inner product in U. Hence, subsequently the notation
(@, B 1), )u is used to emphasize this property.

Moreover, Assumption[6.3]implies a certain grouping of the spectral input compo-

nents ﬁfﬁ (s), which is formulated in terms of the assumption below.

Assumption 6.4. The spectral components ﬁfcj (s) are mutually disjoint, i.e. iﬂkj such

that @' (s) = 422 (s) witHd I; # Io. Moreover, there exist countable, densely em-
J J

bedded index sets S, C IN, ¢ = 1,2,.. ., such that foreach I = 1,...,m

® This property is equivalent to the non—overlapping of the individual actuators, which is a
realistic assumption in applications.
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() Ugen 54 = {{Ej}j=1,...r¢ Jrew while S, NS, = 0if g1 # go, and

(ii) for all k; € S, it follows that @ (s) = a}(s).

These properties are clarified in the following example.

Example 6.2. The eigenvalues of the Laplace operator considered in Example [6.]
corresponding to the eigenvectors (6.4Q) are given by Ay = —2, Ay = =5, A3 =
=8, Ay = =10, A\s = —13, X\g = —187 , with ¢ = r{ for all k € IN. By
making use of (&.41), the evaluation of w1th X = L?(f2) and m = 1 yields

R 1

21, (s) = s+ 2<u(3)aX1>L2(0,ﬂ-)

. 1 . . -2

T, (s) = S+5<u(8)’x2>L2(Um’)7 Ta,(s) = S+5<U(S)7X1>L2(o,w)
. -2

23, (s) = 8+8<U(3)aX2>L2(o,w)

. . . 3

1‘41( ) s+ 10 <u(8)ax3>L2(O,7r)7 1‘42(5) = s+ 10 <u(8)aX1>L2(O,ﬂ')
. -2 R 3 R

9651(8) = P 13<U(8)’X3>L2(0,7r)7 52(5) = s+ 13<u(8)vx2>L2(0,7r)
. 3 N

L6, (S) = s+ 18<u(3)aXS>L2(O,7r)a

Hence, by considering only these first spectral components the three sets S; =
{11,29,42}, Sy = {21,31,52}, and S5 = {41,51,61} can be identified accord-
ing to Assumption [6.4l Moreover, the coefficients by, follow as by, = by, =
by, = 1, by, = b3 = b5, = —2,and b,, = b52 = bg, = 3. With the or-
thogonal basis (x#(z!))xen introduced in Example [6.] it follows that the bound-
ary input can be represented as @(z',s) = Y, Gr(s)xk(z") with dx(s) =
(a(z',s), xx(2")) 12(0,x)» Which confirms that U = L?(0, ).

If all spectral components ﬂfcj (s) are identical forall j = 1,..., i, k € IN, then
the [—th input component is finite—dimensional and the parametrization is obtained
as in the previous section. This case is excluded from the analysis.

Subsequently, it is convenient to introduce for each ¢ € IN the two sets Sflvl
and Sh? such that k € Si' and j € S.? implies that k; € S.. Note that the
elements of both S fl’l and S 3’2 are in general not disjoint. As an example consider
SL = {11,12,2:}, which yields S, = {1,1,2} and S,* = {1,2,1}. Let

d'(kj):={qeN: k; € S.}, (6.42)

denote the indicator function which for given k; returns the value ¢ such that k; €
Sl and thus k € %} 0 (k) 3 well as j € S%2 . With this, the expression for T, ()
can be re—written as

m TZ_TIg
N 1 N 0,5,k Lo
T (s) = Z(qbkjuql(kj)(s) + Z Wb G q’(kJ+ (8) |-
i=1

q'(k;)"
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Moreover, the approximate controllability of the system is assumed based on the
conditions summarized below (see, e.g., [3] for related results).

Assumption 6.5. The number m of input components in (6.38)) satisfies

m > max 7"1«
keN K
while for each k € IN at least r{ coefficients bﬁcja;l( ) are non—zero for | =
J
1,....omandj=1,...,r}.

With these preliminaries, similar to the previous section a suitable extension of the
numerator and denominator of the fraction in terms of Weierstrass primary factors
can be introduced for each projected input component ﬁi«, (s) or alq k) (s), respec-
tively, according to

=1
S Ot 0 s
n S
( bﬁc. (1_>\_k) HnES,(k) {k}g ()\nag) l
N il (s)
)\ ) R On S R S q (k_])
’ H”esill(kj> G (3:9%)
a g 1 s O —i—1 gen s R
r,ikmjk §<+ ( - /\_k) Hnes l(k M (,\—”79 ) z
+ ’ i ity (8)
i=1 (_Ak)hq HnES gen(kinvgs) ' (kj+i)

’(k i)

with 0, = 1 + r{ — r{. This motivates the formal introduction of the new quantity
¢l (s) in terms of

: il (s)
é'l (S) = q ’ (643)
q Hnesl 1 Q ( n7gs)
which directly yields the formal state and input parametrization
th . bﬁ“] 0Tl 21
.'L'kj (S) = - —)\—k Dql(k}j),k‘(s) gq’(kj)(s)
_ (6.44a)
N Ui’j’kbg%ﬂ T, Fl
" ; W Dq( J+L) k( )5 J+L ( )
il (s) = DI (s)€L (s) a1t

in terms of the operators
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7Dxl ( ) _ Qk}—<ﬁ,gs)x

qa‘(kj).k
5 O —i—1 s
-+ R 4
( Ak) H g (An,g) (6.452)

nest, ,(k )\{k:}

IT o* (Ai gS) (6.45b)

neS(’;’l

Similar to the case of a finite—dimensional control for each ¢ the m—tuple éfl(s),
l=1,...,m,can be interpreted as the projection of the (now infinite—dimensional)
basic output £(s) = £(-, s) in the operational domain. For this, recall that the oper-
ational state parametrization is obtained by evaluating

B(s) = D )k, (51840, (5)) Py, (6.46)

kEN j=1

with iy, (s; €, ¢! (k;)(8)) referring to the Fourier coefficients (6.44a). In view of As-
sumptlonsand- the corresponding operational input parametrlzatlons can be
expressed in terms of the Fourier series

i(s) = > ig(s;6(5))y (6.47)
=1 kelN

with @t (s; fA,lc (s)) representing (6.44b) and the Riesz basis (¢}, ) ke obtained from
((Bo k; ) j=17___77-z) ren. Formally denoting the inverse Laplace transforms of the pa-
rametrized Fourier coefficients by

By (5 €101,y (5)) 0w, (Egray (1), (561, (s)) e—0 uf(€4(1)),
the equivalent time—domain formulations of (6.46) and (6.47) are given by

=> ka ot (k) (D) Dy, (6.482)
kelN j=1
with &, (t) = [§0(1), .., & ()] and

m

u(t) =D Y up (6 (1) (6.48b)

=1 keN

In addition, note that equality (6.43) and the Riesz basis property introduced in
Assumption [6.3] hence imply that the basic output £(s) &—o £(¢) € =, with £
representing a Hilbert space, can be expressed in terms of the Fourier series
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Et)=> > &ty (6.492)

=1 kelN

where according to Theorem|[6.2(1v)|it follows that

D IGBP < oo, (6.49b)
kelN
foreachl = 1,...,m and all ¢ > 0. This immediately illustrates that the domains

of u(t) and £(¢), i.e. U and =, have to coincide such that in the following U and =
are used equivalently.

Furthermore, it should be pointed out that the essential difference between the
operators introduced in and those defined in for the case of finite—
dimensional in—domain and boundary control is given by the number of compo-
nents in the product representations. While the products are evaluated in (©.43) over
S(ll}l( ;) OF S f]’ L respectively, i.e. a countable dense subset of IN, the products in (6.32))
are evaluated over IN.

Remark 6.7. The determined formal state parametrization in addition allows to ex-
press the output (6.22b)) in terms of the basic output according to

y(t) = Cz(t) (6.50)

with () from (6.48a)). It is thereby obvious that the convergence of the parametr-
ized state directly ensures the convergence of the parametrized output.

6.3 Convergence in Gevrey Classes

The determined parametrizations of the projected state and input variables in terms
of a basic output are so far only formally valid and their uniform convergence has to
be ensured to deduce meaningful expressions in view of the solution of the trajec-
tory planning problem, i.e. the determination of suitable paths for the basic output
to solve the transition problem from the initial state to a final state along a pre-
scribed desired spatial-temporal trajectory. For this, it is decisive to observe that the
introduced operators D (s) for the case of a finite—dimensional control as well as
f);‘,ﬁé k) (s) for the case of infinite—dimensional control can be interpreted as Weier-
strass canonical products of genus g* in the sense introduced in Appendix[B.2.2]and
hence as entire functions. Furthermore, the Hadamard factorization of an en-
tire function implies that “Df (s) and iﬁzl’é k), . (s) similarly represent entire func-
tions. Any entire function can be expanded into a MacLaurin series in the Laplace
variable s which converges absolutely and uniformly in any disc |s| < R < oo in the
complex domain C. Since s denotes the equivalent to differentiation with respect to
the coordinate ¢ the introduced operators can be interpreted as the operational rep-
resentations of differential operators of infinite order in the sense of [@, ], ie.
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"D o &l(t) ="DE(9,) o £\(t) (6.51a)

D" o &l (t) = D"(9,) o £'(t) (6.51b)
or

iDﬁm,z« © 5tlzl(lcj)(t) = if)zl’ékj),k(at) °© féz(kj)(t) (6.52a)

Dibo gl(t) = DUH(3,) o E4(t) (6.52b)

respectively. Hence, it follows that any trajectory &!(¢) or fé(t) necessarily has to
be a C'°°—function. In addition, it is obvious from the definition of the differential
operators that their convergence inherently depends on the genus of their zeros and
thus the eigenvalue distribution. In order to address these issues, subsequently the
operational convergence of the parametrizations in the s—domain is analyzed by ex-
ploiting certain properties of entire functions as are summarized in Appendix [B.2]
With this, general conditions can be determined for the L?—convergence of the pa-
rametrized Fourier series for the state and the input, respectively.

6.3.1 Operational Convergence

In the sequel, the operational convergence of the introduced operators 725% (s) and
D¥(s) as well as if);,,’ékj)’k(s) and ﬁg’l(s) is analyzed in a common framework
using results from the theory of entire functions. Thereby, so—called Gevrey—class
functions, as introduced in Definition [B.1] of Appendix [B.1] are incorporated into
the convergence analysis.

6.3.1.1 Preliminary Results

By introducing a general differential operator of infinite order, which in the op-
erational domain is given in terms of a Weierstrass canonical product, the main
convergence result can be verified, which serves as the basis for the analysis of the
operational parametrizations.

Lemma 6.3. Let ((A\g)j=1.....0, )ken be the sequence of eigenvalues of the Riesz
spectral operator 2 introduced in with each \i, repeated (141§ —r]) = 0~
times. Assume that (A j=1,....6, ke is of convergence exponent y and genus g°.
Then, given s € C and the countable set S C IN,

D(s)= [[ 6" (ig) =11 16_[9 (;—ng) (6.53)

nes nes j=1
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is an entire function of order 0 = ~ and genus g¥ = ¢°. Ifﬁ(s) is of finite type T,
then

f(t) =D(0,) 0 &(t) (6.54)
satisfies
[ fllso < DK(D, 0,7, ) (6.552)

with the power series

K(D,o,ma) =Y ()% (1, (D))" (6.55b)
nelN

in 1,,(D) = (D%(eor + €))'/¢ > 0, which convergences uniformly for £(t) €
Gp.oRT) witha <1/p.

If S is a finite set, then D(s) is merely a polynomial in s and the claim is trivially
satisfied. If S' is a countably infinite set, then the proof essentially relies on certain
properties of entire functions (see, e.g., the comprehensive treatises in 18, 34, 33]
and the brief summary in the Appendix [B.2).

Proof. Since D(s) is a Weierstrass canonical producl it follows that D(s) is an
entire function of order g equal to the convergence exponent ~ of the sequence
((An)j=1,....0, )Jnes of its zeros (cf. Theorem [B.2). Moreover, by Theorem [B3] the
function D*(s) is of genus g/ = g*.

If 75(3) is an entire function of order o and finite type 7, then it admits a MacLau-
rin series expansion

f)(s) = Z cns",

nelN

which converges for all s € C. Since 7 is finite by assumption the maximum mod-
ulus M (n) by the definition of the order and type of an entire function satisfies
M(n) < exp(n?) as 7 — oo. Hence, by [8, Theorem 2.2.10] or [35, Lemma 1]
there exists a finite N(¢) € IN depending on a given ¢ > 0 such that the series
coefficients satisfy

len| < (BQT i 6) ’ (6.56)

n

for all n > N(e). By recalling that s represents the operational equivalent to time
differentiation this implies that (6.34) corresponds to

" Tt should be pointed out that the formulation introduced in (G.33) is equivalent to the defi-
nition (B.13) of a Weierstrass canonical product since the double product can be re—written
in terms of a single product over a new index set.
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t) =Y cadpé(t)

nelN

Since £(t) is Gevrey of order o, i.e. £(t) € Gp o(R™), this yields the sequence of
bounds

sup [F(1)] <Y len] sup [076()] < D len| D™ (0]
teRT +

neN teR nelN

Taking into account that a finite number of series coefficients does not alter the
convergence behavior of the series, it can be assumed without loss of generality that
[6.36) holds for all n > 0. As a result, it follows that

sup [ f(t)] <D > (D em+e>)%
teR*

< D Z (nh)® 1797 (D))n

nelN nelN

with finite 1, (D) = (D¢(eor + €))'/¢ > 0, where for the latter inequality
1/n™ < 1/(n!) was used. The resulting bound can be interpreted as a power series
in 7, - (D), whose radius of convergence follows immediately from the Cauchy—
Hadamard theorem as

00, ifa<%
onp =141, ifa:%
0, ifa>%.

Obviously, (6.34) converges uniformly for all £(t) € Gp o(RT) with a < 1/p,
which proves the Lemma. O

Based on this result on the operational convergence of the operator (6.33)), the fol-
lowing corollary can be deduced.

Corollary 6.2. Let ((\x)j=1,....0, )keN be the sequence of eigenvalues of the Riesz
spectral operator U introduced in with each \y, repeated (141§ —r]) = 60—
times. Assume that ((A)j=1,....6, )keN is of convergence exponent y and genus g°.
Foreachk € S andi € {1,2,...,0, — 1} consider the infinite product

@k<s>—eekf(ﬁvf)@_;k)ek“ 1 ()

nesS n#k

Core ) ()T s (2)

neS n#k j=1

(6.57)

with s € C and the countable set S C IN. Then if)k(s) is an entire function of order
= . If "Dy (s) is of finite type T, then

8 Equivalently, € can be chosen sufficiently large until N (¢) = 0.
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F(t) ="Di(9,) 0 (1) (6.58)

convergences uniformly for £(t) € Gpo(RT) with o < 1/0 and | f(t)||oc is
bounded according to (6.53).

Proof. By the Hadamard theorem [B3 it follows immediately that % ~1D;, (s) is
an entire function of finite order p. Since the polynomial degree in F(s/Ag, g°) is
by definition (cf. Eqn. (6.29)) equal to g*, the growth order of exp 0, F(s/ Ak, g°)
can be directly determined as o = ¢°. In addition, Theorem yields that the
order gg of the Weierstrass canonical product [, . g ,, . G (s/An, 9°) equals the
convergence exponent v of its zeros. Hence, (B.8) provides that the order of the
composite function 9*"’125;@(5) is given by p = max{ g, or} = max{~, g°}. Since
Definition B4 provides v > ¢*, this yields the growth order ¢ = ~ of %~ 1Dy (s).
Observing that (1 — s/)\;)?% "1 is only of polynomial degree the growth order
of "Dy (s) for each i = {1,2,...,0; — 2} equals the growth order of #*~ 1Dy (s),
which proves the first part of the claim. With this, the verification of the second part
of the corollary follows exactly the lines of the proof of Lemmal[6.3]since the orders
of growth of D(s) as introduced in (6:33) and Dy (s) coincide. O

The most critical task in the operational convergence analysis is obviously related
to the criteria that the infinite product is an entire function of finite type
and finite order. In view of the operational parametrizations of Riesz spectral sys-
tems, this property is essentially determined by the distribution of the eigenvalues
((MAk)j=1,....0: )renw of the Riesz spectral system operator with each \j repeated
(1 +rf —r]) = Ox—times and thus the particular system under consideration as
well as the underlying index set S C IN. Explicit computations involving asymp-
totic eigenvalue distributions are thereby provided in Section based on several
application examples.

However, the results obtained above enable to derive explicit results and criteria
for operational convergence of the parametrizations (6.31) and (©.44) given either
finite—dimensional or infinite—dimensional control inputs, respectively. Therefore, at
first the latter case is studied since, as is shown below, the operational convergence
of the parametrizations for the finite—dimensional control input can be directly de-
duced from this configuration.

6.3.1.2 Infinite-Dimensional In-Domain and Boundary Control

By exploiting the relationship between the operator 75};’[ (s) defined in (6.43D) and
the operator (6.33)), the application of Lemmal6.3]and Corollary[6.2]allows to verify

the convergence of the Fourier coefficients xy, (), k € N, j = 1,...,r¢, and ulq (1),
q € N, =1,...,m, parametrized in the operational domain according to (6.44)

for the case of an infinite—dimensional control input.

Theorem 6.5. Assume that ﬁ};’l(s) as defined in (6.43b) is an entire function of
finite order Qfl and finite type Té. Let ff] (t) € Gpl o (RT) foreachl = 1,...,m

l
q
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with o, < 1/l Then xy, (t)o—e iy, ( ) and ul (t)o—eal(s) parametrized in
terms of €. (t) O—Oéé( ) as defined in (6.44) satisfy the inequalities

[k, [loo < Z(

l 1 l l
Dy r,) K(Dq,(kj), Oqt (i) Tql (k) aql(kj>)

TR} l
1
+ Z ka z+1 g (ki)
! ! ! !
K (Dql(kjﬂ)’ Oqt (ki) Ta (k) O‘q’(kjw))) (039
[ul]loe < DLE (DL, ok, 7l al) (6.59b)

with K(qu7 glw 7'57 alq) as defined in (6.350).
As pointed out above, the proof essentially relies on Lemmal6.3

Proof. By replacing the index set S in ) with St the operator D(s) equals
D}; !(s). Hence, the bound (6 drrectly carries over with the parameters D, o, T,
and o replaced by D), o, Té, and o, which together with the uniform convergence
of the series K(qu,,(kj)7 glq,,(kj), Té,,(kj), afl,(kj)) for o, < 1/0!, yields (6.395).
Moreover, the application of Corollary[6.2] with S replaced by Sflvl implies

iNT,L l l l 11 l l
D501 @) © € oo = Dy K (Dl 0htcayys Ty b))

for each i € {1,2,...,0; — 1} and all k; with k € lN j = 1,...r%. With
this, the evaluation of the norm ||z, ||oo of z, (t) from (@ drrectly results in
(16.59al). O

6.3.1.3 Finite-Dimensional In-Domain and Boundary Control

Similar to the previous paragraph, the relationship between the operator D (s) and
the operator (6.33) enables to establish the convergence of the parametrized Fourier
coefficients xy, (t) and u!(¢) defined in (€31) for the case of a finite—dimensional
control input by making use of Lemmal[6.3]and Corollary

Corollary 6.3. Assume that D" (s) as defined in is an entire function of finite
order o and finite type 7. Let £'(t) € Gpi (R+) for each | = 1,...,m with

ol < 1/0". Then xy, (t) o—e &y, (s) and u'(t) o—ed!(s) parametrized in terms of
€l (t)o—e ! (s) as defined in (G31) satisfy the inequalities

2k, lloo < f:(

re—ry
E Umk

bl
kj

)\ 7+1

)D K(Dl, o al) (6.602)
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|u']lo < D'E (D', o', 7", al) (6.60b)

with K (D', o', 7', a!) as defined in (&330).

The proof of thus result follows exactly the lines of the proof of Theorem[6.3] and
is hence omitted. Moreover, its should be pointed out that directly repre-
sents the convergence result for the input parametrization (@.31B) since u!(t) is by
assumption independent of the tuple z of spatial coordinates.

Having introduced conditions for the convergence of the parametrizations of the
Fourier coefficients for the state and input in terms of the basic output and its time—
derivatives it is possible to examine the convergence of the respective Fourier series.

6.3.2 Convergence of the Parametrized Fourier Series

In order to deduce meaningful expressions from the (operational) parametrizations
of the Fourier coefficients zy, (¢) and u}, (¢) for the solution of the trajectory planning
problem subsequently the convergence of the parametrized Fourier series for
finite—dimensional control and for infinite—dimensional control are analyzed.
Recall that the convergence analysis of the input parametrization arising for
finite—dimensional control is completely governed by Corollary [6.3]

Due to the Riesz bases properties of the sequences ((qbkj )jzlwmz Jken and
(¢ )ken (see Assumption the functional series convergence thereby requires
to verify that

i
ZZ|xkj(t)|2<oo, Z|u§€(t)|2<oo foreachl/=1,...,m,
keN j=1 kEN

which is equivalent to

(1)1, p) oy € CR) (@hhien € CRY).

6.3.2.1 Infinite-Dimensional In-Domain and Boundary Control

Similar to the analysis of the operational convergence of the parametrized Fourier
coefficients in the following at first the case of an infinite—dimensional control input
is considered.

Theorem 6.6. Assume that 153;’1 (8) as defined in (6.43) is an entire function of finite
order gfl and finite type Té for each ¢ € WN. Let ffl(t) € Gqu’az(RJr) forl =
L...,mwith o' <1/ maxgen{o}}. If (D})qen € (% and

l

max; "|b ?
Z( mai, i [t }2><OO 6.61)
keN mlHi:L...,ak‘(—)\k)l‘
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for each | = 1,...,m, then the Fourier series (6.43a) and (6 with Fourier
coefficients parametrlzed in terms of the basic output converge for all (z,t) € 2 %
Rt and (z,t) € 0821 x R, respectively.

Proof. Subsequently, let o' = maxgen{0}} and 7 = maxgen{7.}. With (6390),
condition (uf (t))rew € £(RT) is equivalent to (DLK (D), o}, 7}, a"))gen € 2.

Under the assumption that (D(ll)qE]N € (? there exists an upper bound D' for each
Il =1,...,m. With this, (6.55b)) implies

K (D}, o mh,al) = 3 ()" iy (D))

. S — — —
since ol < 1/2,1 =1,...,m, where K < K < oo, K = max;—1,_m{K }.
Hence,

> (LK (DY ol b o )2 gFQZ(Dg)Q

geN geN

which yields (uf,(t))ken € ¢*(RT) in view of the assumption (D!)gew € 2,
l=1,....,m

In order to proceed with the proof of convergence of the parametrized Fourier
series for @(t), at first notice that for any finite m € IN, (32, a;)? < m Y.~ af
given finite a; € R. Since |z, (t)]* < ||a, ||Z, the estimate provides

Jz; ()]
2' TR} l 2
l
(A_‘ g (ky) T Z OW’“ z+1 D (kj+i)>
m 2 T’C_Ti bi' 2 2
2 i l
< mlp K Z( q(k )) + Z Oijk (—)\;)Hl (qu,(kj+i)) )
1 i=1

¢,

=Ty m ) 2
< mng I+ Z o » Z max;=1,..rg _max “(Dil’(ki))g ’
min;—q. ‘( Ak)? ‘ =1,...r§

i=1

= Ag,j

where 0 < Ay, ; < A < oo since the coefficients o; j € {0,1}, 7¢, r{, m, and K
are by assumption finite for all ¢, j, k. With this, the convergence condition can be
reduced to
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Ty
2
2D ok (1)
keN j=1
TR m 1|2
— maXi:l,...,Tg|bki l 2
Ay e (D)
kEN j=1 I=1 mmi:l’...ﬂk“_)‘k) | Tk
o m max;—; e bl, 2 2
< A?G%TZZZ< bt e (D)
I=1 keN mlni:l,w9k|<_)"f) | ST
. m max;—q._._ya|bl ? 2
gt 30| 30 (2t (s (01))
= Lien \mini=1,__ o, | (=M)']" ) feg \=heori

with the latter estimate following from ), arby < >, ar Y, by for ag, by > 0.
Since by assumption (Dfl)qE]N € (?foreachl = 1,...,m, it follows directly that

2
l
> (;{@_Xw (Dhics.) ) < 0.
keN Tk

s

Together with (6.61) this results in Y-, . Z;El |z, (t)|2 < oo which completes
the proof. O

Remark 6.8. It should be pointed out that excluding possible pathological cases the
condition (6.61) does not impose any restriction. As is shown in Section [6.3] based
on different examples, the coefficient maxi=1,...rg |b§f |2 is at maximum of the order
k. Hence, depending on the growth of the eigenvalues \j, in k the convergence of
the series can be directly established.

6.3.2.2 Finite-Dimensional In-Domain and Boundary Control
Based on Theorem[6.6] the convergence of the parametrized Fourier series (6.43al)
for the case of a finite—dimensional control input can be deduced.

Corollary 6.4. Assume that 75“(5) as defined in (6.32b) is an entire function of
finite order o' and finite type T'. Let £'(t) € Gpi o (RT) forl = 1,...,m with
al < 1/0\ If

max;—i.. pa |bl 2
Z ' =L T | YVky — < 00 (662)
keN mlni:l,...,0k|(_)\k)z|
for each | = 1,...,m, then the Fourier series (6.34a) with Fourier coefficients
(63Ta) parametrized in terms of the basic output converges for all (z,t) € 2 x R™.

The proof follows exactly the lines of the second part of the proof of Theorem [6.6]
and is hence omitted.
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6.4 Admissible Trajectory Assignment for the Basic Output

The parametrization and convergence results of the previous section enable the de-
velopment of a systematic procedure for the realization of finite time transitions be-
tween a stationary initial profile (0) = x and a stationary final profile z(T) = xr
for ¢ > T within an arbitrarily prescribed transition time 7" > 0. The spatial—
temporal transition path a*(¢) connecting &y and @ is thereby prescribed by a
suitable assignment of a desired trajectory £ (t) for the basic output £(¢). With this,
it is in addition possible to determine a principle approach for the realization of
finite time transitions between non—stationary states.

Remark 6.9. It should be pointed out that according to Remarks and the as-
signment of admissible trajectories for the basic output can be similarly defined
in terms of the system output y(¢) such that y(¢) — y*(t). However, this ap-
proach is inherently covered by the analysis presented below and is hence not treated
separately.

6.4.1 Finite Time Transitions between Stationary States

In many applications it is desired to realize finite time transitions between stationary
operating profiles. This in particular includes start—up or shutdown processes, which
typically arise in thermal or chemical engineering applications, where a plant is
either put into operating conditions starting from an initial state or returned into the
initial state starting from the operating point.

Given (6.22), stationary states are defined as the solutions z5s = xz4(z) =
2s(z;us(2)) to the boundary—value problem (BVP)

Axs + Bus; =0, xs € D), us € U. (6.63a)
Yy, = Cx. (6.63b)

Let the initial stationary state be £y = @. Then it can be assumed without loss of
generality that (0) = 0, which can be directly achieved by the introduction of the
mappings x(t) — x(t) + x5 and u(t) — w(t) + us.

Based on these equations in the following two trajectory planning approaches are
presented, depending on either a direct assignment of the basic output or its indirect
determination.

6.4.1.1 Direct Trajectory Planning
By making use of the final value theorem, in steady state the operational input

parametrizations (6.31b) and (6.44b) for finite— and infinite—dimensional control,
respectively, reduce to
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1

ul = lim D(s) s€'(s) = D*(0) lim s€'(s) =&, (6.64)
and
S, S,q

ulq = lim Dt (s) s (s) = Dy (0) lim s (s) = €. (6.65)

provided that 5; and fé’ o €xist. Hence, given a stationary input us € U the consistent
basic output follows as

¢ =ul (6.66)
or
€, = Euxu = (us, x,)u =ul, (6.67)

respectively, where, as pointed out in Remark[6.6] the inner product in (6.67) has to
be evaluated in the space U. This implies that stationary profiles s can be identi-
cally determined by

Az, + BE, = 0, z, € D), €, € U. (6.68a)
Yy, = Cxg, (6.68b)
whereﬁ
¢ = [g; . ,g;”f, finite—dimensional control
) 11 Y ogen Eh.qq,  infinite—dimensional control

such that subsequently s = x,(z) = xs(2;&,) refers to a solution of the BVP
(©.68)). In view of Corollary [6.4] this in particular motivates the following definition
of an admissible stationary profile given a finite—dimensional control.

Definition 6.6. The stationary profile s € X satisfying (6.68)) with finite—dimensi-
onal control according to (6.24) is said to be admissible if (6.62) is fulfilled for each
l=1,...,mwith bz] = <bl7'¢)kj>X-

In the case of an infinite—dimensional control Theorem[6.6] provides conditions on
the convergence of the parametrized Fourier series. Here, the Gevrey constants for
the basic output are in addition required to satisfy (Dé)qem € (2, which under

steady state conditions with vanishing time—derivatives is equivalent to (£ i g)aenN €

2.

Definition 6.7. The stationary profile x, € X satisfying (6.68)) with infinite—dimen-
sional control is said to be admissible if foreachl =1,...,m

(1) (661 is fulfilled with bgcj as introduced in (6.38)) and

° Here, the Fourier series representation (6:49a) for the basic output was used for the case
of an infinite—dimensional control.
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(i) (€L )gen € 2 with &L, = (€,,x,)u

These preparations enable the introduction of a direct approach for the assign-
ment of desired trajectories for the basic output depending on the particular control
configuration.

Infinite-Dimensional In-Domain and Boundary Control

The choice of the desired trajectory according to

=Y & e, I=1,...,m (6.692)
qgeN
with
&) = 65 g (1), (6.69b)

where Ty < T, gg1 1 (¢ < 0) = 0, grt 1 (t > Tg) = 1, and 8] g1 o1 (t)|s=0,71 =0
for all n € I, exactly realizes the transition from o = O to the final stationary
profile &7 = xs(2; £ (2, T)) along the path

()= &t t)e, (6.70)

=1 qgelN

Obviously, the requirements on Irt wl (t) imply that the function has to be lo-

cally non-analytic at ¢ = 0 and t = T, é. An example of a function fulfilling
these constraints is provided by (B3) in Appendix Bl In view of the Definition

[B.1] of a Gevrey function this yields on the one hand that necessarily gt wl (t) €

Gpia (IR+) with o, > 1forall gand ! € {1,...,m}. On the other hand, the con-
vergence conditions determlned in Theorem-requlre bemdes the square summa-
bility of the Gevrey constants that the Gevrey order o of £ ( ) is bounded by the
order g}, of the entire function 25}1"1(3) according to o/ < 1/maxgen{c,}. As a
result, the trajectory planning problem for the finite time transition between admis-
sible stationary states admits a convergent solution provided that the inequality

1
<ol < —————=, l=1,....,m (6.71)
maxgen{o}}

is satisfied. This implies ¢}, < 1forall ¢ € N, I = 1,...,m. The latter condi-
tion obviously has to be analyzed individually for each problem setting. However,
anticipating the results of Section for different application examples, this con-
dition can be satisfied for a rather broad range of distributed—parameter systems.
Nevertheless, as is elaborated in further detail in the subsequent paragraph, diver-
gent parametrizations can be similarly integrated into the solution of the trajectory
planning problem.
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Finite-Dimensional In-Domain and Boundary Control

Similar to the previous paragraph, consider
() = &5 g1 o (8) (6.72)

with 0 < 7% < T, w! > 0 as the desired trajectory for the basic output with gr ()
as above. The trajectory enables the realization of the finite time transition
starting at ¢y = O to the admissible final stationary profile zr = x4(z;£"(T))
with £(T) = [€°Y(T),...,&™(T)]T for t > T. In view of Corollary [6.4] the
convergence of the state and input parametrizations requires that £*/!(¢) is of Gevrey
order ol < 1/¢l,i.e. w! > o'/(1 — o'). On the other hand, the required local non—
analyticity of £*(¢) imposes the lower bound 1 < a! < 1/¢!, which implies that
1/0" > 1or ¢ < 1is implicitly necessary for the solution of the finite time transi-
tion problem. Hence, configurations might clearly arise, where the trajectory plan-
ning problem does not admit a solution. Again anticipating the results of Section
this condition is mainly satisfied for spatial dimensions » = 1 while higher di-
mensional domains yield entire functions of order greater than unity. Nevertheless,
it is shown in the example considered in Section that computations with di-
vergent parametrizations involving suitable summability methods might provide a
promising technique to overcome these limitations.

6.4.1.2 Indirect Trajectory Planning

The direct approach introduced above essentially relies on the solution of either
or equivalently (6.68a). However, this imposes certain structural limitations
since it is in particular not obvious on how to directly assign a desired stationary pro-
file without the a priori knowledge of the corresponding input. In order to weaken
this restriction, subsequently an indirect approach is introduced, which enables the
assignment of a final admissible stationary profile, which represents a best approxi-
mation in the sense defined below of a prescribed desired profile z7 € X. Note that
x thereby not necessarily has to satisfy the BVP (6.63a)). In addition, this allows to
assign a desired spatial state distribution along a certain surface interior to {2, which
can be realized at least approximately, i.e. 7|5 (.)—0, Where @(z) = 0 describes
the interior surface.

Infinite-Dimensional In-Domain and Boundary Control

For this, observe from (6.67)) that the stationary version of the input parametrization

(6.481) is given by
m
o S 679

=1 qgelN
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Hence, the determination of the input us = us(z; {fi’q}qem’ I=1,...,m) such that

||$S<Z;U5(Z; {fi,q}qe]l\l,lzl,m,m)) - wT(Z)HX Se€

for some € > 0 can be reduced to the following minimization problem for the
Fourier coefficients {f,ls,q}quN, 1=1,...,m for the basic output, i.e.

. . el _ 2
g, sl e m, ) —er @) (6.74)

subject to (6.63a), (©.73).

Similarly, given &7 (2)|«(~)=o the minimization problem (6&.74) reduces to

. min Hﬂfs(z;us(z;{fi,q}qem,zzL...,m))|w(z):o
{gsﬁq}qelN,lzl,.._,m, 5
—27(2)|w(z)=0||x  (6.75)

subject to (6.63al), (6.73)).

From an implementation point of view it is obvious that only a finite set of Fourier
coefficients {¢. ,}¢<g,1=1,....m With § < oo can be determined for the basic out-
put. The corresponding desired trajectory £*(¢) for the basic output £(¢), which
realizes the finite time transition from xy = O to the final stationary profile
Ts (z; Ug (z; {fé’q}qe]N, l:l,...,m)) approximating xr(z) follows from (6.770) with
for f;”lq =& a=1,...,q.1=1,...,m. Here, £, denotes the respec-
tive element of the solution to (6.74) or (6.73), respectively.

Therefore, it is of course similarly required that the Gevrey orders a! of £*(t),
Il =1,...,m, defined in and hence of £*(t) and the orders of the entire
functions 15};’1 (s) have to fulfill to ensure the convergence of the parametrized
Fourier series for the state and input.

Finite—Dimensional In-Domain and Boundary Control
The above results on the indirect trajectory planning can be applied straight for-

ward to the case of a finite—-dimensional control by taking into account that under
stationary conditions

us; =§,. (6.76)
Here, it is hence required to solve either

rrgin”ms (z5us(€,)) — wT(z)Hi subject to (6.634), (6.76) (6.77)

or
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min [ (w5 (€,)) (o0 — @7(2) ol
subject to (6.63a), (6.76)

if £7(2)|w(2)=0 is given. The corresponding paths for the basic output trajectories

then follow directly from (6.72) with f;’l =¢L, 1 =1,...,m. However, as already
pointed out above, the solution of the trajectory planning problem for the case of
a finite—dimensional control in general suffers from the loss of convergence when
realizing finite time transitions between stationary profiles, which motivates com-
putations with divergent parametrizations as presented for the example considered
in Section[6.5.3

(6.78)

6.4.2 Finite Time Transitions between Non-stationary States

Besides the realization of finite time transitions between stationary profiles, the de-
termined state and input parametrizations in terms of the basic output can be in ad-
dition used to approximately achieve finite time transitions between non—stationary
profiles. For this, subsequently a principle approach for the determination of suit-
able desired trajectories for the basic output is proposed, which generalizes the ini-
tial results of [32] obtained for trajectory planning using power series given the
1-dimensional heat equation.

Remark 6.10. Note that the subsequent formulation is based on the general case of
an infinite—dimensional control input as introduced in Section The respective
equations for the case of a finite—dimensional control input can then be directly
deduced. In addition, for the sake of simplicity only the case r{ = r{ forall k € IN
is considered but it should be pointed out that the provided computations can be
similarly extended to the case r{ < ¢ for some k € IN.

Hence, consider an arbitrary initial profile g = x¢(z) € X and an arbitrary final
profile 7 = x(z) € X, which is to be achieved at ¢ = T with prescribed 7' > 0.
Assume that (((]f)kj )jzl’...m;)kem and ((1/ka )jilwﬁrg)kem represent orthonormal
Riesz bases for X. Then according to Corollary [6.Iboth xo(2) and &7 (z) admit a
Fourier representation

ry ry
0 T
wo= ) > i, P, ey =YY ol ¢, (6.79)
keN j=1 kEN j=1

with x%j = (2o, ¥y,)x and xfj = (zr,v},) x. Hence, following (14, Theorem
A.2.35] for all € > O there exists an X € IN, K < oo such that

|20 — o k|| <6 [er —r i <€

where
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K Ty K T
_ 0 _ T
Lok = E E T, Pr, Tr g = E E T, Pr, -

k=1 j=1 k=1 j=1

Furthermore, recall from the results of Section [6.3.1.1] (in particular the proof of
Lemmal[6.3)) that the operators (6.43) arising in the formal operational parametriza-
tions (6.44) can be re—written in terms of power series in the Laplace variable s,
ie.

zDZL’ l

qt(k;) Z

nelN

In view of Remark][6.10|this enables to re-write the operational state parametrization
(6.444)) according to

1 m
oy () = = Aki:(bl D "t ) (5 )>

nelN

whose equivalent in the time—domain evaluates to

1 m
zp, (t) = — " (bl > k) mOr (k)()> (6.80)
=1

nelN

Furthermorf:, given g1l (t) € G pt.gl (RT) with o, = maxgen{}} introduce
the composite function

I I (t - T)i
) = (1= g (D) D foi il +gT, ,(t)fo;lT (6.81)

i=0 =0

as the desired trajectory for the basic output. It can be directly deduced that 5;1” (t) €
Gﬁg,ag (R*) with the new Gevrey constant D!, = D (D%, £, £I') with fo' =

ot T and £21 = [£1, ..., f15]T. Moreover, g;vl( ) fulfills
9E;(0) = fois OENT) = £y, 0<i<I
0irt(0) =0, o (T) =0, i>1

for Tl < T. The number of derivatives I and hence the upper summation index
in m can thereby vary with ¢ and is subsequently assumed to satisfy I < K.
Hence, evaluating (6.80) at ¢ € {0, T} using (6.8T) results in two independent linear

systems of equations for the coefficients f(?,’(l k)i and ;;’(lk )i 1=0,...,1,1e.
37/ 3/

1 % l ! 0.1 0,1
=3 (03 S (6520
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1 - l 0
T, = _)\_Z (b Z ) it ath, )z) (6.82b)

fork=1,....K, j=1,...,r¢ with xk and :vk as introduced in 0). Thereby,
recall from (6.42) that the indicator function ¢ (k:]) provides for each kj the re-
spective value ¢ such that the index k; € Srlz (see also Assumption [6.4). Let
SEL — {ql(kj)}k=17___7K,j=17“‘7r2, where #5%! = § < oo and introduce the
vectors

T
K _ .0 0 0 0
wo —{1’11,...71'1”,...,:UKN...,:UKTQ}
1 K
K T T T T T
:ZZT:{1’11,...7$1TQ,...,:UK17...,:UKTG}
1 K
0,0 [fo,lr
K. D gesK i=1,...,I
T {fT,l}T
Kl ¥ | qesKit, i=1,...,1

As a result, it can be easily deduced that there exist matrices M%ll e €7 and
M zll € C?*7 such that (6.82) can be re—written as

Lo *ZMOZI KI’ xr *ZMTI KI (6.83)

If (683) admits a solution for %', and f1;, then the desired trajectory for the
basic output follows as

=Y > &le,

I=1 geSK.!

with &;*(t) as introduced in and the coefficients f;’; and f;:;l substituted
accordingly.

However, in order to satisfy the conditions of Theorem [6.6] to ensure the con-
vergence of the parametrized Fourier series, it is besides (6.61) required that

(Dl)qe]N € 62 as K — oo. Due to the dependence of Dl on Dl j" , and le

and hence f K 1 as well as f the latter requirement results in the formulation of
a constrained minimization problem for the solution of (6.83)), i.e.
2)

m

_ K 0,
orrunT’ —<w0—§ MKI KI
(fK),’I’fK),’I) =1

subject to (qu (Dfl, fg’l7 fZ’l)> €.

qeSK!

m

T
ZMKI KI

(6.84)
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Note that the slight abuse of notation when referring to the square summability of a
sequence of only a finite number of elements is motivated by the desire to emphasize
that this condition has to hold in the theoretical limit as K — oo. For a finite
number of elements this can be realized, e.g., by imposing foreach [ = 1,...,m
the constraint

Nl l 0,0 £T,l ﬁl K,
DL (DL £, £71)| < e Yae s (6.85)

with € > 0 and the finite constants D!. Moreover, from an implementation point
of view is convenient to decouple the minimization problem into the two individual
problems

m 2
. K 0,0 £0, . 0,1 2
min = ||y — Z MK,I K1 subject to (fq )quKJ el (6.86a)
e =1
m 2
?%151 = |l@f =D M || subjectto (£77) g € £ (6.86b)
K,I =1

The notation (fé’l)qesx,z, € (? is thereby used to express (fg:f)qesx,z’iile € (2,

J = 0,T. Assuming that (Dfl)qe]N € (2, then as already pointed out above the

constraints can be handled similar to (6.83) by imposing foreach = 1, ..., m the
conditions
0,1 fo’l
o< 5= Vge S i=0,...,1 (6.87)
) q €
and
T, fT’l
1l <5 VgeS®Li=0,...,1 (6.88)
) q €

given € > 0 with finite constants fo’l and f Tl Tn order to illustrate this, let fql =
maxi:07,,,71{|fo”il|, |f;:;l|}, which in view of (€86) implies (f.),esx: € €2 for
each I = 1,...,m. Given gr: 1 (t) € Gpr g (RY) it follows from (@8I that
sup,ep+ €1 ()] < (1 + DY) flhe + DL flhy = flhe + 2D flhe with hy =
ZLO T"/i!. With this estimate the separation introduced into (6.86a) and (6.86b)
can be confirmed since under the assumptions above ( fé hr +2Dé fé hr)gesxi € 0?2
and thus (D) (D, o', f1°1)) yesir € 12,

As already pointed out in the introduction to this section, the presented approach
for the realization of finite time transitions between non—stationary profiles has to
be evaluated for the particular example under consideration. Moreover, while the
results of Section[6.5.3clearly confirm the applicability of the approach, rather large
input amplitudes are obtained, which will in general prevent the evaluation of the
solution for a real-world example.
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In addition, given a 1-dimensional domain these theoretical results enable to
draw a connection between the existence of a basic output and the approximate con-
trollability of the system , @]. This confirms a well-known property for finite—
dimensional linear systems. The analytical verification of this connection for spatial
dimensions greater than one is still an open question. However, the numerical results
presented in the following section provide an initial confirmation of this result.

6.5 Application Examples and Simulation Results

In the following, the spectral solution to the trajectory planning problem is eval-
uated for different application examples. These include the linear heat and wave
equation with in—-domain control defined on the line in Section where it is
shown that the parametrization also allow to reflect the finite speed of wave prop-
agation given by a hyperbolic PDE. This is complemented by the analysis of both
the finite— and infinite—dimensional boundary control of a linear diffusion-reaction
equation on a r—dimensional Riemannian manifold in Section[6.3.2] with a focus on
the convergence analysis by making use of the Weyl asymptotic. Finally, results are
provided in Section for a linear diffusion—convection—reaction equation on a
parallelepiped domain with finite— and infinite—dimensional boundary control. Here,
the applicability of the proposed approach in conjunction with suitable summabil-
ity techniques in the case of divergent parametrizations as well as the realization of
finite time transitions between non—stationary initial and final profiles is presented
by means of theoretical and numerical analysis.

6.5.1 Heat and Wave Equation on 1-Dimensional Domain

In order to illustrate the application of the proposed spectral design at first the tra-
jectory planning problem is solved for the linear heat and wave equation defined on
a 1-dimensional domain 2 = (0, 1) such that 02 = {0, 1}. Subsequently, finite—
dimensional in—~domain control b(z!)u(t) is considered with the spatial character-
istic b(z!) = o(2! —a) — (2! —b) for0 < a < b < 1. With this, it is well-known
(see, e.g., [14,137,66]) that the heat equation 8,2(2", 1) = 92, 2(2", ) + b(z")u(t)
with 2(0,t) = z(1,¢) = 0 allows for an operational representation in the state space
X = L2(£2) equipped with the standard inner product (z,y) xy ) = (2,y)12(2)
and induced norm according to

Oz =AWz + By, t>0 (6.89a)
2(0) =0 (6.89b)

with
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AWz = 9% 2 (6.89¢)
defined on the domain
DEW) = {z € H*(2) : z(0) = (1) = 0} (6.89d)

and B = b( ). On the other hand, by introducing the state variables z* (2!, t) =
z(z',t) and 2% (21, t) = 9,z (2", t) the wave equation 97z (2!, t) = 9% z(z*, t) +

b(z')u(t) with 2(0,t) = 2(1,t) = 0 can be represented in the state space X(g)

HY(2) x L*(£2) equipped with the (energy-like) inner product (z,v)yz =

fol (01210, 2" + 2232)d2" and induced norm ||| x ) = /(z, &) x(») as
z =A%z + By, t>0 (6.90a)
2(0) =0 (6.90b)

with the operator

() x?
Q[ xTr = [821x1:| (6.900)

defined on the domain
DR®) = {z' € H*(2), 2* € L*(2) : 2'(0) = z'(1) =0} (6.90d)

and B3 = [0,b(-)]". Itis a straightforward task to determine the eigenvalues and
eigenvectors of the self-adjoint operators A1) and A, i.e.

A = —(km)? gl =Y = V2sin(kn(2h), kelN (6.91)
1

A2 = ke (2) — () {A@)} Fysin(krz') ke Z\ {0} (6.92)
k

with F, = 1/(kw). Note that both sequences ((ﬁ,(cl))ke]N as well as (¢>,(€2))kez\{0}
form orthonormal bases for the respective spaces X (1) and X (?) and hence Riesz
bases. Moreover, it is obvious that the algebraic and geometric multiplicity of each
eigenvalue coincides and equals one. As a result, A" and A(®) are Riesz spec-
tral operators or scalar operators in the sense of Definition and their formal
parametrizations are directly obtained from Section [6.2.1] for systems with finite—
dimensional in—domain input.
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6.5.1.1 Formal Parametrization of the Heat Equation, Trajectory
Assignment, and Feedforward Control

With these preparations, it follows for the heat equation (6.89) considered in the
operational domain that

#1(s) = — ﬁ@%ﬂ)kfm a(s) = DU)Es)  (6.93)

with 5" = (b, o\V) x ) = v/2/ (k) (cos(akm) — cos(bkr)) and

~u s sinh(y/s)
D = l—-— | =——F—= 6.94
) ,g( /\53)> Vs (059
. s AW sinh(y/s)
D¥(s) = 1—— ) =-——"LFk ; (6.95)
k(S) nenlv_[m#( A;m) s — )\;1) \/g

where Z(s) = (&(s), ¢ 1)>X(1), k € IN. In particular it is subsequently assumed
that b, # O for all & € IN, which guarantees the approximate controllability of
1(1&]'

It is a straightforward computation to show that T)“(s) is an entire function of
finite type and finite order ¢ = 1/2. Hence, the operational convergence of the for-
mal parametrizations follows directly from Corollary [6.3]if £(t) is a Gevrey
function of order o < 2. Since the input is independent of z!, this directly im-
plies the convergence of the input parametrization «(£(¢)). In addition, Corollary
confirms the convergence of the parametrized Fourier series for the state

z(t) = Y an(E(t)oy (6.96)

kelN

since obviously

> 0

keN (/\l(fl))

Moreover, (6.94) yields the evaluation of u(t) = D" (9,) o £(t) in terms of the series

u(t) =Y M. (6.97)

For the realization of a finite time transition between stationary states, i.e.

= <z1/01/0nb(<)d<dn_/ozl /onb(C)dCdn)um (6.98)
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Fig. 6.1 Feedforward control v* () vs. basic output £*(¢) (left) and simulated profile in the
(z*, t)-domain (right) for the linear heat equation (6.89) with in—domain actuation.

recall that us = &,. Hence, the evaluation of (6.97) with the desired trajectory ¢ —
&*(t) for the basic output defined by

§°(t) = &0+ (&7 — &6,0)97,0 (1)

with g7, (t) as introduced in (B3) and w > 1 directly provides the feedforward
control u*(¢) which is required to achieve the transition starting at the stationary
profile z5(21; & o) to the final stationary profile z5(z1; & r) within the time interval
t € [0,T]. For consistency with the zero initial profile note that necessarily £; o = 0.

The resulting transition and the corresponding feedforward control for {7 =
19.5, T = 0.5, and w = 2 is shown in Figure 6.1l where the initial and the final
stationary profile achieved at ¢ = T are emphasized by the bold lines. The spatial
characteristic is restricted to the interval z' € (1/2,3/4) such that a = 1/2 and
b = 3/4. It is obvious that the determined feedforward control exactly realizes
the desired finite time transition. Thereby, initially a rather large input amplitude is
required due to the diffusive dynamics of the considered heat equation. In addition,
in view of the analysis of the wave equation it should be pointed out that any 0 <
T < oo can be assigned as the transition time for the heat equation.

6.5.1.2 Formal Parametrization of the Wave Equation, Trajectory
Assignment, and Feedforward Control Design

By proceeding similar to the previous paragraph, the formal operational state and
input parametrization for the wave equation (6.90) follows as

o)

Er(s) = —ﬁﬁz‘(s)é(sx keZ\{0}  a(s) =D"(s)i(s)  (6.99)
k

with b,(f) = fol b(z1) g,i(zl)dzl = Fk@/(kw)(cos(akw) — cos(bkm)) € C and
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A s 52
oo T (-56) I )

nezZ\{0} ne
2 .
=TI(t+ _ sinh(s) (6.100)
(k)2 s
nelN
Sop s\ )\,(f) sinh(s)
Dis)= ] 1—W ==, (6.101)
n€Z\{0},n#k n S — Ak

where 21 (s) = (z(s), (b,(f)) x@, k € IN. These parametrizations are valid provided
that b(2) # 0 for all k € Z \ {0}, which ensures the approximate controllability of
the distributed—parameter system (6.90). Note that since /\( ) — A(?) and /\(_2,1 =

—)\; ) this is equivalent to b( ) # 0 for all k; e N.

The function D*(s) as introduced in is entire and of finite type and or-
der o = 1. The latter follows directly from the determination of the convergence
exponent of the sequence (Aﬁf))nez\{o} of zeros of D(s), i.e. v = 1. Hence, the
operational convergence requires that the basic output £(¢) has to be of Gevrey or-
de@ a < 1. On the other hand, the following relation holds

f)“(s)é(s) = Sin};(s) A(s) = £ ;: fe—0
%(f(t +1)o(t+1) =&t — 1ot —1)) =u(t), (6.102)

with f fo p)dp. This illustrates that the determined parametrization ac-
counts for the wave dynamlcs expressed in terms of a finite speed of wave propa-
gation along the characteristic curves dt/dz = £1. In other words, the differential
parametrization involving an infinite number of derivatives allows to exactly recover
the wave dynamics in such a way that the feedforward control involves advanced and
delayed arguments. Moreover, it can be easily deduced that there exists a minimal
transition time 7T},;, = 2, which corresponds to twice the wave speed. This obser-
vation holds similarly for the state parametrization, which can be further evaluated
to achieve
() = bt %(g(t +1)o(t+1) — £t — o(t — 1))

where * denotes the convolution product. Thereby, the definition of b,(f) and F},
directly implies that (2 (¢))ken € ¢?(R ™). In addition note that since a basic output
is not necessarily unique both £(t) and () can be considered as basic outputs for
the wave equation (6.90)).

10 Note that it can be easily shown that o = 1 is sufficient.
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Fig. 6.2 Feedforward control «*(t) vs. basic output £*(¢) (left) and simulated profile in the
(zl, t)—domain (right) for the linear wave equation (6.90) with in—domain actuation.

In view of the realization of finite time transitions between a zero initial steady
state and the final steady state determined from the connecting desired tra-
jectory for the basic output can be even chosen as a discontinuous function of time
since does not impose any differentiability conditions. Note that actually
also impulsive functions are allowed by the definition of & (t). Hence, for the fol-
lowing numerical evaluation the desired trajectory ¢ — £*(¢) is assigned as

such that

§(t) = &,00(t) + (€57 — Es0)o(t = 1)

(6.103)

E(t) = &0 + (Eor — Es0)(t — D)o(t — 1).

The shifted argument ¢ — 1 is thereby introduced for causality purposes to guar-
antee that u*(t) = 0 for ¢ < 0 (cf. @I02)). For consistency with the zero initial
state, subsequently £ o = 0. In order to illustrate the resulting transitory behavior,
simulation results are depicted in Figure[6.2]for s 7 = 19.5 and the spatial charac-
teristics being similar to the previous paragraph restricted to the interval z € [a, b]
with @ = 1/2 and b = 3/4. The numerical results confirm the exact realization of
the desired finite time transition. Moreover, in contrast to the linear heat equation
(cf. Figure the feedforward control involves no overshoot compared to the fi-
nal input value. However, the advancement of the input trajectory compared to the
desired trajectory for the basic output can be clearly identified as a result of
the finite speed of wave propagation. As already pointed out above this also implies
the minimal transition time given by Ti,i, = 2.
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6.5.2 Boundary Controlled Linear Diffusion—Reaction Equation
on r—Dimensional Riemannian Manifold

The trajectory planning problem is considered for the linear diffusion—reaction
equation

Oz (t) = (A+c)x(t), (z,t) € 2 x R (6.104a)

defined on the domain £2 C R". As illustrated in Figure[6.3] the control is restricted
to the boundary according to

€Dpx(t) + pla(t) =0, (z,t) € 2 x RT (6.104b)
€D, x(t) + pla(t) = uan(t), (2,t) € 02 x R (6.104c¢)

with 02, = 02 \ 02. Herein, ¢ € R and p°, p! > 0 such that either Dirichlet
or Robin boundary conditions can be assigned. Moreover, two control configura-
tions are considered representing infinite—dimensional as well as finite—dimensional
actuation, where

v(t), B1
upn(t) = {Z(:;BLI bal(t), EBQ;. (6.104d)

Here, v(t) = v(-,t) € L*(0§21 x (0,7)) denotes the infinite-dimensional con-
trol input while ' = b'(z) € L?(9¢2}) with 962} denoting the subarea of 92
covered by the [~th actuator such that 92, = U 962 and v!(t) € L?(0,7) for
each ! = 1,...,m, represent the spatial actuator characteristics and the respective
finite—dimensional control input. The boundary input can be realized, e.g., by means
of external sources or sinks which exchange energy with the system along a
subset of the domain’s boundary. While the infinite—dimensional configuration is
primarily of theoretical interest it should be pointed out that in certain applications
such as the reheating or selective cooling of slabs in steel processing this assumption
is in good accordance with the physical plant configuration.
The initial condition is chosen as

2(0) = o, z € 12, (6.104e)

where, given a stationary initial profile, it can be assumed without loss of gen-
erality that 19 = wo(2) = 0, z € 2. By applying standard arguments for
the analysis of initial-boundary—value problems, given zy € L?(£2) and ugq(t)
as above the distributed—parameter system has a unique weak solution
a(t) € L2((0,7); HY(2)) N C([0,7]; L2(£2)) for all 7 > 0 [68, [15]. In addi-
tion, by applying a Lyapunov-type argument together with the Rayleigh principle
it can be easily shown that this solution is exponentially stable in the L?-norm if
p%, p' > 0 and ¢ < Amin, Where Anin denotes the smallest eigenvalue \ of the
Sturm-Liouville problem Az + Az = 0 with homogeneous boundary conditions
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o0

Fig. 6.3 Spatial domain (2 with smooth boundary 0{2 and boundary actuation covering the
area 02

and (6.104d). However, it should be pointed out that the proposed design
approach is independent of the stability properties of the control system and is hence
applicable also to the unstable case.

The considered trajectory planning problem concerns the design of an input tra-
jectory ugpn(t) in order to realize a finite time transition starting at 9 = 0 and
reaching a prescribed desired final stationary profile

s 0 (t) —
4

xo = (0 x(T)=ar, z€? (6.105)
t€[0,T]
along a pre—planned spatial-temporal transition path within the finite time interval
t € [0,T] for a prescribed transition time 7" > 0.

Assumption 6.6. The system (6.104) with spatial domain (2 satisfies the following
conditions:

(i) The domain {2 is a smooth Riemannian manifold with oriented smooth bound-
ary 0f2.

(ii) The boundary control ugg, () is of compact support in 942, i.e. upn(t) = 0 for
z € 0f2.

6.5.2.1 Abstract Boundary Control System

By proceeding as outlined generically in Section[6.1.2.1] the boundary controlled
diffusion—reaction system can be represented as an abstract boundary con-
trol system with admissible input operator. For this, take the solution space as
Z = Hp(2) with

Hp(2) ={z e H*(2): ed,x + p’z = 0}.

Moreover, the state space and the input space are chosen as X = L2({2) and
U = L*(042,). The operators £ € £(Z,X) and & € L(Z,U) follow by a direct
comparison as
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Lo = (A+c)r, Rr=edx+p'a Vo € Z.

As in Section [6.T.21] introduce the operator 20 = £|p(q) with domain D(2) =
kerR = {z € Z : €d,x + p'z = 0}. It is subsequently shown that 2l is the in-
finitesimal generator of a C;—semigroup on X. By making use of Green’s Theorem
it follows for ¢ € D(2) and ¢» € H?(2) that

<Q’l¢7¢>X = <A¢a ¢>X + <C¢a ¢>X
= (¢, (A+c)Y)x + ]{ (104 & — $pO,10)dOR2
982

= (6, (A+ )P)x + yg . am(w + ;anzb) 102,
€
— (P
+ fml 0y (w + planw)da N

which yields that 2A* = 2 with domain D(20*) = D(2), i.e. A is self-adjoint. Let
now Ay = —A with D(2y) = D(A). Then a similar calculation reveals

(Yo, 2)x = [IVz[% = cll=ll%

0, €=
i {—po foo 220000 — 1§ 220000, =1 (6.106)

1
> (5 ¢ Il

where the inequality is obtained from the Poincaré inequality [Iﬂ] with K, > 0
denoting the Poincaré constant. Hence, 2 is strictly positive for 1/ Kg —c >0
such that —2(p = 20 < 0 and is m—dissipative by [66, Proposition 3.3.5]. Under
these conditions 2/ is the infinitesimal generator of a C—semigroup T (¢) on X with
T(t) > O0forallt >0 [@, Proposition 3.8.5]. If ¢ is finite but such that 1/K§ —
¢ < 0 the transformation x(t) — exp(ct)x(t) enables to deduce a similar result
for any finite time interval. Alternatively, cx(¢) can be considered as a bounded
perturbation of Az (t). Consequently, the conditions [(DH(iv)] of Section [6.T.2.T]are
directly satisfied such that (£, &) is a boundary control system on U, Z, and X.

Instead of determining the input operator B explicitly, subsequently only its ad-
joint $B* is computed by making use of (6.8)). For this, let z € Z and ¢ € D(A*) =
D(2), and observe

1
(8o — (2. 2A), = —— ?f Upd b A
P o2

with the right hand side following directly from Green’s Theorem together with
Assumption Together with (6.104c) and (6.104d) this yields for all ¢ €
D(2A*) that
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_1
%*w_{ plan¢|26391a (B]') (6107)

_le[blanw|z€89%7"'ananz/)lzeaﬂi"L (32) '

It should be pointed out that since (Bugn (1), ¢¥)x = (usn(t), B*¢)x the control
operator equals

[ r0nd00, (2), (B1)
pil[anéaf?%(z)a~~~aan58(2{”(z)]a (32) .

Here, 0o, () and J501 (z) denote Dirac delta functions with compact support on
2z € 98 or z € 312, respectively. Hence, obviously B has to be interpreted as a
linear functional, i.e. as an element of the dual space X _1.

In order to show that B is admissible in the sense of Definition[6.1] subsequently
the duality between an admissible control and an admissible observation operator is
exploited together with a perturbation argument. By (66, Theorem 4.4.3] given‘B €
L(U, X_1) then B is an admissible control operator for the Cy—semigroup () if
and only if 8* is an admissible observation operator for T*(¢). The admissibility of
an observation operator can be thereby determined using the following proposition
[@, Proposition 5.1.3].

Proposition 6.1. Let 2L : D() — X be self-adjoint and A < 0. Define X 1 as the
completion of D(2) with respect to the norm ||z||2 = (I —2)x,z) x, Vo € D(A).
If¢ e ,C(X% ,Y), then € is an admissible observzation operator for the semigroup
() (of positive operators) generated by 2 on X.

Hence, B is an admissible control operator for 2 if B* € L(X 1, U ). The verifi-
cation of this property is carried out for the case of Dirichlet boundary conditions
on all of 02, e.g., in (66, Section 10.6] by introducing the Dirichlet map. In order
to express X 1 for the present set—up involving Robin boundary conditions consider
first the operator 2y = —A with D(y) = D(2). It can be easily shown that 2y is
self-adjoint. In addition, 2 is positive since

oz, 2)x = |Vl —7{ 20,2409, Wz € D),
ofn

where the second term (including the sign) on the right hand side of the equality
evaluates to zero if only Dirichlet boundary conditions exist (¢ = 0) and is positive
and bounded for Robin boundary conditions (¢ = 1) on 92y with p* > 0. Note that
in the latter case the Poincaré inequality (applied to the integral over 02) implies
that there exists a constant K > 1 such that

oz, z)x < K?| V%, Vo € D).

Consider now the space H, = D(Qlé ), which is the completion of D(2y) with
2
respect to the norm ||z = /(Uoz, z)x, Vo € D(Ao) (66, Remark 3.4.4]. With
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the previous result, this yields [|z|1 = KI|Vz[/x, which is for all z € D(o)

an equivalent norm to ||z|| g1 (o) = \/||;U||2 + ||Vx||L2(Q By standard den-

sity arguments it follows that the closure of D(Qlo) in H'(2) is given by Hy(£2).
Thus, H 1 = = Hp(92). Proceeding similarly for 3 — A instead of 2, allows to

identify X 1 with H 1 (see the proof of l66, Proposition 5.1.3]). This implies that
B € £(X 1 U) such that ®B is an admissible control operator for Cy—semigroup
generated by the operator —%(y = A. Since the original operator % = £|p g rep-

resents a bounded perturbation of —%ly the admissibility of the control operator B
carries over to the perturbed C;—semigroup [@ Section 10.8].

6.5.2.2 Riesz Spectral System Representation

The previous results are utilized to determine the Riesz spectral system representa-
tion of (6.104). For this, certain assumptions are imposed subsequently.

Assumption 6.7. The operator 2 with domain D(2) as defined above satisfies the
following conditions:

(i) The algebraic and geometric multiplicities r{ and 7{ of each eigenvalue \;, of
2A coincide.
(i) The sequences ((¢x; )jzlw,rg)kem and ((¢x; )jzl’...’rz)kem of generalized ei-
genvectors of the operator 2l and its adjoint 2(* form biorthogonal Riesz bases
for X = L%(02).
(iii) Zero is not an eigenvalue of 2, i.e. {0} € p(A).

As pointed out above, the operator 2l is self—adjoint, which implies that its eigen-
values (A\g)ren are real. With B* as introduced in the above computation
in addition provides the Riesz spectral system representation in terms of the Fourier
coefficients xy, (1) = (x(t), ¥x;) x following

Opr, (1) = Ao, () + ug, (), t>0 (6.108a)
1, (0) = (20, ¢r,)x =0 (6.108b)
with
uy,. (1) = —il g0 (t)0y i, d0S2;. (6.108c)
! P Jog,

Given (6.104d)), the surface integral can be further evaluated to achieve

by (t), (B1)
uy, (t) { fn ’;)l“ SO, (B2) (6.108d)

with by ;, -a constant arising in general from the evaluation of (6.108c) and bl?h =
fang b (2)0, 0k, (2)dOS2, | = 1,...,m. Subsequently it is assumed that system
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(©.104) or (6.108), respectively, is approximately controllable, which is equivalent
to impose Assumptions or [6.3] depending on the considered boundary control
configuration. In addition, due to the Riesz basis property of ((¢x;) j=17___7y-g) kEN
and ((r;) j=17___77-2) ke the state z(¢) can be re—constructed from the spectral states
xy, (t) in terms of the Fourier series

=> D an(t)én,. (6.109)

kEN j=1

Remark 6.11. In view of the domain D(2() of 2 imposed for the determination of
the eigenfunctions ¢, it follows that in particular the inhomogeneous boundary
condition cannot be evaluated pointwise by means of the series represen-
tation of x(t) but has to be interpreted in the sense of the L?(92; )-norm,
ie.

—0 as K — oo.
L2(8021)

upg(t szk (eDuor, + ' 01;)

k=1 j5=1

6.5.2.3 Formal State and Input Parametrization

Proceeding as in Section[6.2] the spectral system representation serves as the
basis for determination of a formal state and input parametrization in terms of a basic
output. For this, the two scenarios (B1) and (B2) are distinguished corresponding
to inﬁnite— and finite—dimensional boundary control. Thereby note that Assumption
implies 0, = 1 in the (differential) operators (€ and (€ introduced
above.

Case (B1): Infinite-Dimensional Boundary Control

The state and input parametrizations for the case (B 1) of an infinite—dimensional
boundary control follow directly from (& and [3) by taking into account As-
sumption [6.7A1)] which implies that rk = r] for each k € IN. In addition, recall
that Assumptlons and[6. 4 have to be satlsﬁed, which impose a certain partition-
ing and grouping of the Fourier coefficients Uy, (t). This in particular implies that
upg2 (t) admits a Fourier series representation

ua(t) = Y v,(t)eg (6.110)

qeN
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in terms of the Riesz basis { ¢, } qcv obtained from ((B* ¢z, )jzlw,rz )ken (cf. Sec-
tion[6.2.2). By taking into account the interpretation in terms of differential opera-
tors of infinite order according to (6.52), it hence follows thaEl

blvk]' 0Nz
l’kj (t) = — Ak Dq(kj)7k(at) @) fq(kj)(t) (6111)
vy(t) = D5 (9) 0 &(2) (6.112)

together with (&.109) and (6.110) denote the formal state and input parametrizations
in the case (B1) of an infinite—dimensional boundary control.

Case (B2): Finite—Dimensional Boundary Control

The state and input parametrizations for the case (B2) of a finite—dimensional
boundary control follow directly from (6.31) and (6.32) with r{{ = r{ for each
k € IN by Assumption By making use of the time—domain interpretation
introduced in this yields

1 & .
oy (£) = =5 > bh, °Dr(9,) 0 £ (t) (6.113)
=1
v (t) =D"(9,) o £(1), (6.114)

which together with (6.109) provides the state and input parametrization in terms of
€ (t),l =1,...,m, for the case (B2) of a finite—dimensional boundary control.

6.5.2.4 Convergence of the Parametrized Fourier Series

In order to ensure the convergence of the determined state and input parametriza-
tions it is according to Theorem[6.6]and Corollary [6.- 4l required to analyze the order
and the type of the entire functions DY (s) for (B1) and D*(s) for (B2). Due to
the structure of 75};(3) and D“(s) (see also and (&.44B)) given in terms of
Weierstrass canonical products this can be reduced to the determination of the genus
of the sequence of their zeros. For this, subsequently the Weyl asymptotics (count-
ing multiplicities) for the counting function and the eigenvalue distribution of the
Laplace operator A are utilized, i.e.

0 3
N2 () ~ Vi Vol($2)n* (6.1152)
(2m)r
ANE (2m)"k
(A%) TONoI(12)° (6.115b)

! Recall that by Assumption @4l v, (t) = v,(t) forall k; € Sh,q €.
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as 17 — oo or k — oo, respectively [10]. Here, V0 denotes the volume of the unit
disk in R". Note that the parameter c in the definition of the considered system
operator 2 only introduces a shift in the sense that A\, = ¢ + )\,f but does not
influence the growth of the counting function such that A((n) = A4 ().

Proposition 6.2. The convergence exponent of the sequence (A& )kew is v2 = 1/2
and its genus is g>* = |r/2] with |-| denoting the floor function.

Proof. In order to prove the claim, recall from [@, Section 3.2] that the convergence
exponent of a sequence with a countable infinite index set equals the order of its
counting function, i.e.

1 A
o2 = Tim sup 1281 (6.116)

7—00 logn

By making use of a direct computation yields o = /2, which proves the
first part. Moreover, since the genus of the sequence ()\kA) ke denotes the smallest
positive integer g% for which Y-, .\ IAA[97% =1 converges o2 = /2 implies
that (A£)) ke is of genus g*2 = [r/2]. O

This result enables a systematic convergence analysis for the two boundary control
configurations (B1) and (B2). For this, it is however convenient to reverse the or-
der of analysis and to start with (B2), which due to the finite—dimensional control
provides the most restrictive convergence conditions. These then serve as an upper
bound for the analysis of the infinite—dimensional control setting.

Case (B2): Finite—Dimensional Boundary Control

Let the spatial actuator characteristics b!(z) be such that

max;—i. . pa |bl 2 max;—i .. ,a |bl 2
Z( : =L T Y2,k : 2) _ Z( =1,...,ry 22,ki > < 00
ren \mini=1, o, [ (= k)| ke (=)
for each [ = 1,..., m. Then, Corollary implies convergence of the state and
input parametrization for £(t) € Gpi o (R) with o' < 1/p, where o denotes the

order of the entire function D% (s) provided that D% (s) is of finite type 7.

Proposition 6.3. The Weierstrass canonical product D (s) is an entire function of
order 1/2 < o < r/2, which is of mean type 0 < T < 00 if o is non—integer and of
maximal type T = oo if g is integer and the series ) |, .\ |\i| ¢ diverges.

Proof. Following [E, Theorem 2.6.5], a Weierstrass canonical product II(s) is an
entire function equal to the convergence exponent of its zeros. With this, the order o
of @“(s) follows directly from the convergence exponent of the sequence (A )ken-
Since the Weyl asymptotics count all multiple eigenvalues, which are how-
ever not included in @“(s), the order can be only bounded from below and above.
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By making use of Proposition [6.2]it follows that 1 /2 < p < r/2. Here, the lower
bound corresponds to the 1-dimensional case with » = 1 while the upper bound
arises whenever 2 C R", » > 1, is such that A exhibits only discrete eigenvalues
A2 with 7§ = 1.

For the verification of the second part observe that since the order of D (s) equals
the convergence exponent of its zero set (A )xew and hence the order of the counting
function (see Proposition[6.2]above) it follows that

N(n) = O(n°). 6.117)

With this, consider first a non—integer order o sAatisfying 1/2 < ¢ < r/2. In this
case, following [@, Theorem 1.7] the type of D“(s) can be determined from the
upper density of its zero set

A, = limsup M

n—oo ¢

By making use of (6.117) it follows directly that A,, is non—zero and finite. Hence,
D (s) is of mean type 0 < 7 < oo 34, Theorem 1.7].

Secondly, if f)“(s) is of integer order o, then no such simple result is avail-
able since the order might be larger than the distribution of its zeros might indicate
[@, ]. In order to address this, subsequently Lindelof’s theorem [@, Theorem 1.15]
is used, which yields that 0 < 7 < oo (7 = 00) if the quantity x,, = max(A,,d.,)
is bounded by 0 < x < 00 (xu = 00), where d;, = limsup, _, . [0.(n)| with

1 _
sum) =~ 3 e

(Ak)<n

Thus, since Ay > Ao > ... > A > 0> Ag > ... ] —o0o it follows that

1 1 K (_1)gmod2 e
B= L = 2w EET s e
QkE]N Qk:l 0 k=K+1

Since a finite number of addends does not change the series convergence, the con-
vergence of the second sum in the expression is equivalent to the convergence of
Y oken A7 As aresult, if Y7, o [Ax|7¢ — oo it follows that x, = ¢, = oo,
which proves the claim. O

Thus, the convergence result applies if the basic output is of Gevrey order o < 1/
with 1/2 < ¢ < r/2 provided that D*(s) is of finite type. It is hence obvious that
the convergence of the parametrizations cannot be ensured in general since config-
urations can arise, where the Gevrey orders ensuring convergence are too small to
solve the trajectory planning problem (&.103).
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Case (B1): Infinite-Dimensional Boundary Control

Proceeding similar to the previous paragraph, subsequently Proposition[6.2]is used
to determine the order and type of ﬁ}i(s). Thereby, it is a straight forward conse-
quence that Proposition[63]also applies to the case (B1) with the major difference
arising from the partitioning and the associated grouping of the Fourier coefficients
Vg, (t). This is reflected by the respective index set, which determines the set of
eigenvalues necessary to evaluate the operators. In addition, with Assumption
the application of Theorem[6.6lrequires that

2

Z maXi:L.u’rg |b1,kl

(=Ak)?

< Q.
keEN

By making use of the Weyl asymptotic (6.115b)) it can be easily shown that this
condition is in general fulfilled if max;—1, o = O(kP) with B < 2/r —
(1+¢€)/2 for some € > 0.

With the previous notation let .S, ,ll denote the countable infinite index set implying
vy, (t) = vj(t) forall k; € S}, ¢ € N (cf. Assumption 6.4). Obviously, for each ¢

the convergence exponent -y, of the zero set of 253; (s), i€ (An),e g1 is bounded

bl,ki

from above by v, < r/2 from Proposition In addition, the convergence expo-
nent is bounded from below by 7, > 1/2. The latter condition follows from the
r = 1-dimensional setting but, as is illustrated in the example considered in Section
[6.3.3]below, arises also in higher—-dimensions depending on the structure of {2 and
0f2,. With this, the following result is obtained, whose proof proceeds exactly along
the lines of the proof of Proposition[6.3] and is hence omitted.

Proposition 6.4. The Weierstrass canonical product @g(s) is an entire function of

order 1/2 < g, < r/2, which is of mean type 0 < 7, < o0 if 04 is non—integer and

is of maximal type 7, = 00 if o4 is integer and the series ), _ i1 |\| 791 diverges.
v q

Proposition is so far the best possible conclusion since the evaluation of the
order g, and hence the type 7, inherently depends on the particular domain {2 and
the boundary 02;. Nevertheless, it enables to deduce a rather general convergence
result for the case (B1), where according to Theorem|[6.6] the basic output &, (¢) has
to be chosen as a Gevrey function of order ag < 1/04 with (D!)sew € €% provided
that g, is non—integer.

As already pointed out in the discussion for the case (B2), settings can be con-
structed for which the convergence conditions prevent a convergent solution of the
trajectory planning problem (6.103). However, as is shown in the example below
also divergent parametrizations can be efficiently utilized, which significantly en-
hances the domain of applicability of the proposed approach.
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6.5.3 Boundary Controlled Linear Diffusion—-Convection—
Reaction Equation on Parallelepiped Domain

In the sequel, the results of the previous section are used to solve the trajectory
planning problem (6.103)) for the evolution of the state z:(t) governed by the linear
diffusion—convection—reaction equation

Opx(t) = Y (a;0%a(t) + bj0,2(t)) + cx(t), (2,t) € 2xRT (6.118a)

JEly

with orthotropic diffusion and convection and parallelepiped domain 2 = {z €
R": 0 <29 < Lj, j€ L} with I, = {1,2,...,r}. Note that {2 is a smooth
Riemannian manifold with an oriented but only piecewise smooth boundary 0f2.
Referring to, e.g., [IE], {2 can be also called a normal domain. Nevertheless, the
results of Section determined under the assumption of a smooth boundary,
i.e. for a regular domain {2, can be directly extended to the present case including
the divergence theorem and Green’s formulas [22]. Due to the geometry of the do-
main this set—up is appealing since it enables an almost fully analytical evaluation
of the arising mathematical formulations [@]. For this, it is convenient to introduce
multi-index notation as summarized in Appendix[A.2] Moreover, the following as-
sumption is imposed on the parameters of the PDE (6.118al).

Assumption 6.8. The parameters a;, b;, and c are assumed to satisfy the following
conditions:

(1) For each j € I, there exist positive finite constants aé and aj such that 0 <
al < a; < a¥,ie.the PDE is strictly parabolic.
(ii) For each j € I, the convection parameter b; is assumed to be positive and
bounded from above, i.e. there exists a finite b;-‘ € Rt such that 0 < b; < b}‘.
(iii) The reaction parameter is assumed to be bounded, i.e. there exist finite ¢!, c* €
R such that ¢! < ¢ < ¢,

The boundary surface consists of the union of the two subsets 042, := {z € 042 :
2" = L,} and 082y = 0£2\012,. Thereby, homogeneous Robin boundary conditions
are imposed on the 2r — 1 hypersurfaces of 02, i.e.

]9 ;a(t) — pla(t) =0, 2 =0,j€l.,t>0 (6.118b)
;0 ;x(t) + pjz(t) =0, =L, €Il t>0 (6.118c¢)

with I’ = I, \ {r} while the boundary input is restricted to the domain 02, where

L0, x(t) + pra(t) = usn(t), 2" =Ly, t>0. (6.118d)

Here, p) # 0, pj # 0, and the coefficients ¢} and ¢} can be utilized to im-

pose either Dirichlet or mixed boundary conditions, where e(; =0 (ejl- = 0) or
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€} # 0 (] # 0), respectively. Similar to Section[6.5.21two boundary control config-
urations are distinguished, i.e.

v(t), (B1) (6.118e)
YL (), (B2) (6.118f)
with v(t) = wv(-,t) acting arbitrarily on the hypersurface 02, for all ¢ > 0 and

V' (z()s 2oy = (2%,...271), representing the spatial characteristic of the /~th
actuator with input v'(¢). The initial condition follows as

Uy (t) =

z(0) = xy, z € N. (6.118g)

If not stated otherwise the initial profile is assumed to be stationary such that with-
out loss of generality, subsequently a zero initial condition z, = x(z) =0, z € 2
is considered, which can be achieved for (6.118) by introducing the transforma-
tions z(z,t) — x(z,t) + xo(2) and u(z (), 1) = u(z(),t) + us(z(y))), where
us(2(r))) € L?(012;) denotes the stationary (time—invariant) value of u(z (), t).

In order to distinguish the systems resulting from the two boundary control con-
figurations, in the following the abbreviations

Yo : @118 -G118d), G1136), (6.118g)
2, + (GIT8a)-GITI8d). 1180, (61T8g).

are used to refer to the respective diffusion—reaction system with either infinite—
dimensional (X',) or finite—dimensional (X,,,) control.

6.5.3.1 Transformation into Standard Form

Without loss of generality, it can be assumed that a; = 1 and b; = 0 for all j € I,
in the PDE (6.118al). This can be achieved by the following change of variables

. . J L.
P =2 [ L (6.119)
Vaj Vaj

b; .
z(z,t) = z(C, 1) exp<— > —Jcﬂ>, (6.120)
jer W
which transforms the domain {2 according to
T j Lj -
N—<zeR:0<2 < ——, j€l. ;. (6.121)
Vai

Note that the invertibility of (6.119) and (6.120) is immediately guaranteed by As-
sumption[6.8] In addition, the set of mappings
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1 b?
cec—zza—/ (6.122a)
JEI,
0 0 0 0 (])b]
€j €, ij\/a—jp]—s—zﬁ,
1b] (6.122b)
6,
e el pﬁ@p;—;—ﬂij, vjel,
bjCj b'rLr
a0 (2 (r))> 1) = Varuan (G s t) exp(}%;r N + 2\/a_7«>’ (6.122¢)
b .
zo(2) = 2o(C) exp <— > Cj) (6.1224d)
jer 2V

is obtained with {,y = (¢',...,¢" 7). It should be noticed that both Dirichlet
(e? = 0or ejl = 0) and Robin boundary conditions (e? # 0 or e; # 0) are pre-
served under the introduced change of variables. As a result, given the diffusion—
convection—reaction system it is without loss of generality equivalent to

study the boundary controlled diffusion—reaction system
Oz (t) = (A + c)x(t), (z,t) € 2 x Rt (6.123a)

on the spatial domain (6.121)) with the boundary conditions

€90, ;x(t) — pla(t) =0, 2 =0,je€l.,t>0 (6.123b)
€;0,;x(t) + pjz(t) = 0, Z=L;,jell, t>0 (6.123c)
€rd, x(t) + pra(t) = ugn(t), 2" =1L, t>0, (6.123d)

where p? #0, pjl- = 0, and the initial condition

z(0) =0, z € N. (6.123e)

Standard arguments for the analysis of initial-boundary—value problems imply that
the distributed—parameter system has a unique weak solution satisfying
z(t) € L?((0,7); HY(2)) N C(%T ; L2(2)) for all 7 > 0 given upn(t) €
L2(02,%(0,7)) and 2o € L?(2) [68.115]. In addition, it follows from a Lyapunov—
type argument together with the Rayleigh principle that the solution is exponen-
tially stable in the L?-norm if p?, pjl > 0 and ¢ < Amin, Where A\nin denotes the
smallest eigenvalue A of the Sturm-Liouville problem Az + Az with only homoge-
neous boundary conditions (6.1230)—-(6.123d). Nevertheless, the presented solution
of the trajectory planning problem is independent of the stability of the distributed—
parameter system.

Remark 6.12. Deviating from the general analysis in Section [6.5.2] the parameters
pg-’, p}, e(;, and e} are assumed to differ in each direction z’/. However, the results
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of Section[6.5.2]on the abstract formulation of the distributed—parameter system, its
Riesz spectral representation, and the formal state and input parametrization directly
apply to the present configuration with only minor modifications. This is exploited
in the following sections. In particular, the Weyl asymptotics (6.113), which are
used to deduce the main results hold for all combinations of Dirichlet, Neumann,
and Robin boundary conditions.

6.5.3.2 Abstract Boundary Control System

The representation of (6.123) as an abstract boundary control system follows exactly
the lines of Section [6.5.2.11 Hence, take Z = H?(£2) N Hy(£2), X = L?(£2) and
U = L?(942;). Due to individual parameters in the boundary conditions for each
direction 2/ one has Hy(£2) = Hp 1 (2) N Hp ,(§2) with

HR,1(~Q) =
(| {z€L*0,L)): 2(0) =x(L;) =0}
jer” P (r)
N m {z € H'(0,L;) : z(0) =0, ejazjx( )+p}x(Lj) =0}
FeL?F(r)
N ﬂ {z € H'(0,L;): ejﬁzjx( ) — p?x(O) =0, z(L;) =0}
FELFP (r)
v € H'(0, L;) : 90,,2(0) — pr(0) =0,
“je,ﬂ,l(r){ejw L)+ pja(L) =0 }

given the index sets IPP(i) = {j € Il : € =0 /\ejl- = 0}, IPR(i) =

{j ell: & =0ne # 0}, IRD(') ={jell: & #0ne =0},
and IBR(i) = {j € I! : U # 0 A ej # 0} referring to the case of homo-
geneous Dirichlet-Dirichlet, Dlrlchlet Robin, Robin-Dirichlet, and Robin—Robin

boundary conditions, respectively, and

HRQ(“Q):
{xELQOL —0} ifed =€l =0
{erl(OL —0} ifed=0A€l#0
{z e H1(07LT)' 08 z(0) — 0) =0}, ifed #0.

In view of the geometry of the domain, the adjoint input operator defined in (6.107])
can be evaluated as

B*y = _La”w”:“’ (BL) Vi) € DAY, (6.124)
_Ll[bl ™0 |er—r,, (B2) ‘
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It should be pointed out that since (Bugn,v)x = (uan, B*Y)x the control op-
erator can be represented as B = B(z") = 9,,.6(z")/pl, which has to be inter-
preted as a linear functional, i.e. in the dual space X_;. Moreover, the analysis in
Section reveals that the control operator B is admissible in the sense of
Definition[6.1]

6.5.3.3 Riesz Spectral System Representation

Having introduced an admissible (boundary) control operator B, subsequently the
previous results are utilized to determine the Riesz spectral system representation of
(&.123)). For this, the eigenvalues and the set of generalized eigenvectors are deter-
mined by considering the eigenproblem

Ap = Ao, ¢ € D) (6.125a)
with the operator 2 = A + ¢ defined on the domain

D(RA) = H*(2) N Hp(2)
{x € L*0,L,) : x(L,) =0}, ifel =0 (6.125b)
{z € H'(0,L,) : 0.-2(Ly) + pra(Ly) =0}, ifep # 0.

Recalling from the analysis in Section[6.3.2. I|that the operator 2 is self—adjoint, the
following result is obtained for the eigenvalues and eigenvectors.

Lemma 6.4. Let ¢}, €}, pY, and p; be such that pp} — ((21 —1)7/(2L;))*€%€} # 0
forall j € I, and | € IN. Then, the operator A with either Dirichlet (e? = e} =0)

or Robin boundary conditions (€2, €} # 0) has the following spectral properties:

J7 7

(i) The eigenvalues {\; } renr of U are given by

”
Me=c—>» ot (6.126)
j=1
with
k;m .
=1 if pjej + pje} =0 (6.127a)
~y BT e 0.1 1.0 0.1
o ifpje; +pje; >0Neze; #0 6.127b)
k; 0 0.1 1.0 0.1 :
or, { 1T ifpjej +pje; <OANeje; #0
S L e U N
T Pip; 7% 6.1270)
(2k; —1)m . p?ejl-erJl-eg 0.1 _ ’
2L; lfw<0/\€j6j—0.
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Here, fp~ gy and fp~+gy refer to the fact that f,, asymptotically approaches
gn as n. — oo either from above (|) or from below (7).
(ii) The eigenfunctions { ¢y } rewr satisfy

o = [ [ 9x, (6.128)
j=1
with
, €V ,
Ui, = Fp, (sin(akj 27) + —f)akj cos(oy, zj)> (6.129)
J

Moreover, given two multi—indexes k, k' € IN", then (¢y, dr') = Ok 7, where
Ok i denotes the Kronecker delta function, if

_ 2(p)? 7 ifplel +ple =0  (6.130a)
L; ((pg)2+gij (63)2) I3 VA
o) 2(p9)>2 ifpje; +pjef # 0 (6.130b)
kj Lj ((ptj))z_;’_o.éJ (69)2) ’ A 6‘?6} 7é O .
N 2(p))? ifpje; +pje} # 0 (6.130¢)
L () egn/eaf (€32) Ader=0

Proof. The solution of the eigenproblem can be directly determined by
means of a separation ansatz, which reduces the computation of the eigenfunctions
¢ to the solution of r individual Sturm-Liouville problems in the directions 2,
j € I,.. For this, the substitution of into yields and
with F}, a normalization constant to be determined below and oy, the solution of
the characteristic equation

ok, cos(ok, Lj) (p?e} + e(;pjl-) + sin(oy; Lj)(p?pjl- - U,%j 6?6}) =0. (6.131)

The root o, = 0 of does not provide a non—trivial solution 9(27) and
can hence be excluded from the eigenvalue analysis. Furthermore, observe that if
there exist j € I, and [ € IN such that pip; = ((21 — 1)7/(2L;))?€%€], then
o, = (2l — 1)m/(2L;) denotes a single root of corresponding to a non—
zero solution 9 (27). Subsequently, this case is similarly excluded from the analysis.
With this, the characteristic equation can be re—written as

= ~0_1 ~1_0
Ok, (P;€; + Dj€;

tan(oy, ) = M (6.132)
Tk; €€ — PjP;

where 6y, = oy, Lj, P} = pJL;, and pj = p;L;. Obviously, no general closed—
form analytical solution to m is available. Hence, except for a special case,
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subsequently asymptotic results are determined by distinguishing three different
configurations:
(i) plej +pje) = 0: Here, reduces to tan(gy, ) = 0, which yields
(ii) ;5?6} + ]3]1- 6(; # 0 and e?e} = 0: For this case of Robin boundary conditions
at both 27 = 0 and 2/ = L; an asymptotic solution can be determined for
Ty, €j¢j > p)p;. Therefore, let h(ak,) = k, (Pjej + je)/ (57, eje; — D)p;)
such that given ple; + pief # 0 for increasing 6,%j ele; > pip; it fol-
lows that h(dy,) strictly monotonically approaches zero either from above if
PYej+pjed > 0 or from below if pYe} + pied < 0. Itis hence a standard proce-
dure from asymptotic analysis to deduce that the roots of approach the
roots of sin(oy,) = 0. Thus, oy, = ox;/L; ~ kjm/L;j for k; € N, k; > 1,
where ~ denotes that the quotient oy, /(kjm/L;) — 1 for increasing k;. De-
pending on the sign of the term pJe} + pje), the asymptotics follow
immediately.
(iii) pYej+pjel # 0and €)ej = 0: In this case of Dirichlet-Robin boundary condi-
tions observe that yields cot(ax,) = —p9p} /(0w (D)€} + pie))]. Pro-
ceeding as above, the roots of this equation can be asymptotically determined

as (6.127/c)).

Since 2 is self—adjoint the eigenfunctions ¢ and ¢ of 2 and 2*, respectively, coin-
cide. Moreover, (U, ,Vk;,)12(0,0,) = Ok;,.k;,» Ki1» Kjo € IN, the normalization
coefficients Fy; in follow from the evaluation of (J,, Uk, )r2(0,0,) = 1
for oy, satisfying the characteristic equation or (6.132), respectively. This
yields

.. =

J

4(p)* o,
L; (sin(2x,) [(95%,)2 —(2)2] 264, [0(P0+e0)+(c0ax ;)2 —0p? cos(2a,) | )
(6.133)

Hence, in view of the determined exact and asymptotic solutions (6.127) for oy, or
o, , respectively, (6.130) can be directly deduced. O

The separation approach for the solution of the eigenproblem directly illustrates that
only simple eigenvalues occur for each individual Sturm-Liouville problem in the
coordinate 27, j € I,.. Hence, it can be easily concluded that the algebraic and the
geometric multiplicity of each eigenvalue \; governed by coincide, which
confirms Assumption Since each set {0, }1, e represents an orthonormal
basis for the space L?(0, L;) the separation ansatz implies that ¢y, as introduced in
(6.128) denotes an orthonormal basis for X and hence a Riesz basis [1]. With this,
Assumption is fulfilled.

These preliminaries allow the determination of the Riesz spectral system repre-
sentation. Differing from the general set—up multi-index notation is subsequently
used in view of Lemma[6.4] Note first that the application of the adjoint operator
$B* as defined in to the elements of the set {¢y, } ken- results in
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% d) = p; ) z"Lk:,r, 2"=L,> (B )
k ]"
Py k(‘)[ ) ‘?b 62’“15’? |Z7‘_[T (sz)

with
ki) = Phiyerskir1 = H Uk, - (6.134)

Herein, ¢y, represents an orthonormal basis for L?(0£2;) such that Assumption
[63]is satisfied for the case (B1). This in particular implies that the input v () can
be represented in terms of the Fourier series

u(t) = Z Uk () Pk - (6.135)

k() €N

for all vy, (t) = (v, 9k, )L2(0021) € @(m (0, 7). Secondly, Theorem [6.3] yields
that 2( is a Riesz spectral operator whose spectral representation can determined in
multi—index notation according to

Az = > Nelx, dr)x bk z € D(), (6.136)
keNT
where
D(A) = {x €X: > [Nl dr)x | < oo} (6.137)
kENT
Moreover, any z(t) € X can be represented in terms of the Fourier series
a(t) = Y (2(t), ¥r)x br- (6.138)
kENT

By making use of the adjoint control operator (6.124) the Riesz spectral system
representation of the boundary control system (©.123)) according to (6.23)), i.e. in the
operational domain, can be evaluated using multi-index notation

1
Tp(s) = mbkrﬂk(,,.n(3)~ (6.139a)
Here,
N Uk(r\)( ) (B]-)
G, (8) = {Zz il(s), (B2) (6.139b)

with by, = (b, or,,, ) £2(9,)/bk, and
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azT 19k77“ |ZT=L7‘

b, = —
Pl

. (6.139¢c)
As pointed out during the general treatise, the ability to parametrize state and input
in terms of a basic output essentially relies on the (approximate) controllability of
the distributed-parameter system according to Assumptions [6.3] and [6.2] for (B1)
and (B2), respectively.

Remark 6.13. Since 2 is a Riesz spectral operator approximate controllability of
Yoo and X, can be analyzed based on the spectral representation (6.139) by making
use of [@ Theorem 4.2.1]:

(i) The system X', is approximately controllable since by, # 0 forall k,, € IN. The
latter follows immediately from the results on the eigenfunctions in Lemmal6.4
Moreover, consider for k = (k(y|), k) with k() fixed but arbitrary
and k, as the running index. Since )\, satisfies it can be easily deduced
that each k(. subsystem actuated by 9, (s) is approximately controllable,
which for the Riesz spectral system X', implies approximate controllability.

(ii) Let the algebraic multiplicity r{ of the eigenvalue A\ equal its geometric mul-
tiplicity 7{ and let 7 = sup,, r{* < co. Then %, is approximately controllable
if m > 7% and if the spatial characteristics b'(z), [ = 1,...,m, are such that

=L, L2(00))] z=) =rf. (6.140)

----- %

rk( (b, 0,r 1y

forall k € IN", where (¢ )izl’...w,‘; is the sequence of generalized eigenvectors
to the eigenvalue \;. While the finiteness of the algebraic multiplicity and its
equality with the geometric multiplicity can be verified for the considered set—
up depending on the values of L;, j = 1,...,r, the rank condition is
assumed to hold subsequently.

Note that similar results are provided, e.g., in (3] for Dirichlet boundary control.

6.5.3.4 Formal State and Input Parametrization

Proceeding as in Section[6.5.2.3|directly reveals the state and input parametrizations
in terms of a basic output.

Case (B1): Infinite-Dimensional Boundary Control

In the case of an infinite—dimensional input, (6.111]) implies

bi, 0.7 .
#(s) = =3 =DE ., (9)éke (5) (6.141a)

Ok (5) = D, Gk (5) (6.141b)
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with the operators as defined in (6.43) re—written using multi—index notation

Oﬁi(m(s) — o G 9k(p)) H g( 792(T|)) (6.141c¢)
neN\{k,} ey
k( |> H g (/\ 792(,,,)) (6.141d)
nelN keyym
Here, Ak, ,.n 1s used to refer to Ay with k. = n € IN serving as the running

index in the product. Moreover, recall that g;:w is used to refer to the genus

of the sequence (s/ )\k(r‘),n)new. In view of Assumption [6.4] this implies that the
introduced index set, for which the projected components of the input coincide,
satisfies Sfl’l = S;’l = IN. Furthermore, implies that the basic output
§(t) = &(-t) = &(2(r)), ) can be represented in terms of the Fourier series

O D N (5 I (6.142a)

k() €NTT

with k), from (6.134)) provided that

S EW), @roy 2o ? < 00 (6.142b)
k(,“)E]NT_l

given ¢ € (0, 1) for some 7 > 0.

Case (B2): Finite—Dimensional Boundary Control

For the case of a finite—dimensional boundary input it is necessary due to the incor-
poration of multi—index notation to introduce the two sets

= [ {M), S:={keN: X €8} (6.143)
kelN™

Obviously, S, denotes the set of all disjoint eigenvalues while S represents the
corresponding multi-indexes. With these, (6.113) implies

Z by, ODI (s) (6.144a)
ol(s) = (s)fl(s) (6.144b)

with the operators (6.32)) re—written by making use of (©.143)), i.e.

Di(s) =" ] Q(i,gs> (6.144c)

A
nES, An#Ap "
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pus)=[[ ¢ (Ai,QS). (6.144d)

nes

Note that given two different multi-indexes k, ¥’ € IN" such that A\, = A/, then
the parametrizations of the spectral states & (s) and & (s) differ in the coefficients
bl due to the rank condition (6.140). Moreover, observe that the main distinction
between the formal state and input parametrizations and is given
by the number of elements considered in the Weierstrass canonical products. As
pointed out in Remark [6.13] the formal parametrizations are evaluated over
IN due to the separation of the spectral representation in the case (B1) of an infinite—
dimensional control. Since this separation is not valid in the case (B2) of a finite—
dimensional control, the resulting formal parametrizations have to be evalu-
ated over S C IN". This distinction is however crucial for the convergence analysis.

6.5.3.5 Convergence of the Parametrized Fourier Series

In order to ensure the convergence of the parametrizations it is necessary to deter-
mine the order and the type of the operator Dy (s) for the case (B1) and D*(s)

for the case (B2).

Case (B1): Infinite-Dimensional Boundary Control

For the analysis of the convergence in the case (B1) it is decisive to observe that
(6.126) yields a separation of the eigenvalues according to

Me = Ay + Ak (6.145)

wihR > Ay | =c— Zg;i J,%j andR >\, = —o7, . Equation (6.143) hence
implies that the order and type of ﬁ%<r\> (s) are for each fixed but arbitrary multi—

index k(,;y € IN"~! only determined by the sequence (A k. )k,cN- Since, the latter
is equivalent to the spatially 1-dimensional setting due to the separation utilized for
the proof of Lemmal6.4] Proposition[6.2]yields g‘,j(rl) = (0. With this, Proposition[6.3|

provides the order g, , = 1/2 while Proposition [6.4] confirms that the type Thir))
is finite.

Remark 6.14. The type of 15};(”) (s) can be explicitly computed as

Ly, if (ple; +pre) = 0) V (pley +pre) # 0 A elel # 0)
Tk =

L, if (p0el + pled # 0) A (06l = 0)

by making use of the determined asymptotics (©.127). For this, recall from (B.7)
that the type 7, of Dy (s) can be determined by the formula
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log M (n)

Tk, = lmsup Ty

n—oo 1]

where M (n) denotes the maximal modulus of ﬁgm) (s) (cf. (B.9)). In view of the
infinite product representation with genus g‘,j(rl) = 0 it follows that

Dy, (), if Ak, + A, <0, Vk, € N

N
n . v
M(n) = H (1 + N ) X if )\k(m) + /\kr > 0 for (6146)

A + A
L By T e ke € {1,...,N} while
H (1 - 4), Ak T S\k,,, <0, kr > N.
kp=N+1 Akrpy T Ak,
Since A ko < 6 is bounded from above and since A b, = —0']% < 0, for the

evaluation of the limit as 7 — oo it is sufficient to consider M (n) = D};( |)( n) for
both cases, i.e. )‘km) + 5\,% < 0, Vk, € IN and )‘km) + S\k,,, >0,k €{1,...,N}
while /\k( y T 5\k < 0, k. > N. Hence, utilizing the determined asymptotics

&127) for the zeros of D¥

ke |)( s) implies that

M(n) ~
My S0y Ay T1) i (el 4 pled = 0)v
My 1) sinh(Ly,Ag ) (PRe+pked 0 Al #£0)
cosh( “\/ Ak +7)) 1f( Ocl 4 ple 7&0)/\
cosh( 1/)\,% ) 7 (2 }n )

for sufficiently large 7. Taking the limit as  — oo yields 7y, = Ly or 7j,,, =
L, /2, respectively.

As a result, the convergence of the parametrizations can be immediately con-
cluded from Theorem[6.6]such that the proof is omitted subsequently.

Proposition 6.5. If §i ., (t) € GDk( T, (R) with a,,, < 2 and if in addition

(ka))km)elNT 1 € (2, then the state and input parametrizations (6.141) with
(6.138) and (©.133) converge uniformly.

Remark 6.15. Note that the determined convergence results are fully consistent with
the available results for the 1-dimensional case, i.e. » = 1, where typically power
series are utilized for the determination of the state and input parametrizations (see,

e.g., [32,153,139, l43)).
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Case (B2): Finite—Dimensional Boundary Control

Given the finite—dimensional boundary control, 75“(3) is evaluated over the index
set S C IN". Hence, Proposition applies, which provides a lower and upper
bound for the order of the Weierstrass canonical product D% (s). In addition, the
following restriction arises, which refers to the type of D (s) being maximal.

Remark 6.16. Since the type of the entire function 75“(3) is maximal for even di-
mensions 7 there do not exist finite positive constants A, B such that [D%(s)| <
Aexp(B|s|"/2) [34]. However, the validity of this inequality is essential for the
operational convergence analysis. Hence, this case has to be excluded from the sub-
sequent analysis for the case of finite—dimensional boundary control.

With these preliminaries, the convergence of the state and input parametrizations in
the case (B2) can be deduced from Corollaries[6.3] and[6.41

Proposition 6.6. Let r be odd. If €' (t) € Gpi ot (R) with o' < 2/r and (bl,)ren- €
foralll =1,...,m, then the state parametrization (6.1338) with (6.144a) and the
input parametrization (6.144b) converge uniformly.

Summary
In view of the results determined above, the state and input parametrizations in terms

of the basic output for the two boundary control configurations X', and X, can be
summarized as

ot w(t) =Y wrlE, (1) (6.147)
kelN™
vty = D vk Erey )¢k, (6.148)
k(e €NTt
St x(t)= > zx(&()dn (6.149)
keIN™
v!(t) =D"(9,) o £(¢) (6.150)

with the parametrized Fourier coefficients from (6.141) and (6.144) given in the
time—domain by

Yoot Tk (gk'rm) (t)) = O,ZA):(TD (8t) © fk(q) (t)

Uk () (gkm) (t)) = ﬁgm) (8t) o gk(r\) (t)
m b
D : z(€(t) = — /\—iopi(at) o &'(t),
=1 .

where &(t) = [€1(t),...£™(t)]T. These expressions serve as the basis for the solu-
tion of the considered trajectory planning problem by assigning suitable trajectories
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for the basic output towards the determination of feedforward tracking controls for
the two boundary control configurations.

6.5.3.6 Constructive Approach to Steady State and Approximate
Controllability Analysis

With these results, an explicit solution to the trajectory planning problem can be
at least formally determined in a systematic manner. In addition, the presented ap-
proach provides a constructive proof of controllability since the feedforward control
necessary to reach a desired (admissible) final profile along a prescribed spatial—
temporal path starting from a given initial condition is directly obtained.

For this, note that the flatness—based state and input parametrizations and
for the case (B1) by construction represent exact solutions of the respective
controllability moment problems (see, e.g., ,]) assuming that the initial and the
final profile are stationary. This in particular also confirms the steady state controlla-
bility of the considered problem in the sense of [11]. Moreover, the parametrizations
for (B1) immediately allow to achieve any spatial-temporal path 2*(¢), which can
be expressed in terms of basic output trajectories £*(¢) ensuring convergence of the
Fourier series according to Proposition This illustrates the close relationship
between (steady state and approximate) controllability and the existence of a basic
output, which is well-known for finite—dimensional linear systems. If » = 1 it is
shown in [32] that this relation holds also for approximate controllability by consid-
ering finite time transitions between non—stationary initial and final states. However,
for » > 1 the general verification of this property is still an open problem.

These results hold at least formally for the case (B2) of a finite—dimensional con-
trol, where, as shown above, the determined parametrizations (6.144)) might diverge
depending on the particular trajectory planning problem and the necessary Gevrey
order of the basic output. However, it is shown subsequently that this still allows to
compute applicable feedforward controls by incorporating suitable summation tech-
niques towards an approximate solution of the trajectory planning problem. More-
over, the results of Proposition yield that any spatial-temporal path z*(t) can
be realized, which is parametrizable in terms of basic output trajectories £ (¢) of
Gevrey order a < 1/9 = 2/r for odd dimensions 7.

6.5.3.7 Finite time Transition between Stationary Profiles

In the following, the theoretical results of the previous sections are illustrated in
simulation scenarios for a cuboid with » = 3 and L; = 1, j = 1,2,3. For
this, the diffusion—reaction system is discretized with respect to time and
space using an implicit and absolutely stable Crank—Nicholson approach. The sys-
tem parameters are thereby chosen as ¢ = —10, p? = p} =1, 6? = e} = 0 for
7 =1,2,3,i.e. Dirichlet boundary conditions with Dirichlet input. However, Robin
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boundary conditions and combinations of Dirichlet and Robin boundary conditions
can be considered similarly.

The realization of a finite time transition starting at the initial state z,(z) = 0,
z € {2, to reach a stationary final state x,.(z), z € §2, fort > T with T = 0.1 along
a prescribed spatial-temporal path is considered following the indirect trajectory
planning approach introduced in Section[6.4.1.2] Thereby the final stationary profile
is imposed indirectly by prescribing the proﬁle@

27 (2)|w(z)=0 = min{z', 2%, Ly — z*, Ly — 2%} (6.151)

on the interior surface @(z) = 23 — L3/2 of the parallelepipedon (2.

Case (B1): Infinite-Dimensional Boundary Control

For the solution of the trajectory planning problem the least squares problem (6.73)
is solved, which in terms of the considered multi—index notation reads as

. 2
min (|5 (23 05 (2 31)3 o oy D eo(2)=0 = 7 ()| ()=0 | x
{fs‘k(m)}k(m)ew?

subject to
(A+c)xs, =0, z €2
6?8ijs —p?l‘s = 07 Zj = 07 j € I’F
;0 s + pias =0, =1L, jel?
671,8”1:3 —|—pix3 = US(Z(3|)§£s,k(3D)7 2% = Ls.

With this, a solution for the Fourier coefficients {x,, }x,,en2 is obtained in the
sense that the solution 5 = 5(2;vs(2(3)); §ks), ) lw(2)=0 corresponds to an L
approximation of x| (z)=o- The resulting profile for &, , with k) < (6,6)
is shown in Figure [6.4] providing a comparison of Tp|e(z)=0 (left) and 5|5 (2)=0
(right). Since only a finite number of Fourier coefficients is computable a smoothing
of the edges and a small loss of amplitude can be observed, which results in an L—
error of ||J}s|w(z):0 — Z‘T|w(2):0||L2(Qw) = 0.004 with 2, = Q|w(z):0.

In view of these considerations, the spatial-temporal transition path £*(t) =
£*(2(g)),t) for the basic output connecting xy and |5 (2)=0 = Zs|w(2)=0 is cho-
sen according to (6.69), which yields using multi-index notation

EW) = D &by, (6.152)

k(s €N2

'2 This set-up partly introduces a 3-dimensional analogon to the finite time transition prob-
lem considered within an optimal control setting in [@], where the input ugn (z,t) is as-
sumed to act on the complete boundary 902 of 2.
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Fig. 6.4 Desired profile (left) determined by (G.I51) and its L*—approximation (right) ob-
tained by solving (6.75)

Here, gr . (t) represents the Gevrey function defined in (B3) with w = 2, i.e.
gr.w(t) is of Gevrey order « = 3/2. Note that in particular the transition time
T > 0 can be freely assigned with small values of 7" resulting in larger input am-
plitudes during the transition phase. With this, the corresponding feedforward con-
trol uge(t) = v*(z(3)),t) follows directly from the evaluation of with the
Fourier coefficients parametrized in terms of (6. 141H).

Simulation results for this scenario are provided in Figure [6.3] where the bound-
ary input uq () and the local state profile ()| (.)—o are shown for different in-
stances of time ¢ € {0, 0.02,0.03,0.042,0.053,0.1}.In order to achieve the desired
transition within ¢ € [0, 0.1] a rather non—trivial behaviour of the input is required,
which due to the chosen transition time 7" and trajectory parameter w yields a rise of
()| (2)=0 over the maximal amplitude of the final profile in the initial transition
phase (cf. Figure[6.5(d)]for ¢ = 0.042). For further clarification consider Figure[6.6]
where #(t)|5(2)—o evaluated at the center (z',2%) = (1/2,1/2) is depicted over
time ¢ with the markers corresponding to the snapshots of Figure Due to the
symmetry of the desired final profile (cf. Figure[6.4] (right)) this trajectory describes
the evolution of the peak of ()| (.)—o. Hence, a highly dynamic behavior is ob-
tained during the transition with an accurate realization of the final profile with an
L?—error ||x(T)|w(z):0 — Ty W(Z):OHLZ(QW) = 9.736 x 10~*. Note that by re—
planning £*(t), i.e. in view of adjusting T and w, different spatial-temporal
transition paths can be achieved in view of the solution of the trajectory planning
problem.

Case (B2): Finite—Dimensional Boundary Control

While the assignment of the basic output trajectory (6.152) with Gevrey order re-
stricted to the interval « € (1, 2] in the case (B1) of an infinite—dimensional control
results in convergent state and input parametrizations it is revealed in Section
that the corresponding parametrizations in the case (B2) of a finite—dimensional
control are inherently divergent for the realization of finite time transitions between
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Fig. 6.5 Feedforward control us (t) and simulated profile x(t)| (=0 at different instances
of time ¢ € {0,0.02,0.03, 0.042, 0.053, 0.1} for the (approximate) realization of the desired
final profile (6.131) in the case (B1).
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Fig. 6.6 Simulated profile z(t)|w(.)—o evaluated at the center (2', 2%) = (1/2,1/2) in the
case (B1)

stationary profiles. However, it is shown in 1321 by making use of least—term summa-
tion as well as 67,42, 39, 143] by considering more general summability techniques
for power series that divergent parametrizations still allow to extract meaningful
results, which can be used to solve the trajectory planning problem.
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Feedforward control using (N, §)—approximate k—summation

In order to evaluate the parametrizations and for finite—dimensional
boundary control, it is necessary to analyze the Weierstrass canonical products
0Dz (s) and D*(s) as defined in and (6.144d). Note that subsequently only
the results for the input parametrization are provided, which allow an easy deduction
of the respective results for the state parametrization. Since D (s) and D*(s) are
entire functions of finite order ¢! by Proposition [6.3]they admit a MacLaurin series
expansion, i.e.

oo
— gl
= E cjs’,
Jj=0

which converges for all s € C [@]. With s denoting the operational equivalent to
time differentiation, this yields

V' (E(t) = D(9y) Z c; 0l (6.153)

Hence, the input parametrization can be alternatively evaluated in terms of
a formal series. With the considerations in Section[6.4.1] this series diverges if &' (¢)
is assigned to realize a finite time transition between stationary states. Moreover, the
practical evaluation of requires to truncate the series after finite number of
addends.

However, following [@, ,,] the application of suitable summability tech-
niques still allows to extract a meaningful input trajectory from a finite number of
series coefficient of the in general diverging series. Herein, given a power series

(oo}
=3 a2
= ajz
=0

the so—called (N, £)—approximate k—summation

SV si(2) j
J F(1+E) , Sj(Z):ZaiZi (6.154)

(S f)(=) =
Z;'V:o @ i=0

with I'(-) denoting the Gamma function was introduced and analyzed to approx-
imate the limit of certain slowly converging or even diverging power series f(z)
from a finite number of series coefficients {aj} j=o,...,~. The summation parame-
ters k and & serve as degrees—of—freedom, which have to be chosen appropriately to
improve the summation result. For a detailed discussion of the deduction of S

from the so—called k—summation as considered, e.g., in [@ @ I] its properties, and
approaches for the determination of the summation parameters k and ¢ the interested

reader is referred to [@, , ].
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Fig. 6.7 Actuator configuration (left) and resulting L?—approximation from (&.Z8) (right) for
the profile (©.I3) in the case (B2)

Hence, subsequently (6.154) is utilized to evaluate the in general diverging series
(6.153) such that

N & 1
Zj:() Sj (t) [‘(1+%)
N ¢i
2j=0 T D)

with the desired trajectory (6.72) is used for the determination of the feedforward
tracking control in the case (B2) of a finite—~dimensional boundary control.

vt (EH(1) = (6.155)

j .
sj(t) =Y e0]€n(t)
i=0

Numerical results

In order to illustrate the application of (6.1535) the actuator configuration depicted in
Figure[6.7] (left) is considered, where the plane z(3)) € 0§2y is covered with 9 patch
actuators. These are a bundled into 3 color—coded spatial input characteristics

1z € Uiy 027
0, else

1, z@ap 689?
0, else

b = .o l=12 =

with each driven by an input signal v(¢), | = 1,2, 3. Similar to the scenario con-
sidered for (B1), the indirect trajectory planning approach introduced in Section
is applied by solving the least-squares problem (6.78) for &,. The result-
ing smoothed L2-approximation z; = x5 (z;v,(€,)) with the error || |w(2)—0 —
Tp|w(z)=0llL2(02.) = 0.005 is shown in Figure[0.7] (right).

In order to connect the initial and final state the desired trajectory £*!(t) ac-
cording to with &' = ¢, 7 = 0.1, and w! = 2 for | = 1,2,3, is as-
signed for the basic output ¢!(¢). Hence, £*!(t) is of Gevrey order o! = 3/2.
Due to the divergence of the parametrizations the corresponding feedforward con-
trols v'(t) = v*i(¢*!(t)) are determined from by making use of the
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Fig. 6.8 Feedforward controls v*"!(¢*!(t)), I = 1,2, 3 (black) for the case (B2) obtained
from (6.153) in comparison to respective trajectories from the evaluation of the sum (6.153)
(gray). The markers correspond the snapshots depicted in Figure [6.9]

(N, &)—approximate k—summation. For the following numerical results N = 71,
which corresponds to the upper limit of derivatives of £*!(t) in the evaluation of
v*!(€*L(t)) computable in double precision. The determination of the summa-
tion parameter k is motivated by the Gevrey order of ¢*!(t), which determines
the growth of v*!(£*(¢)), such that k = 3/2. Moreover, numerical experiments
by evaluating for N and k fixed with ¢ varying motivate the choice of
& = 0.145 for the remaining summation parameter. The resulting input trajectories
vol(€L(t)), I = 1,2, 3, are depicted in Figure [6.8]in comparison to the respective
results obtained from a direct evaluation of the sum with £%1(t) substituted
for ¢!(t). The implications of this result are twofold. At first, the application of
the (N, £)—approximate k—summation obviously allows to extract meaningful input
trajectories from the diverging series. Secondly, the feedforward controls involve
significant variations in amplitude to realize the desired transition within the time
interval ¢ € [0, 0.1] revealing the transition dynamics.

Simulation results for the application of the feedforward control are provided in
Figure [6.9] where the boundary control ugg, (t) = Zle blo*l(£%1(t)) and the lo-
cal state profile x(t)| (. )—o are shown for ¢ € {0,0.025,0.045,0.058,0.075,0.1}.
The temporal snapshots are chosen to cover different transition phases involving
both the maximal (¢ = 0.045) and the minimal (f = 0.058) input amplitudes within
the interval ¢ € (0,0.1) (cf. also the markers in Figure [6.8). The deviation be-
tween the obtained and desired final state can be quantified in terms of the L?—error
25w (2)=0 = (1) w(2)=0ll L2(2..) = 1.641 x 102, which is of a magnitude com-
parable to the error obtained for the infinite—dimensional boundary control. The
corresponding transition path for (t)|(»)=o evaluated at (z',2%) = (1/2,1/2)
is shown in Figure and confirms the realization of the prescribed finite time
transition between stationary profiles.

Note that differing from the scenario for the case (B1) no overshoot occurs for
#(t)|(2)=0 although both the Gevrey order in the desired trajectory for the basic
output and the transition time coincide. This is in particular a result of the boundary
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Fig. 6.9 Feedforward control us (t) and simulated profile x(t)| (=0 at different instances
of time ¢ € {0,0.025, 0.045, 0.058,0.075, 0.1} for the (approximate) realization of the de-
sired final profile (6&.131)) in the case (B2)

control configuration with a finite number of spatially localized actuators. Never-
theless, these numerical results clearly confirm the applicability of the proposed
approach also for the case of a finite—dimensional boundary control, where the in-
herent divergence of the parametrizations can be addressed by including suitable
summation techniques into the solution of the trajectory planning problem.

6.5.3.8 Finite Time Transition between Arbitrary Profiles

Finally, simulation results are presented for the case (B1) of an infinite—dimensional
boundary control to realize a finite time transition within ¢ € [0,T] with T' = 1
starting at the initial state z,(z) = 0, z € {2 to reach an e-neighborhood of the
non-stationary final profile 2, (2) at t = T depicted in Figure [&.11] (left). Thereby,
zp (%) is given as

s
3),1) (6.156)
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Fig. 6.10 Simulated profile z(t)|. (. )0 evaluated at the center (2", 2%) = (1/2,1/2) in the
case (B2)
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Fig. 6.11 Desired profile z*(¢) (left) and obtained profile x(¢) (right) at t = 1

with (¢, R) = {z € £2: Z] (27 — ¢7)? < R?} denoting the sphere of radius
R centered at €. Proceeding as proposed in Section[6.4.2] the desired profile (6.]
is projected onto a finite number k = (6, 6,40) of Fourier coefficients, Wthh are
required for the numerical solution of the constrained least—squares problem (6.84)
or ( H.(ﬂ) and (6.86b)), respectively. This yields the coefficients fj’ or respectively

in multi-index notation of the desired trajector for the Fourier co-
k<3|> i ) y

efficients &g 1or gt ka)) of the basic output and hence the corresponding spatial—

temporal path £*(z(3)),t) according to (©.70). Subsequently, the function (B3) is
used for gri .1 (1) = gr.w(t) with w = 2 chosen for the numerical evaluation of
(©81). By eva(iuatlng the input parametrization the respective feedforward control
u}(2(3)),t) is obtained as shown in Figure [6.12] for different instances of time
t € {0,1/3,2/3, 1}. Here, rather large variations in both the input amplitude and its
spatial distribution can be observed before reaching the final input profile at t = 7.
However, the simulation results indicate that such an input behavior is required to
achieve the desired transition along the spatial— temporal transition path determined
by £*(z(3)),t). This is confirmed in Figure [6.11] (right), where a snapshot of the
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Fig. 6.12 Snapshots of the input usg, (¢) at different instances of time ¢ € {0,1/3,2/3,1}
for the realization of the finite time transition with the final profile depicted in Figure [6.11]
(right)

simulated profile (2, t) due to uj, (23|, t) is shown at ¢ = T'. Obviously, a rather
accurate tracking is obtained for this rather complicated desired non—stationary pro-
file with only a minor smoothing of the two spheres of positive and negative values
of z(t). Due to this smoothing and the non—zero input profile at ¢ = 7" on the bound-
ary z3 = Lg (cf. Figure [6.12(d)), only a transition into an e-neighborhood (in an
L2-sense) of z can be realized. Of course, it has to be pointed out that the profile
x(T) is not holdable for ¢t > T'. Nevertheless, these results clearly confirm the prin-
ciple applicability and potential of the proposed solution to the trajectory planning
problem.

Notes

The results of Section are partly based on [4q)]. Acknowledgement is given
to (©2011, Elsevier. Reprinted, with permission, from T. Meurer, “Flatness—based
Trajectory Planning for Diffusion—Reaction Systems in a Parallelepipedon — A
Spectral Approach”, Automatica, 47(5):935-949.
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6.6 Experimental Validation for a Flexible Plate with
Distributed MFC Actuators

In the following, the spectral design approach is applied to realize desired elastic
motion trajectories for the flexible thin plate with spatially distributed MFC actua-
tors introduced in Section[.2] For the determination of the spectral system represen-
tation and hence the formal state and input parametrization, either the strong form
of the equations of motion given by (.41} or the respective weak form (#.48)) can
be transferred into the operator formulation according to (6.2)) with a Riesz spectral
operator 2[. Based on these results, the solution to the trajectory planning problem
is presented and validated by experimental results. For the computationally efficient
realization a semi—numeric approach is deduced from the operator theoretic analy-
sis by making use of weighted—residual techniques involving finite element methods
for the determination of ansatz functions given a particular spatial domain.

6.6.1 Spectral Properties and Spectral System Representation

In order to be able to cover both the case of ¢ > 0 and ¢ = 0 in the actuator
characteristics p¢(-) subsequently the weak form is considered, which is recalled
below for the sake of simplicity, i.e.

(0} (t),T) + (AW () (1) + (Ao, (1)) (1) = F(1,1)

w?(0) = wé,va;:i*(o) = w? (6.157a)
with
S =2 & (6.157b)
leM
and

(1) = —IPx

1
(<A;, ! {aflaglm 25T + (a2 + 21)9.9,27] cos ozl> +
H

1
< oo [aBhORT o+ FH0%T + (aff + a31)0.,0.7] sinal> ) (6.157¢)
H

The Lax—Milgram theorem allows to associate the operators 2A* € £(V,V’) and
A% € L(H,H') with the sesquilinear forms ¢! (w?(¢),7) = (Alw(t), vy =
(w3 ())(Y) and ¢2(w?(t),7) = (A2w3(t), Ve = (A20,w3(t))(T) defined
by and @46). Herein, V = Hj, (£2) and H = L?(£2) is equipped with the
inner product @43), i.e. (w, W)y = [,, pwid df2.
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Alternatively, (6.157)) can be interpreted as an abstract differential equation in the
dual space V' according to

2w (1) + A (1) + Woul (1) = f(1)

6.158
w*(0) = wl, 9,w(0) = w?. ( )

6.6.1.1 Undamped Case

For the sake of simplicity viscous damping is at first neglected, i.e. A% = o or
¢2(-,+) = 0, respectively. Moreover, recall that V, H, and V'’ form a Gelfand triple
V < H = H' < V' with continuous and dense embedding.

Lemma 6.5. A is self-adjoint.

Proof. Following [@, Theorem 7.6] the assertion follows if there exist constants
¢, k > 0 such that

R{c (w,w)} > clwl}y — kllwl, (6.159)

for all w € V. Recall that ¢!(-,) is real and symmetric and that Lemma E.IJi1)
yields the existence of k1 > 0 with R{c* (w, w)} = ¢*(w,w) > ki|lw||}. Taking
into account the Friedrichs inequality, i.e. 3K > 0 : |Jw|/% < VK| w|y, it follows

that —k||wl||3, > —kK||w||%. As a result, there obviously exist constants ¢, k > 0
satisfying ¢ — kK < kj, which yields (6.159). (|

Alternatively, Lemmal[6.3]can be proven by taking into account Gérding’s inequality
(1] for the quadratic form ¢! (w, ). With this, the following spectral properties of
the operator 2! can be deduced.

Lemma 6.6. Consider the eigenproblem A'¢ = \¢, which in variational form is
equivalent to ¢* (¢, 1) = (A, Ny, VT € V:

(i) The eigenproblem has only real and positive (countably many) eigenvalues
(Ak)kew of finite algebraic multiplicity r{ with limy_,oc A\, — co. The respec-
tive geometric multiplicity v}, i.e. dim E(\,) with E(\;) = ker(2! — \J), is
finite.

(ii) For two distinct eigenvalues N\, and \; the eigenspaces E()\y;) and E(\;) are
mutually orthogonal.

(iii) The eigenvectors ((¢r, )jzl’...’rz)kem form an orthonormal basis for V with
respect to the inner product (-,-)y, = <'(-,-). Moreover, {¢y,, ¢1,)3 = Ok, 1,
and for any x €V the Fourier series

=" (2, 6x,)nok,

kEN j=1

converges in V.
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(iv) The operator A" admits the spectral representation

mlx:ZAkZ ORI Z )Pk

keN  j=1 kEN j=1+r]

Lemma [6.6 is a direct consequence of Lemma [6.3] and the fact that (A!)~! is a
compact operator since the injection V — H is compact by the Sobolev embed-
ding theorem. A proof of Lemmal6.6]can be found, e.g., in , Theorem 7.7],
Section 12.1, Theorem 17.11] or [@, Theorem 20.12].

Taking into account and with the test function 7" € V replaced
by ¢, and recalling that (-, )v+,v is the extension of the inner product (-, -)3; from
Y x H to V' x H hence yields

(’)f<w3(t),¢kj>ﬂ+/\k<w3(t), > + 03y, k<w ¢kg+1>7_£
= 8(¢w,)UF(t) (6.160)
leM
forj=1,...,7¢, ke N,withoj, =o(j — 1) —o(j — ).
Subsequently, let A, = A} A} with ), = 2/A; and A}, = —21/); and introduce
the change of coordinates

1 .
T, (t) )\, _ )\, ( < ( ) d)k > <atwd(t)a¢kj>7_[)
1 (6.161)
Tk, (t) = N (Ne{w? (1), @1 )y + (Bp0® (1), bk, ) 5,)
forj = 1,...,7}, k € IN. Differentiation with respect to ¢ and taking into account
(6160 yields
atxkj (t) = A_;cxkj (t) + ;ﬁ:f (‘:Ukj+1 (t) + T—kjp1 (t))
v A; 2 & (0,)UF D)
i (6.162)
atx*kj (t) = A;cx*kj (t) 2;/ ( kj+1 (t) + Ty (t))
> 6 (on,)UF (1)
N Aﬁ« et

forj = 1,...,r%, k € IN. Further analysis of (6.162)) requires to distinguish two
cases depending on the algebraic and geometric multiplicities.



6.6 Experimental Validation for a Flexible Plate 169

Algebraic and Geometric Multiplicities Coincide

If ¢ = r{ forall k € IN, then with Z; = Z \ {0} the ODEs (6.162) are equivalent
to

Oy, (t) = Newn, (6) + D _WPIUP(E),  j=1,...,rfy, kE€Z1  (6.163a)
leM

if E is extended to negative indexes by A’ , = A}, k € IN, and

bp,l . Ef(¢|klj)

= = . 6.163b
= (6.163b)

Algebraic and Geometric Multiplicities Differ

Let r{ < r{ for some k € IN. Then it is necessary to introduce a linear transforma-
tion @, (t) — 1%, Ty, (t) to transfer for fixed ¥ into its corresponding
Jordan normal form Note that this always possible since r{ is finite for all k. By
similarly extending )\_;C to negative indexes, i.e. X—_k = M., k € IN, and by not
distinguishing between xy, (¢) before and after the transformation the spectral rep-
resentation is finally obtained in the form

atxkj (t) = /\_2,1’]{] (t) + 05 kTh; (t) + Z bi;lUlp(t) (6.164)
leM

forj = 1,....7%, k_e Z. Herein, 0j ), = o(j — Tlgkl) —o(j — rfj,) and bz;l
depends on 6] (¢, kl;)» s A» and the elements of the transformation T,

As a consequence, the formal parametrization introduced in Section can be
applied for the spectral system representations (6.163) and of the undamped
thin plate with distributed MFC actuators with the countable index set IN replaced
by 7 according to Remark [6.1]

6.6.1.2 Viscously Damped Case — Constant Damping

If 7 is independent of z, then by (#46) the sesquilinear form ¢%(w?,7) fulfills
P (w?, 1) = (WPw?)(T) = (pw?,T),, = v(w?,T),, . Since in addition H is topo-
logically equivalent to L?(£2) proceeding as in the previous paragraph provides for
and with the test function 1" € V replaced by ¢y, that

8t2<w3(t),¢k > + 0, <w3 t), > +)\k<w )s Ok, >

+ o (W (1), bhyr )y = D BF (0, )UF(), k€N, (6.165)
leM
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Let subsequently r{ = r{ for all k € IN such that 0 ;, = 0 for all j and k. Under
weakly damped conditions with A\, — (7/2)% > 0, Vk € N, introduce

Ny = —0/2+ 0/ — (7/2)2, N, = —0/2 — /M — (7/2)2. (6.166)

Then the change of coordinates results in a representation of accord-
ing to (6.I62). By extending X, to negative indexes with A’ , = A, k € IN, this
formulation is equivalent to the spectral representation (6.163)).

By proceeding as in the undamped case it can be shown that given r{ < r{ for
some k£ € IN, then can be recovered also for constant viscous damping.
Thereby, A/, has to be replaced by and extended to negative indexes by
E = A}, k € IN. As a result, the formal parametrization can be directly applied
to the thin plate with constant viscous damping coefficient.

6.6.1.3 Viscously Damped Case — Spatially Varying Damping

Differing from the two previous paragraphs given spatially varying viscous damp-
ing the spectral representation of the equations of motion cannot be directly deter-
mined from the weak form. Here, the governing equations have to be transferred to
a semigroup setting. While physical experience allows to deduce that the eigenval-
ues occur in conjugated complex pairs, whose real part is strictly less that zero, the
spectral properties cannot be established in a way similar to Lemmal[6.6 As a result,
in this case a semi—numeric realization is proposed below, which makes use of an
interpretation of the weak form within a weighted—residual setting.

6.6.2 Formal State and Input Parametrization

The results of the previous section directly enable the determination of a formal
state and input parametrization by exploiting the spectral system representations
introduced above. In view of the spatially distributed finite—dimensional control in-
put, formula applies with the arising operators i@i (s) and D(s) defined in
(6.32)) and the index set IN replaced by Z. In particular it follows for the undamped
and constant viscously damped thin plate with 7 = r{ for all £ € IN from (6.163)
that

D,l

iy (s) = = 3 < Di(s)E'(s) (6.1672)
leM 'k

UF (s) = D"(s)€'(s). (6.167b)

with
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0Pi(s) = e (1%5") T g <_,g ) (6.1682)

nezy
n#k

=] ¢ (X g ) (6.168b)

neZa

with g° denoting the genus of the sequence (/\ )kez, » Which is identical to the genus

of the sequence (2v/ A )ken.
If TZ < r for some k € N, then, as outlined above, the parametrization reads

pPt R T =T i nbP D,1 X
by = 3 (22 opps) + Y 2 i) | 6(s) (6.169)
e \ Mk o (=A%)
UP(s) = D¥(s)€!(s). (6.169b)

with the operators “Df (s) and D*(s) given by

o ) }_(5/7 S) s O —i—1 N s
DY (s) = e w9 (1 - A:,) H Gon (_,g ) (6.170a)
¥ ey

= II ¢* <; g > (6.170b)

neZa

for 0, = 1+ Tlakl — T|gk|‘ Herein, E = X, k € IN, with A}, and E defined in
(6.166)).

These formal results clearly indicate that convergence of the parametrizations can
be guaranteed under the conditions of Corollaries[6.3]and [6.4]by taking into account
the index set Z;. It hence remains to be shown that D%(s) is an entire function of
finite type 7 and order p. In view of the desired realization of finite time transitions
between stationary deflection profiles, recall that o < 1 is required to assign locally
non-analytic basic output trajectories of Gevrey order o > 1.

6.6.3 Convergence Analysis for Special Plate Configurations

Based on the formal parametrizations determined in the previous paragraph, sub-
sequently convergence is addressed for special plate configurations. Thereby note
that contrary to the 1-dimensional setting of a cantilevered Euler—Bernoulli beam
model with suitably differentiable spatially varying coefficients (see, e.g., ]) no
analytic or asymptotic solutions to the eigenproblem are available for the consid-
ered cantilevered Kirchhoff plate model. Solutions do only exist for certain geome-
tries (circular or rectangular) with special boundary conditions. Hence, no general
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convergence analysis can be performed for the considered flexible plate with spa-
tially varying parameters due to the patch—carrier interactions.

Nevertheless, assuming constant parameters u' = p? = p® > 0 with p# = p® =
18 = 0 (isotropic case) in either £.41a), @.47), or (&48), then Weyl’s formula
for the biharmonic operator A? yields asymptotic results for the counting function
depending on the domain (2 and its boundary 0f2. In particular, according to (55]
the counting function (counting multiplicities) satisfies

AQ CLaQ

N(n) = e ey

n% +o(n?) 6.171)

with Ay, the surface area of {2, Ly, the length of the boundary 0f2, and ¢ a dimen-
sionless coefficient depending on the type of boundary condition (see also [IE] for
the case of purely clamped conditions). Recalling from [@, Section 3.2] that the
convergence exponent of a sequence with a countable infinite index set equals the
order of its counting function, it follows that

I
01 = = limsup M =1 (6.172)
n—oo logn

independent of Ap, Log, and c. In view of Definition[B.4of the genus, Eqn.
directly implies g° = 0. Moreover, Theorem yields that the order of D¥(s)
given by or (6.170B), respectivelyd, is ¢ = v = 1. Hence, according to
Corollary [6.3] the input parametrizations and (6.169b), respectively, con-
verge for basic output trajectories £ (t) € Gpi ot (RY), 1 =1,...,m, with'da! < 1
provided that @“(s) is of finite type. Differing from the example considered in Sec-
tion where an exact analytic expression of the type was determined no such
result can be deduced for the thin plate model. However, (6.171) can be utilized by
solving

AQ CLaQ
—1
4 7 4

with n € IN for n = 7,,, which yields an asymptotic representation of the absolute
value of the eigenvalues. Since g° = 0 and recalling that the eigenvalues evolve in
complex conjugated pairs, the maximal modulus M (1)) of D¥(s) can be approxi-
mated in the form

M(n) = g(l + %)

With (B7) the evaluation of

13 The conclusion holds for both cases since the Weyl asymptotics is counting multiplicities
such that 0;, # 1 is immediately taken into account.

14 A straight forward modification of the proof of Lemmal6.3]and hence Corollary 63| reveals
the sufficiency of o' < 1.
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log M log M
7 = lim sup o ) (1) = lim sup o M) (1)

n—00 n n—00 n

hence yields 7 = oo, which implies that D% (s) is of maximal type. Note that this is
consisten{: with the results of Section[6.3.3] for the Laplace operator given a finite—
dimensional input. As a result, convergence of can no longer be directly established
from the analytic results such that in general summation techniques have to be incor-
porated to address the divergent character. Nevertheless, different from the results
for the linear diffusion—convection—reaction equation, where a highly divergent be-
havior could be observed, the numerical results presented in Section below
illustrate that meaningful input trajectories can be still directly determined from the
evaluation of the determined differential operators.

While the convergence of the parametrizations can be analyzed based on the Weyl
asymptotics for the constant parameter isotropic setting, no such result is available
for the varying parameter orthotropic setting, in particular if the spatial actuator
characteristics approaches superimposed Heaviside functions. An indication that the
asymptotic growth of the eigenvalues and hence the counting function is similar to
can be found in [45], which supports the assertions.

6.6.4 Semi-Numeric Finite—Dimensional Realization and
Numerical Convergence Indicator

Besides the incorporation of asymptotic results, which are only available for spe-
cial cases, the presented spectral design systematics directly admits a semi—numeric
realization. With this, an efficient (approximate) solution of the trajectory planning
problem becomes available, which can be generalized to rather complex (linear)
distributed—parameter systems.

In view of the practical implementation and evaluation of the determined formal
state and input parametrization it is particularly useful to utilize the weak formu-
lation in a weighted—residual or Galerkin setting (see, e.g, [@, ]). To achieve
the corresponding finite—dimensional approximation of the equations of motion,
recall that is equivalent to (@44), i.e. given a test function " € V then
w?())(7) = ¢t(w?(t),Y) and (A20,w3(t))(Y) = *(w?(t),Y). Hence, with
let K ={1,2,..., K} be a finite—dimensional ordered index such that

w(t) = w (1) =Y Z<w3<t), U )bk, = Zxkj (O,  (6.173)

k€K j=1 kEK j=1

and consider a sequence of test functions ((1%;) j=17,,,7r2’;)keﬂ(. Due to the linearity
of the sesquilinear forms the substitution of (6.173)) into (£.44) yields

15 Related results for a wave equation with 2— and 3—dimensional spatial domain and finite—
dimensional boundary control can be found in ﬂﬂ].
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ZZ(@ xk

keK j=1

+ 0,1y, (1)s?

¢k]7Tl >v/v+xk; ( )gl((ékjwy‘ll)

> MUt

leM

(61, T1)) = (6.174)

fori = 1,...,rf, 1 € K. Thereby, for evaluation purposes (¢x;,7,)y v can be
replaced by the inner product in #, i.e. (¢, 17,)#. By introducing the vectors

x(t) = |:$11 (LL)7 - 7x1'r(1" (t), s Tk, (t)7 ce x#KT%K (t):|
u(t) = [UP(t), ..., UL, (0]

the set of n =, 7} differential equations (6.1
form as a set of first order ODEs according to

['/4) can be re—written in matrix

<o, _ R o |_ B
[sm 0} 0,x(t) + {o —93?] T(t) = [o} u(t). (6.175)
— —
Herein, Z(t) = [27(t), 0,27 (t)]” and M as well as K are symmetric 2n x 2n

matrices in terms of the mass, damping, and stiffness matrices 9, €, & € R"*"
defined by

[ <¢11 9 Tll >7'l

_<¢11 ) T#K#K>’H

§2(¢11 ’ Th)

§2(¢11 ) T#K#]K) s §2

§1(¢11 ’ Th)

§1(¢117T#K#K) oot

<¢#K,,.%K Ty,

. <¢#K';&K ’ T#KT;&K >7‘[

§2(¢#K,,.%K ) Tll)

gl (¢#K'%&]K ) Tll)

The input matrix B € R™*#M follows as

6f(T11)

B (Tysy,) - 6

6;Z;EM(T11 )

ML, )

G e )

(Opx,q,  To,a )|
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Based on (6.173), the state and input parametrizations (6.167), (6.169) can be ex-
plicitly evaluated by replacing the index set Z; withthe set {—K,...,—1,1,... K}
and by making use of the solution to the algebraic eigenproblem

(MA+R)o =0, (6.176)

which yields a finite—dimensional approximation to the operator eigenproblem.

With this, on the one hand a very efficient computational evaluation is achieved
and on the other hand a high—order approximation can be used to deduce a graph-
ical convergence indicator. For this, observe that the convergence exponent v of a
sequence with countable index set equals the order of its counting function
Section 3.2]. Let (1)) denote the counting function of (A )ren this yields

o log A((n))
v = limsup ————~—.
n—oo  log(n)

Hence, the graph of log A((n) /log(n) can be considered as an indicator for  and
hence for the order g provided that a sufficiently large number of eigenvalues can be
numerically determined by making use of (6&.176). In addition, it should be pointed
out that also divergent parametrizations can be used for the solution of the motion
planning problem as is shown in Section[6.5.3]and [40)], respectively.

6.6.5 Experimental Results for Feedforward and Closed—Loop
Tracking Control

The experimental validation of the proposed spectral trajectory planning and feed-
forward control approach is performed for the flexible plate structure depicted in
Figure In addition, experimental data is presented for tracking control within
the 2DOF control concept.

6.6.5.1 Configuration and System Parameters

The structure is built up of glass fibre composite material with dimensions L} =
0.427m, L? = 0.304m, and h = 0.001 m The MFC patches are of the type
M8557P1 with an active area of dimension L,” = 0.085 m, L}’ = 0.057 m, h =

3 x 10~* m, and electrode spacing el =5x 10" 4 m [@] In the following, only
the two patch pairs near the clamped end located at (2,7, 227) = (0.023,0.021) m
and (237, 2°7) = (0.023,0.223) m are utilized for trajectory planning such that
m = #M = 2. Prescribed transient deflection profiles for the plate are specified
pointwise by

y(t) =w’ (7,23 ), j=1,2 (6.177)
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(a) Experimental set—up.
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(b) Schematics of the experimental set—up.

Fig. 6.13 Flexible plate structure with distributed MFC actuators [[ﬁ]

at the two corner locations (21, 22Y) = (0.422,0.012)m, and (zY, 23"Y) =
(0.422,0.292) m. For the verification of the resulting tracking behavior three laser

sensors are placed at (z}’m, 22™) = (zjly7 zjgy), j = 1,2, and in the middle of
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the free edge opposite to the clamped boundary at (zé’m, zgm) = (0.422,0.152) m
such that

Y3 (t) = wd (2™, 2™ 1), (6.178)

The measurements and the implementation of the feedforward control tracking con-
cept are realized using the real-time control board DS1103 of DSPACE with a sam-
pling time of 0.2 ms. The power supply is provided by high-voltage power amplifiers
PA05039 of Trek Inc. @

Remark 6.17. It is well-known that piezoelectric materials show intrinsic hysteretic
behavior and creep effects [46,27]. However, the application of an appropriate hys-
teresis and creep compensator allows to cancel out the nonlinear actuator behavior,
see, e.g., [@, ]. In the case of MFC patch actuators, this is verified by detailed ex-
perimental investigations in @] and hence justifies the assumption of linear elastic
piezoelectric material behavior.

The remaining system parameters are determined based on an identification proce-
dure making use of the finite—dimensional approximation of the equations of mo-
tion — for details, the reader is referred to [56]. Thereby, the test functions
(Y, )j=1,..., r;)keK are chosen as the eigenfunctions of an undamped orthotropic
elastic plate structure of identical geometry and are determined using finite ele-
ments. The quality of the approximation can be evaluated from Figure [6.14] where
a comparison is provided between the measured output () at the measurement
locations (lem7 z?’m), j = 1,3 with the respective trajectories obtained from the
numerical simulation. Herein, voltage step excitations are appropriately applied to
achieve bending and torsional motion of the plate.

6.6.5.2 Trajectory Planning and Feedforward Control

The desired motion trajectories are assigned as bending and torsion starting from the
initial undeformed rest position to reach a prescribed final rest configuration along a
specified spatial-temporal path. For this, the determined state and input parametriza-
tions (6.167), are utilized and evaluated as outlined in Section The
desired trajectory for the basic output is determined according to the direct trajec-
tory planning approach presented in Section[6.Z.T.1] which yields a linear system of
equations for £*(t) = [¢1(t),£%2(t)]T in terms of y*(t) = [yb*(¢), y>*(t)]T at
t = 0andt = T, respectively. In particular, the first scenario (I) considers rest—to—
rest bending motion with

[y1(0)] _[0] telo,1] [yH(T
)] " o] T A

; - g;} .7, € {0.005,0.01} m (6.179)
LI T

for while scenario (II) addresses rest—to—rest torsional motion, where

11 T r1
y'(0) 0] tefo,11 [y(
= R
2(0)] [0 12 (

; — g”},gne{lﬁﬁ}xlo_?’m. (6.180)
L~ JII

T
T
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(b) Torsional motion.

Fig. 6.14 Comparison of measured v’ () and simulated step response v, (t) at the mea-
surement locations (zlfm zQ’m), j = 1,3, for bending motion (top) and torsional motion

J 7]
(bottom)

The temporal path for £*(¢) is hence assigned in each scenario according to

£ (0). t<
(1) = €0)+ (6'(T) € )grult). t€(0.T) (6.181)
& (1), t<T

with gz, (t) from forT=0.2sandw = 1.8.

The numerical analysis of the finite—dimensional system approximation (6.173)
or (6.176), respectively, for the considered parameter set yields isolated eigenvalues
with r{ = 1. Motivated by the convergence considerations in Section for
different (uniform) thin plate configurations, the genus of the sequence of zeros of
the entire functions arising in the operational parametrizations is subsequently set
to ¢g° = 0. With this, the convergence of the input parametrization according to
is evaluated numerically for different K € {3,5,10, 15}. The results are
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(a) Basic output trajectory. (b) Output trajectory. (c) Feedforward control.

Fig. 6.15 Numerical convergence analysis of the output and input parametrization for sce-
nario (I) by varying K € {3,5,10,15}. With (&I179) note that y**(t) = y"*(¢) and
Uz (t) = UP (1)

1000 1000—— =3
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2001 2007
0 0
0 0.1 02 ‘
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(a) Basic output trajectory. (b) Output trajectory. (c) Feedforward control.

Fig. 6.16 Numerical convergence analysis of the output and input parametrization for sce-
nario (II) by varying K € {3,5,10,15}. With (€&I80) note that y**(t) = —y"*(¢) and
Uz (t) = =U7 (0).

shown in Figure [6.13]for bending motion according to scenario (I) and Figure
for torsional motion as defined in scenario (II). Herein, the trajectories for £*1(¢)
and the corresponding output path y'*(¢) are shown additionally. Obviously fast
convergence is obtained such that K = 15 is used for the experimental validation
of the feedforward controls. Moreover, the required voltage signals evolve in a non—
trivial manner with phases of acceleration and deceleration. Therefore, the desired
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output trajectory y*(¢) is used as a reference path to analyze the open—loop tracking
behavior.

Remark 6.18. The theoretical convergence results indicate divergent behaviour due
to the violation of the condition o« < 1 by the assigned desired basic output tra-
jectory and the maximal type of D (s). These effects, however, may arise by sig-
nificantly increasing the number K. Thus the presented numerical results can be
interpreted in terms of least—term or smallest-term summation, which exploits the
fact that certain divergent series converge very fast before diverging [@].

Experimental results for the application of the determined feedforward control
are shown in Figures[6.17] and [6.18] for scenario (I) and (II), respectively. Thereby,
the voltage signals shown in Figures[6.15(c)|and[6.16(c)]are applied at the test bench.
For comparison purposes, measurement results are provided for the application of
voltage trajectories corresponding to the smooth transition function given by
as shown in Figures[6.15(a)|and [6.16(a)} respectively. The arising oscillations from
the short transition interval clearly confirm the superior tracking behavior of the
flatness—based feedforward controllers, where basically no transients occur after
reaching the final stationary deflection. It should be once again emphasized that
no feedback control is applied throughout these set of experiments.

6.6.5.3 Extension to Tracking Control

Experimental results for tracking control are shown in Figures and for
scenario (I) and (II), respectively. Thereby, flatness—based feedforward control is
combined with a passivity—based non—collocated dynamic output error feedback
controller with state—observer within the 2DOF control concept to realize trajectory
tracking. For details, the reader is referred to [@] and [|Il| X ] for related re-
sults. Note that each MFC actuator is pre—tensioned by a constant voltage of 500 V
to enable the utilization of the available input voltage range of [—500, 1500] V.
For comparison purposes the respective open—loop measurements are depicted in
Figures[6.19(a)|and [6.20(a)] In particular the spurious oscillations in the output sig-
nals arising for the feedforward control are canceled by the 2DOF control, which
yields accurate tracking for transition times surpassing the time constant of the struc-
ture’s first eigenfrequency.
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(c) Desired and measured outputs. (d) Applied voltage at MFC patch pair 1.
Fig. 6.19 Measurement results for rest—to-rest bending motion according to scenario (I).
Comparison of obtained y () and desired output y* (¢) for feedforward control (a) and 2DOF
tracking control (b). Detail view on output (c) and applied voltage at MFC patch pair 1 (d).
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Fig. 6.20 Measurement results for rest—to—rest torsional motion according to scenario (II).
Comparison of obtained y(¢) and desired output y* (¢) for feedforward control (a) and 2DOF
tracking control (b). Detail view on output (c) and applied voltage at MFC patch pair 1 (d).
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Chapter 7

Formal Integration Approach for Time Varying
Systems with Parallelepiped Spatial Domain

The spectral approach proposed in the previous chapter is essentially restricted to
linear time—invariant distributed—parameter trajectory planning problems. In the fol-
lowing a design technique is presented for boundary controlled scalar diffusion—
convection—reaction systems with general spatially and time varying parameters de-
fined on a 1 < r—dimensional parallelepipedon. For this, it is assumed that the
input relating state and gradient in a general nonlinear fashion is restricted to a
(r — 1)—dimensional hyperplane. The proposed approach is based on the implicit
parametrization of the system state and the boundary input in terms of a basic out-
put via a Volterra—type integral equation with operator kernel (IEOK). In order to
resolve the implicit description, a series solution to the IEOK is determined, which
is based on a recursive computation of the series coefficients. The absolute and uni-
form series convergence is verified by restricting the system parameters and the
basic output to functions of a certain Gevrey class including non—analytic func-
tions. Hence, prescribing a suitably chosen desired profile for the basic output di-
rectly yields the corresponding state and input trajectories by evaluating the series
solution. The input trajectory thereby represents the feedforward control, which is
required to realize the desired spatial-temporal paths for the basic output and state,
respectively. For this, compatibility conditions defining admissible trajectories for
the basic output are determined, which ensure that the state parametrization is con-
sistent with the system’s boundary conditions. In order to prescribe admissible tra-
jectories, finite time transitions are considered between an initial stationary and a
prescribed final profile along a pre—planned transition path. As already pointed out
in the previous chapters, from a practical point of view this set—up corresponds to the
transition between operating points — an import control task in thermal, chemical,
and bio—chemical engineering as well as related areas.

The considered trajectory planning problem for diffusion—convection—reaction
systems with spatially and time varying parameters and nonlinear boundary input
is introduced in Section [l By means of a suitable change of coordinates equiv-
alence to a diffusion—reaction system is provided, whose flatness property is ana-
lyzed in Section For this, a particular formal integration of the governing PDE
is exploited to determine an implicit state and input parametrization in terms of a

T. Meurer: Control of Higher-Dimensional PDEs, CCE, pp. 189—m.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2013
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flat or basic output and its spatial and time derivatives by means of a Volterra—type
integral equation. Its explicit solution is obtained by utilizing a functional series
ansatz, whose coefficients are computed recursively from the IEOK. The absolute
and uniform series convergence is proven in certain Gevrey classes. Based on these
results, the suitable assignment of desired trajectories for the basic output is con-
sidered in Section[Z.3l Moreover, an extension of the formal integration approach
to multiple input configurations is proposed in Section [Z.4l Simulation results for
diffusion—convection-reaction systems with 3—dimensional domain in Section
finally demonstrate the approach and the feedforward tracking behavior.

Notation. Differing from the previous chapter, where a functional analytic frame-
work was used, subsequently the dependency of the system variables on the inde-
pendent coordinates z and ¢ is explicitly stated in any expression. This in particular
enables a notational distinction, which is necessary for the rigorous formulation of
the formal integration approach in view of the time—variant system setting.

7.1 Trajectory Planning Problem

Based on the general problem formulation in Chapter 3] subsequently the trajec-
tory planning is considered for a parabolic diffusion—convection—reaction system
with orthotropic diffusion and convection and a spatially and time varying reaction
parameter c(z, t), i.e. for (z,t) € 2 x Ry consider

Opx(z,t) Za] )02 2(2,t) —|—Zb N (2, t)+c(z,t)z(z,t) (7.1a)

JEI- j€eI,

with I, = {1,2,...,r}, r > 2. The r—dimensional domain is given by the paral-
lelepipedon

Q={zeR" | 0< <L; jel} (7.1b)

with positive finite constants L; and R}, = {t € R |t > to}. As pointed out in
Section 2] this type of PDE covers a rather large class of systems describing, e.g.,
unsteady and orthotropic heat conduction in solids, orthotropic convective mass and
heat transfer in linear shear flows, and chemical tubular reactors with time varying
linear reaction kinetics , E, B]. General mixed or Robin boundary conditions are
imposed according to

?82Jx( ,1) —p?x(z,t) =0, 2 =0,jel, (7.1¢)
ejﬁzjx( , )+pjlx(z,t) =0, 2 =1L; jell (7.1d)
fort > to. The inputu(z (i), t) with 2y = (27) e = (2*,..., 271 2" L0 27)

and I' = I,.\ {i}, is restricted to the hyperplane 312; = {z € 2| 2* = L;}, i.e.
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0 (x(z,1),0,:2(2,t) = u(zq)), ), 2t =L;, t > tg. (7.1e)

b ZL

The consistent initial condition follows as

x(z,t0) = xo(2), z e 0. (7.10)

Since the PDE (Z.1a) is assumed parabolic it follows necessarily that there exist
positive finite constants aé», a¥ such that aé» < a;(z7) < ay forall 27 € [0, L],
j € I.. Further assumptions on the system parameters are summarized below.

Assumption 7.1. The system parameters a;(z7), b;j(27), and ¢(z, t) satisfy the fol-
lowing conditions:

(i) The parameters are such that a;(27) € C?([0, L;]) and b;(z7) € C*([0, L;])
for j € I, with C*([0, L;]) the space of s—times continuously differentiable
functions on the closed interval [0, L;].

(ii) The parameter b; (27), j € I, representing the speed of convection in each di-
rection 27 is assumed to be positive and bounded from above, i.e. 0 < b;(z7) <
by forall 2/ € [0, L], j € I,.. In this case, the flow is directed in negative
zj—direction while flow reversal is excluded.

(iii) The parameter ¢(z, t) representing, e.g., a reaction parameter is assumed to be
bounded, i.e. —00 < ¢ < ¢(z,t) < % < ooforall z € 2 and t > to.
Further requirements on the differentiability of ¢(z, ) with respect to z and ¢
are introduced below in the course of convergence analysis.

Remark 7.1. Note that the results presented below can be similarly applied to the
case of flow reversal with bé» < b; (29) < b;-‘ where bé» < 0 and b;-‘ > 0. For this
configuration an appropriate selection of the location of the input is decisive to be
able to influence the flow in a desired fashion. However, this topic is not considered
subsequently.

In the following, it is shown that (Z.I) can be transformed into a simpler standard
form by a suitable change of coordinates and a state transformation.

7.1.1 Transformation into Standard Form

By introducing the change of variables

2 = Z( zJ / \/_ ds Vjel, (7.2a)
L — #(L;) (7.2b)
x(z,t) — (¢, t)e” Zictr 9;(¢%) (7.2¢c)

where ¢ = (¢1,¢?,...,¢") and
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Cj
gj(gj):% / (aj(zj)a;z(zj)+bj(zj)azjz(zj)) ds, (7.2d)
0

2i=(2)"1(s)

it can be without loss of generality assumed that a;(27) = 1 and b;(z7) = 0. With
these transformations the reaction parameter c(z, t) follows as

c(z,t) = cz,t) = > [(095(¢7)” + 02,9;(¢))]. (7.2¢)

JEL,

The parameters eg, p?, ejl-, and pjl- for all j € I, in the boundary conditions (Z.1d),
(Z.1d) are mapped according to

e? — 6?7 p? — 4/ a;(0) p?—ke?acjgj(@ﬂcj:o (7.29)
1 1 j
6; = 6;7 pj — aj(Lj)pj_e;agjgj(cj)|cj:5(Lj) : (7.2g)

Only Dirichlet boundary conditions are preserved under the transformation (Z.2a)),
(Z2d) while Neumann and mixed boundary conditions are mapped into mixed
boundary conditions with coefficients e?, p(])», e}, and p} as defined in and
(7:2g). The nonlinear inhomogeneous boundary condition (Z¢) can be identified
from

G(x(z,t),azix(z,t)) il
— e(x(C7 t)e_ ZjEI"' 91 (Cj)7 [8<Lx(C7 t) - 8091((1)]}((7 t)} X
0.7 (2% Zjer, gj(Cj))

siine (7.2h)

Ci=z"(Ly)
u(z iy, t) = u(Cap, 7) (7.21)

with (g = (¢4 ..., ¢, ¢, L., ¢7). The transformed initial profile (Z.IT)
follows as

zo(2) > w0 (¢)e” Zaer (€ (7.2))

The invertibility of the transformations as well as the properties of the transformed
coefficients is analyzed in the following two remarks.

Remark 7.2. Since aé» < aj(z?) < aj due to the parabolic system character it fol-
lows that 0_;z(z7) = 1/y/a;j(z7) > 0 forall 27 € [0,L;], j € I,. This moreover
ensures the invertibility of (Z.2a).

Remark 7.3. Continuity and boundedness of the transformed quantities (Z.2e)-(7.2])
depend on the properties of g;(¢?), j € I,.. For this, note that by Assumption [Z.I[7)|
each of the terms

_ 1 1 _
01557 = ———, 7= —— 0, a,(~
z Z(Z ) aj(zj) z Z 93 a,j(Zj) z a](z )
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is bounded, continuous, and once continuously differentiable with respect to 27 with
bounded derivative. Hence, ¢;(¢?) € C%*([0,2(L;)]), j € I,, which implies the
continuity and boundedness of the introduced mappings.

As a result, the consideration of the diffusion—convection—reaction system (Z.I)) is
equivalent to the analysis of the linear parabolic diffusion—reaction system

Opx(z,t) = Ax(z,t) + c(z,t)x(z, 1), (z,t) e 2 xR, (13a)

Since only Dirichlet boundary conditions are preserved under the transformations
(Z.2) general linear homogeneous boundary conditions

)0 ;x(z,t)—pla(z,t) =0, 2 =0,jel, (7.3b)

ejﬁz,x( , )+pj x(z,t) =0, 2 =1L, jel (7.3¢)
with constants €7, p?, e, p; € R are considered on the 2r — 1 hyperplanes of the
boundary 912 of 2 to represent Dirichlet (¢§ = 0, p¥ # 0), Neumann (¢¥ # 0,
p;? = 0), or Robin (e;? # 0, p;? # 0) boundary conditions for ¢ > t,. The input
u(z (4, t) is restricted to the hyperplane 052, = {z € §2 | z* = L;} and enters the
system in a nonlinear fashion governed by the continuous functional 6(-, -), which
combines the state and the gradient on 0(2;, i.e.

0 (x(2,1),0.:2(2,1) = ulzq), 1), 2 =L (7.3)
for ¢ > to with the coordinate tuple z ;) € (2;, where

Qi={zap eR0<2 <Ly, j=1}} (7.3¢)
The consistent initial condition follows as

x(z,t0) = wo(2), z €. (7.39)

As pointed out in Section[5.1] for results on the existence and uniqueness of solu-
tions to (Z.3), the reader is referred to, e.g., 17,112,114, ld).

7.1.2  Boundary Control Problem

The considered boundary control problem is illustrated in Figure [Z] for the 3—
dimensional case, i.e. r = 3, with the input being restricted to the surface 23 =
L3, i.e. © = 3. It should be pointed out that the considered model represents an
idealized scenario with an infinite—dimensional input u(z;),t) acting arbitrarily

on the hyperplane 9f2; for all ¢ € ]Rj;. However, in certain applications such as
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u((2(s)), 1))

092

Fig. 7.1 Schematics of the parallelepipedon (2 for r = 3 and ¢ = 3 with state z:(z,t) and
boundary input u((zs)), t)) acting on the surface z° = Ls

the cooling or reheating of metal slabs in steel industry this assumption is in good
accordance with the plant configuration.

According to Section the trajectory planning problem addresses the design
of a feedforward control U(Z(¢|)7 t) to realize the transition

) ’LL(Z(“),t)

do+T) = , en 7.4
te(to,to+T) x(z 0 ) IT(Z) ? 79

xo(z) = x(z,to

from an initial stationary profile xo(z) to a desired final profile zr(z) along
a prescribed spatial-temporal transition path within the finite time interval ¢ €
[to,to + T]. Here, T denotes the specified transition time. This configuration in
particular includes the finite time transition problem between stationary profiles,
where the final profile is required to satisfy x(z,t) = zp(z) for t > to + T with
x7(2) representing a stationary solution to (Z.3).

7.2 Formal State and Input Parametrization

In the following, a basic output £(z (), ) is introduced for the diffusion—reaction
system (Z3), which allows to formally parametrize the system state (2, ¢) and the
boundary input u(z ), t). Similar to the previous chapter, the assignment of a suit-
able trajectory £*(z(;)),t) for the basic output £(z;)),t) immediately provides the
respective feedforward control u*(z ;), t) to realize the corresponding state trajec-
tory *(z, ).
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7.2.1 Construction of a Basic Output

In order to provide a systematic extension of the flatness approach to parabolic PDEs
with spatially and time varying parameters with r—dimensional parallelepiped do-
main the appropriate formal integration of the governing PDE is exploited.
While the underlying idea of a formal integration with respect to ¢ is typically used
for the analysis of the existence and the uniqueness of solutions, the formal integra-
tion with respect to a particular spatial coordinate z* enables to derive an implicit
state and input parametrization. For this, the PDE (Z.3al) is first solved for 822 x(z,t)
and is secondly formally integrated with respect to the z*—coordinate. This yields a
Volterra—type integral equation with operator kernel

x(z,1) :ff(z(uo)vt)Jij’az/x (2(0), 1) / / (355 Z(ilo), L)

(1.5)
— (2 (i)0), 1)2(2 (i]0) 1) Z 3 (2 (3|05 t >dadn,
jEIE
where z(;,) = (2%,...,27 0, 2", .. 2") for 0 € [0, L;]. To determine the

two constants of integration (z (;j0), ) and d_; x(2 (|0), t) observe that only a single
condition is available from the homogeneous boundary condition (Z3B) for j = 1.
Hence, by introducing an additional variable

E(zap,t) = [20m(zqp, t) + fla(zq),t) (7.6)

with the function {(z (;)), t) serving as a degree—of—freedom, a linear system of equa-
tions is obtained, which can be solved for (2 ;0), t) and 0_; 2(2 (5|0, t) in terms of

f(Z(Z-D, t),i.e.

.o

—p) € z(z g0y, t) | 0

fE R 0. (z60),t) £(zapst)

Assuming that p f0+¢? f! = 0, which is equivalent to the condition that the bound-
ary condition (Z.3b)) for 7 = ¢ and the imposed condition (Z.6)) are linearly indepen-
dent, it follows that

2(2(ij0),t) = 57€(23)), 1) (1.7)
8,:2(2 0y, 1) = 51 €(2 i)y 1), (7.8)

where 50 = €?/(p? fO+€0 f1) and s} = pQ/(p0 f2+€ £1). Thus, (Z.3) evaluates to
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x(z,t) = (s? + zis §(z ) t) / / (8 (2 (i), t)

—C(Z(”U), Z(7|0)7 Zé) 1’2(7‘0), >d0d7].

JEIL

(7.9)

For the explicit solution of the IEOK and the evaluation of the formal parametriza-
tion of 2(z,t) in terms of £(z (;), t) the solution is expanded into a functional series

:Zmn(z7t)7 (7108.)
n=0

whose coefficients are determined recursively from (Z.9), i.e.

zo(z,t) = (s +2's}) &z t) (7.10b)

|
xn(z,t):/o /0(@%_1(Z(i|0)7t)—C(Z(ua)’t)xn,_1(z(i|a)7t)

=3 0%, (20 ))dadn, n>1. (7.10¢)

JEILL

The recursion allows to deduce that any series coefficient z,,(z,t), n € NN, de-
pends on &(z(;)),t) and its spatial and time derivatives. Hence, formally the rela-
tion z,,(z,t) = x,,(2,1;&(2()),t)) is obtained, which in view of (ZI0a) implies
x(z,t) = x(2,t;£(2()),t)). This property can be immediately exploited for the
parametrization of the boundary input in terms of £(z;)),¢), which is obtained by
formally substituting x(z,t) = z(z,t;£(z ), t)) into (Z3d), i.e.

u(z i), t) = ulzqp, 6 €(2q), 1))
=0 (z(2L,), 6 €z 1), 0,02 (2 Loy - B E(2 (i), 1)) - (7.11)

In summary, state x(z,?) and boundary input u(z;),t) can be formally parame-
trized in terms of £(z(;)),t) and its derivatives, which implies that (2, t) rep-
resents a basic output for the diffusion-reaction system (Z3). Nevertheless, the
presented computations are so far only formal and their validation requires to ensure
uniform convergence of the series (Z.10a) with coefficients (ZI1QB), (ZI10d).

7.2.2  Uniform Series Convergence in Gevrey Classes

For the proof of uniform convergence of the parametrized series (Z.10) it is assumed
that (2 ;)), t) is in the Gevrey class Gp, 5, (2 x R} ) of order (3, a) according to
Definition[B.2] Herein, note that multi-index notation (cf. Appendix[A.2) is used to
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address different Gevrey orders with respect to the independent coordinates z and ¢.
For the sake of simplicity, all components of 3 = (31, 32,..., 3") are assumed to
coincide.

7.2.2.1 Spatially and Time Varying Gevrey Class Reaction Parameter
If the parameter ¢(z, ) is a function of the coordinate tuple z and time ¢, then the
main convergence result can be formulated as follows.

Theorem 7.1. Let ¢(z,t) € Gp, p.a(2xR}) and &(z i), t) € Gp, p.a(2i xRY)
with B8 > 1 and « > 1. Then the series coefficients (Z10b), (Z10d) satisfy

sup |8i(i‘)8fxn(z,t)|
(Z(l‘),t)eﬂi Xle—o

< Dk+|l\+2n+1(l +2n)!ﬁ(k F )l Bl (&0 (z4)2n L (27)2nH1
- " ¢ (2n)! ‘(2n +1)!

(7.12)

with D = max{De, D¢}, | = (I, 12,11 i1 1r) € "L, (I + 2n)! =
((IF+2n), . (7 2n), (I 4+ 2n) o (17 + 20)) e N7 k€ IN, and

1, n=>0
o n 1 1
M*P = S =1 | 5apEp-me (1 + p“) (7.13)
1 r—1
+ i T | 0

In particular, the series (L10d) converges absolutely and uniformly if 8 = 1 and
1 <a<2forall z € 2 with |2| < p, where

S S D>1
_ D T*1+%5u727 -
p=1{PVrn (7.14)
D < 1.

VD(r—1+15,2)’

Obviously, the radius of convergence is proportional to the inverse of the square root
of the problem dimension r and depends on the constant D of the Gevrey estimate
for the reaction term c(z, t) and the trajectory for the basic output £(z (), t).

Proof. The proof of Theorem [Z.1 follows by induction. Due to the dependence of
the recursion (ZI0d) on z and ¢ and the appearance of derivatives of x,,_,(z,1)
with respect to z(;) and t, the convergence analysis of the series (Z10a) requires
to analyze the growth of the derivatives of each x,,(z,t), n € IN up to an arbitrary
order, say [ € IN" with respect to z(;y and & € IN with respect to ¢. Once this is
obtained, the absolute and uniform convergence of the series (Z.10a) can be eval-
uated by taking [ = 0 and & = 0 in the upper bound for |8£(”)8fo (%,t)]. Since
D = max{D,, D¢}, without loss of generality D, = D¢ = D can be substituted in
the Gevrey estimates. Hence, observe that for n = 0, yields
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sup 0L Ofmy(z,1)] < DFFIHFL ()P ()1 (s?+sl27),

2D
(z(m,t)eQi ><R+

which directly corresponds to the starting condition (Z.I0B) given by £(z(;)y,t) €

Gp.,a(£2; x Rf). Assuming that (ZI2) holds foralln = 0,1,..., N -1, N > 1,
it follows from (Z.10d) that
sup |8z( ‘)8kxN(z,t)|
(Z(t‘),t)eﬂ,'XR+
< sup / / (‘az( DakaNq(va
(Z( s t)EN; XR (715)

+ |82( " ez ey (z,1)]]

+]oL, oF Y 822ijl(z,t)|>

jeli

dodn.

zi=0o

Since by assumption ¢(z,t) € Gp 5,q(2 x R;) the successive differentiation of
the product ¢(z, t)x _,(z, t) can be majorized utilizing (Z12) together with (B-18))
and (B.23) introduced in Lemmas [B.6]and [B.7] of Appendix[B.4]to obtain

sup |8Z( ) [ (Z7t)xN—1(th)]|
(Z(i\)7t)EQi><R
O(51)2N=2  l( iy2N—1
< DFHIF2N ypB.0.D i (2") sH(2)
@N-21 " @eN-11 )"

k l
Z (k) Z <l>(l —’}/)!B(k‘ _’Yo)!a(’}/-‘rQN—Q)!B(fyo +N— 1)!a
v=0

Yo=0 o v

ED O(z1)2N=2 gl (zi)2N-1
< Dk+|l|+2NM'3’a’D 7 [
= -1 \aN —ar T eN =1 ) S

(452 11 (5

Jjely

Here, v = (7},..., v L4t ... )9") and (y + 2N — 2)! = ((4* + 2N —
DL (YT 4+ 2N = 2) (i 2N = 2)L (4" + 2N — 2)!) are multi—
indexes of the same dimension as [ and the 1nequahty > a8 < (X0 a) fork > 1
and a] > 0 was used (see, e.g., [E]) since § > 1 by assumptlon Together with
O) Eqn. (Z.13) can be evaluated to obtain

sup |8

Dby (z,)] < Mmf’(
(Z(i‘),t)eﬂi ><1R+

2D

S(i)(zi)QN Sil(zi)QN-‘rl
eN) (2N+1)!)X

{DH”H?N((Z +2N —2))P(k + N)1®
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4+ NN\ 7 + 2N — 1)1’
DEHI+2N (
* N g 2N — 1

jelI

+ DFHIRRN I G N1 S T (P +2(V -1) + 25p,j)!5}
JEIL pElri

and hence

sup |8i(i‘)8fo(z,t)| <
(Z(l‘),t)eﬂi Xle—o

7

2N) (2N + 1)

0(,i\2N 1(,1\2N+1
DFHIFINL () o NYB (k4 N oD (Si (%) sH(z%) >

1 1
{5 ( 11 [(I9 +2N)(l9 + 2N — 1)]5

; i

. 1 1 1
(2N —1)f0-DNe L1 (1 +2N)?

jeI?

1 (? +2(N = 1) + 25, )\
R H( (7 +2N)! ) }

JEILpel?

Since k > 0 and I/ > 0 for all j € I,.i, the latter expression simplifies to

sup |ai(i\)athN(th)|
(Z(upt)EQix]R:ro

0(,1\2N 1/,1\2N+1
< pkHI+2N+1 18 1o 5i (') 5 (2")
<D (I +2N)P(k+ N) ( N N T 1)

8.0, 1 145
N=1 \ D (2N (2N —1))8(r-1) N«

n L r—1
No (2N (2N —1))P(r=2)

0(,i\2N 1(,i\2N+1
— DRHIUIF2N4L () Lo VB (ke 4+ N1 prBD s (2") 5;(2")
(L4 2N)1(k + N)¥ My eV T ev+r )

which is identical to (Z.12) for n = N and hence proves the first result.
For the determination of the radius of convergence of the respective series note
that

M*B’a D>1

n[,@,a,D N > =
= {—1 M'B’ D <1
DN-""N > ’
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where M f,’a =M f,’a’l. Depending on D, the series (Z.10a) can thus be majorized
using the bound (Z12)) evaluated for l = 0 and k = 0, i.e.

22,01 € 3 Jea(2,0)] < 3 D2 @R ()10 AP

n=0 n=0
S?(Zi)Qn S%(zi)2n+1
( o)t (2n+1)!)

< D(|s] + Lilsi[) D an (n)", (7.16)

n=0

where
an = (2n)1PC=D L (p)1eprfe

andn = D2z'if D > 1and n = v/Dz"if D < 1. Since (Z.I6) constitutes a power
series in 7? its radius of convergence p can be determined explicitly. From (Z.13)) it
follows for n > 1 that

n n
1 1 1+ p°
Mpbe=T1] ||—(r—1+7)
o1 (2p(2p —1))P0r=2) L2 pe (2p(2p —1))°

_ 1 1 14 p©
~ (2n)180-2) (p)le H(r‘”m) (7.17)

p=1

With this, the series coefficient a,, evaluates to

1, n=>0

(2%)!571 szl <7“—].+(2p(12—;7p1))[3>, TLZ ].

anp =

such that the quotient a,, /a,,—1 is given by

an 20-1(r —1) +1, n=1
_ { . L (7.18)

(2n(2;71))1*ﬁ + ey, "2 2

An—1

As n — oo the first term of the quotient can be only bounded if 1 — 5 > 0,
which in view of the assumption that § > 1 yields that = 1. In addition, since
the denominator of the second term of the quotient is of the order n2, bounded-
ness restricts « to the interval 1 < o < 2. In this case, it follows for n > 2 that
b, = (1 +n*)/(2n(2n — 1)) < 1 with lim, 00 b, = 0if 1 < a < 2 and
limy, 00 by, = 1/4if & = 2. Hence, a1/ag = r while a,/an,—1 < r forn > 2,
which implies that a,, < ™ with equality only in the cases n = 0, 1. As aresult, the
majorization Y~ a, (7}2)n <3 (rnQ)n implies the absolute convergence of

the series (Z.10a) with coefficients (ZI0B), (Z10d) given 3 = 1and 1 < o < 2.
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The respective radius of convergence p,> with respect to n? is obtained from the
quotient criterion

Gn—1

. . 2n(2n —1)
py2 = lim = lim )
nsoo ap, n—oo (2n(2n—1))8(r — 1) + 1+ ne

which for § =1and 1 < a < 2 yields

i 1 L 1<a<2?2
Pp2 = 1IN o =
n n%OOT—l—"—% T—i§7 o= 2.

Recalling that = Dz"if D > 1 and n = VDz%if D < 1, the radius of conver-
gence in z* follows according to (Z.I4), which proves Theorem[Z.1l O O

Remark 7.4. Theorem [T includes the case c(z,t) € Gp, p.a.(f2 x R;) and
&(zq)),t) € Gpe pac(2 x RY) for different Gevrey orders 0 < a. < 2 and
0 < a¢ < 2. In order to apply Theorem [Z]] the condition on the Gevrey order o
transfers to max{1, a., ¢} < a < 2.

Remark 7.5. The proof of Theorem[ZTlimplies that ¢(z, ¢) has to be only continuous
in the coordinate z°. This is due to the fact that the parametrization (Z.9)) or (Z.10Q),
respectively, only involves differentiations with respect to z7, j € I.

7.2.2.2 Time Varying Gevrey Class Reaction Parameter

In addition, if the reaction term ¢(z, t) is only a function of time, i.e. ¢(z,t) = ¢(t),
an infinite radius of convergence of the parametrization (7.9), (Z.10) can be deduced
provided that £(z ;)), ) is an entire function in £2;.

Proposition 7.1. Let ¢(z,t) = c(t) € Gp, 0,o(Rf,) and §(z (i), t) € Gp, p.a(£2ix
R;g) with0 < 8 < 1 and o > 1. Then the series coefficients (ZI10B), (Z10d) satisfy
Z12), 13). In particular, the series (Z10a) converges absolutely and uniformly
ifl <a<2forall z € Qwith 2| < p, where

oo, 1<a<2,VD

p=1 3, a=2D>1 (7.19)
4 _
ﬁ, 0[72,D<1.

The proof of Proposition [Z_1]is subsequently only briefly sketched since it follows
in principle directly the lines of the proof of Theorem [Z.1]

Proof. Since the evaluation of (Z12)), (Z13) for n = 0 corresponds to the assump-
tion £(z (), t) € Gp,,p,a(£2; x Rf) proceed by induction. Given ¢(z,t) = c(t) €
Gp..0.a(Ry), it follows with (BI8), D = max{D,, D¢}, and o > 1 that
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sup |8i(i‘)8f [c(t)fol(zj)H
(Z(l‘),t)eﬂi Xle—o

0 i\2N —2 1 i\2N —1
S Dk+l|+2N(l+2N_2)'[3M],[\3,,a71D<51 (Zz) S; (27) )

2N —2)! " (2N - 1)

Ek: (k><k —90)! (0 + N — 1)1

Yo=0 o
< DFHIUF2N (1 L oN — 2)18 (W) X

0(,1\2N—2 1/.1\2N—1
M BeD s (") s; (2) .
N-1 ((2N—2)! RNCI]

By proceeding along the proof of the first part of Theorem[Z.1] the bound (Z.12) on
the composite derivatives of the series coefficients z,,(z,t), n € IN can be directly
determined.

For the investigation of the convergence behavior of the series (Z.10a) with coef-
ficients (ZI0B), (ZI0c) parametrized in terms of &(z (;|, t), recall that (ZI6) holds
similarly if ¢(z,¢) = c(t). Hence the quotient criterion can be applied to deduce
the respective radius of convergence. For this, recall from the proof of Theorem[Z.1]
that by the quotient a,, /a,—1 < rforn > 1given3 < land1 < o < 2.
Thus, the majorization >~ an (772)n <> (7’7}2)” is obtained, which proves
the absolute convergence of the series (Z10a). With 3 < 1, the respective radius of
convergence p,> with respect to n? follows as

. ap—1 . 271(277, — 1)
pp2 = lim = lim
n—oo @,  n—ooo (2n(2n—1))F(r —1)+ 1+ n

_J oo, 1<a<?2
14, a=2.

Since n = Dz if D > 1 and p = v/Dz" if D < 1, the radius of convergence in 2
is given by (.19), which proves the proposition. O

7.2.2.3 Reduction to the 1-Dimensional Setting

Besides the multi-dimensional case with » > 1, the obtained parametrization and
convergence results can be similarly applied to the 1-dimensional case. For this, let
r=1landz = z' = z!, I! =, and 2 = (0, L). Thus, the following result holds.

Corollary 7.1. Let r = 1, ¢(z,t) € Gp, 3.o(2 x R}), and £(t) € Gp, o(R])
with B > 0 and o > 1, then the series coefficients (Z10D), (Z10d) satisfy
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sup \ak (z t)|
teRS,
n 7.20)
1— 5 0 ZQn 22n+1 (
< Dk+n+1 k !a 1 D, O 1
= (ke [T+ o e 5 sy

p=0

with D = max{D,, D¢}. In particular, the series (I10a) converges uniformly for
arbitrary B > 0 for all |z| < p, where

0, 1<a<?2
p=1{" ~, (7.21)
b “T

Proof. Since I' = (), i.e. the recursion (Z.I0d) does not involve differentiations with
respect to spatial coordinate, the first result (Z.20) can be directly deduced from the
respective proof of Theorem [Z1]by substituting » = 1 and 3 = 0. The valuation of
([Z.20) for k = 0 yields

2(z, )| < Yl (2,0)]

n=0

e 1 n 0271 12n+1
< D" (n)!@ 1+
<yrror]l pw)( =

p=0
7]2 " 7.22
( pO P ) ( ) ’ ( )

= Qn

oo

SD(IS?HLils%I)Z

n=0

where 1) = v/Dz. Noting

for n > 1, it follows that a,, < (n+ 1)!%/(2n)!. With these preparations the as-
serted radius of convergence (Z.21)) of the power series (Z.22)) can be directly deter-
mined by making use of the Cauchy—Hadamard theorem. (|

7.2.2.4 Remarks

It has to be emphasized that the convergence result for the 1-dimensional case is in-
dependent of any additional analyticity property of ¢(z!, ). With this, an extensions
of the results proposed, e.g., in [11 [ﬁ 13] is achieved, where the parameter c(zt,t) is
restricted to analytic functions in z!
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Furthermore, a comparison of Theorem[Z 1l for the 2 < r—dimensional case with
Corollary [Z1] for the 1-dimensional case clearly reveals the appearance of an ad-
ditional analyticity restriction on the system parameter ¢(z, ¢) and the basic output
§(z (), t) if r > 2. This is in particular due to the necessity to study differentiations
of the variables with respect to the coordinate set z ;).

With the verification of absolute and uniform convergence of the series solution
([Z10) to the IEOK in terms of the basic output £(z(;)),t) a solution to the
trajectory planning problem of Section[Zlis obtained. In addition, the analysis pro-
vides a constructive proof of controllability since it directly yields the input required
to reach a certain final profile starting from a given initial condition. As illustrated
below, for this additional restrictions on the basic output arising from the remaining
homogeneous boundary conditions (Z.3B) and (Z.3d) have to be taken into account.

7.3 Admissible Trajectory Assignment for the Basic Output

The explicit evaluation of the determined parametrizations requires the assignment
of suitable trajectories for the basic output satisfying the conditions of Theorem [Z.1]
or Proposition[Z_1] respectively. In order to address their proper determination, sub-
sequently the realization of finite time transitions between a stationary initial profile
x(z,t0) = xo(z) and a final possibly time varying profile z(z,t) = xy(z,t) fort >
to + T with arbitrary prescribed transition time 7’ is considered. Herein, the spatial—
temporal transition path x*(z, t) is assigned in terms of a suitably planned desired
trajectory £*(z ), t) for the basic output £(z (), t). In view of (Z€), this immedi-
ately determines the evolution of {(z;)),t) = f 0,:x(2,t)] =0 + fla(z,t)
on the hyperplane z* = 0, which is crucial for trajectory planning.

2t=0

7.3.1 Stationary Profiles

Differing from PDEs with time—invariant parameters the analysis of stationary pro-
files for the time varying case becomes more involved. Hence, given (Z3) a station-
ary profile at t = t; > t requires that the following equations are satisfied for all
t>ts, 1.

Axg(z) + c(z,t)xs(z) =0, z €N (7.23a)
eJaZJ (z)—p?xs(z) =0, 2 =0,jel, (7.23b)
€;0,;5(2) + pjas(z) =0, 2 =1L; jel (7.23¢)
fi 0,:iws(2) + filxs(z) =& (zap)s 2t =0, (7.23d)
where £ (z(;))) denotes the time—invariant stationary profile for £*(z;,t) and

i)
c(z,t) = cs(z) forall t > tgif x4(2) # 0. If £ (2¢3)) = 0, then z4(2) = Ois a
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stationary profile independent of ¢(z, t). Otherwise, the demands on both £* (2 (5, t)
and ¢(z,t) imply that both functions are locally non—analytic with respect to the
time coordinate at ¢ = ¢,. Hence if ¢(z,t) € Gp, g.a(f2 X Rzg) with & < 1, no
stationary solution exists.

Subsequently, x,(z; &5 (2zi)))) = ws(2) is called a stationary profile depending
on & (z(;)) if it fulfills the BVP (Z23). Due to the parametrization property in-
troduced in Section [Z.2.1] it is possible to express stationary profiles in terms of
2 (2(|))- Hence, different choices for £ (2 (;))) result in different stationary profiles
x4(2;§5(2()y))- Thereby, the corresponding input for ¢ > ¢, follows directly from
the evaluation of (Z3d) with x(z, t) replaced by z(2; £} (z(;)))). i.e

us(z i) = 0 (2 (212, €2 (2 a))s D5 (2 (i noys €6 (2 apy))) - (7.24)

7.3.2 Admissible Trajectories for the Basic Output

In the following, so—called admissible trajectories for the basic output are intro-
duced, which rely on the assumption below.

Assumption 7.2. The initial profile (Z31) is stationary, i.e. zo(2) = zs(2; £ (2 )
and is parametrizable in terms of £* (2 (;)), to) = &5 (2 (i|)). Furthermore, £ (24 ,t)
and ¢(z,t) satisfy the convergence conditions of Theorem 1l ie. &(z@)), ) €
Gpe 1,0(82; % ]Rjo) and ¢(z,t) € Gp, 1,02 % R+) with 1 < o < 2.

cydy

As pointed out above, 1 < a < 2 ensures that £(z(;)),t) and c(z,t) are non—
analytic in ¢, which is necessary for the existence of a stationary solution. With
these preparations, the notion of an admissible trajectory can be introduced.

Definition 7.1 (Admissible trajectory). The desired trajectory £*(z(;)),t) for the
basic output £(z ), t) is said to be admissible if it satisfies the two compatibility
conditions

Cr: & (zap to) =& (2ap)

k (7.25)
8 f (Z(z )|t =t =0, Vk € IN.
Cy: O@ﬂﬁ z,t—-n 4)=0, 2/=0,j€l,.
21 €015 (2,t)—pr,(2,1) J 7.26)

]18sz (th)+p;x;kL(Z’t):0’ Zj:L]VjeIi

for each n € IN and ¢ > ¢o, where 2 (2, ) denotes the series coefficient z,,(z, t)
determined recursively according to 1.(01 ([Z10d) with £(z(;)),t) replaced by

£ (zqp,t)

Condition C ensures that £*(z(;)),t) connects smoothly to the initial stationary
profile zo(z ) = 24(2;€5(2(4)))). In addition, due to Liouville’s theorem C implies
that if £*(2(;)), ) is non—constant for ¢ > £, it has to be non- analytlc at t = tg.
Condition C’g ensures consistency in the sense that the parametrization (7.9)) in terms
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of the basic output has to satisfy the homogeneous boundary conditions (Z.3B) and
(Z3d). Note that by construction any coefficient x,,(z,t), n € IN, parametrized in
terms of £(z(;)), 1) satisfies for j = i (cf. (Z9)). In order to satisfy C; and
Cs simultaneously, admissible trajectories £*(z ;) , t) for the basic output £(z ), t)
have to be determined appropriately.

7.3.3 Construction of Admissible Trajectories for the Basic
Output

This is subsequently addressed provided that the reaction parameter can be decom-
posed into a time-invariant part depending only on z ;) and a time varying part
depending on z°, iell

c(z,t) = colzqp) + a1 (z,1).

In this case, the following result can be verified, which, besides ensuring the ad-
missibility of the trajectory £*(z(;)),t), provides a systematic and computationally
efficient approach to compute the respective series coefficients z,, (z, t) of the series

ansatz (Z.10a).

Proposition 7.2. Given the reaction parameter c(z,t) € Gp,_1,a(£2 x R}) with
1 < a < 2 where c(z,t) = co(z()y) + c1(2',t) and the desired trajectory for
the basic output §*(z¢)),t) = ¢(1)1(z))) with ¢(t) a Gevrey function of order
1 < o < 2 satisfying ¢(to) = ¢o while OFd(t)]i=t, = 0 and 1(z(;|)) determined

as a solution to the boundary—value problem

AY(z ) = (A= co(z@p)) L(zap), Za)) € (% (7.27a)
901 (2 1)) P (2 ) =0, 2 =0,jell (7.27b)
;0.0 (z ) + pyv(zqa)) =0, 2 =1L jeI (7.27¢)

with X\ € R. Then the conditions Cy and Cy of Definition[Z I are satisfied.

Proof. Since £*(z(y)), ) is by assumption of Gevrey order a > 1 with ¢(to) = ¢o
and O ¢(t)|i—¢, = 0 condition C1 is directly fulfilled. By substituting £*(z (4, t) =
(ﬁ(t)’(/)(Z(“)) into (ZI0B), (ZI0c) with ¢(z,t) = CO(Z(i|)) + c1(2%t) it can be
shown that any coefficient x,,(z, ) can be parametrized schematically as z,, (2, t) =
Un (2", 1)Y(2i)y). For this, consider first n = 0, where yields z(z,t) =
(s + 2's})(t)1h(2 (i) such that vo (2, ) = (Y + 2's})¢(t). Hence, assume that
2, (z,t) = vn (2%, t)1(2())) holds foralln = 0,1,..., N — 1. Then it follows from
the recursion (Z.10c) that

! Note that in view of the transformations introduced in Section [Z.1.1] for the general
diffusion—convection—reaction equation (ZIa)) with spatially varying diffusion and convec-
tion parameter, this assumption is satisfied provided that the original reaction parameter
c(z,t) in (ZId) can be decomposed as c(z, ) = co(zi)y) + c1(2",t).
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Z t // a’UN 1 g, t)w(z(ﬂ))_UN 1 g, t Zazj’(b Z(7|)

JEIL

—c(2(ijoy, t)uN—1(0, tW(Z(u)))dUdTI

@/0/0(@01\771(0, t)—vn-_1(o,t)[Aci(o,t)])dodn(z ),

= wun(2% 1)

which by induction proves the assertion. Since v(z(;))) by definition satisfies the
boundary conditions (Z it follows that each x,,(z,t), n € IN fulfills the com-
patibility condition C’g. O

The BVP (Z.27) corresponds to the eigenproblem for the distributed—parameter sys-
tem (Z3a)-(Z3d) defined on the (r — 1)-dimensional subspace (2; C (2. Here, A
denotes the eigenvalue corresponding to the eigenfunction 9 (z ;). Since @27 is
of Sturm-Liouville type there exists an ordered set of eigenvalues {\x } ke With
corresponding eigenfunctions 1 (2 (;))), & € IN, which form a basis for the Hilbert
space X = {%/J(Z(m) € L*(2%) | Yjen 05¢(zqp) € LA(92), P(z) sat-
isfies and (Z27d)}. As a result, any linear combination of eigenfunctions
& (z(l ) Zkelg* e @k(t) Y1 (2 (5))) can be utilized to assign admissible trajec-
tories for the basic output. This property can be exploited in terms of a projection—
based construction of admissible trajectories.

7.3.3.1 Projection-Based Trajectory Construction

Let £*(z(;)) € X denote a desired profile for the basic output £*(z(;)), ) at a fixed
but arbitrary instance of time ¢ > to. Recalling the basis property of ¢ (z()),
k € N, for X it follows that

§(zap) =

Mg

(€ (zap), rzap e (zqap),

=~
Il
—

where (-, -) denotes the inner product in L2(£2;). In view of [4, Theorem A.2.35],
this in particular implies that the finite series

K
E(zap) = Y (€ Gap) vr(zapWWe(zqap), K €N (7.28)

i
I

yields an approximation of the profile &* (2(p) in an L?—sense with the error
decreasing for increasing K. This observation can be exploited for a projection—
based profile assignment by constructing a basic output trajectory £* (z 3, t) fulfill-
ing both conditions of Definition[7.1l Let &;(z ;) and &;(z(;|)) represent desired
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initial and final profiles at ¢ = ¢y and t = ¢y + 1. With Proposition [7.2] and (Z.28))
the choice

K
“(zapt) = Y (& (zap)s v (zap ) e (zap)
k=1

K
o) Y ((Er(zan) r(za)) — (€6 () Ya(zap))) v (zan)
k=1

yields an admissible desired trajectory, which allows an approximate realization of
the transition from & (z(;))) to &.(2(;|)) along the temporal path ¢(t). As outlined
above, this requires the local non—analytlclty of ¢(t) att =tgandt = to + T. For
this, the function ¢(t) = gr ., (t — to) introduced in (B3) is subsequently assigned,
which is a Gevrey function of order « = 1 + 1/w.

For more general situations, where the reaction parameter ¢(z, t) cannot be de-
composed according to Proposition [Z.2] so far no general approach is available to
systematically determine an admissible trajectory for the basic output in the sense of
Definition[7 I]to realize finite time transitions between stationary operating profiles.
In order to overcome this, the use of a desired trajectory {*(z(;)),t) being non-
analytic at the respective boundary hyperplanes seems to be an interesting option,
which would further enhance the applicability of the proposed approach. Never-
theless, in this case convergence can no longer be guaranteed since the respective
function £*(z(;)), t) would be of Gevrey order § > 1 in z ;) (cf. Theorem[Z)).

7.3.3.2 Generalized Constructions

It should be pointed out that admissible trajectories according to Definition [Z.1]
can be also determined if more general transitions are considered by dropping
the restriction to initial and final stationary profiles. For this, consider ¢(z,t) €
Gp.1,a(2xRY), 1< a <2 and assume

c(z,t) = co(zq)), t) + c1(281).

Moreover, let £* (2 (;)),t) = ¢(t)1 (2 ), t) denote the desired trajectory for the basic
output with ¢(t) a Gevrey function of order 1 < « < 2 satisfying ¢(to) = ¢o while
OFd(t)|1=t, = 0 and ¢(z (), t) determined as a solution to

=Y 2z t) — () = colz), 1) Yz, b)) (7.29)

JEIL
for (z(;)),t) € £2; x R} and A(t) € R with

€50.49 (2 iy ) =P (2 ), t) = 0, 2 =0,j€l (7.29b)
;0.1 (z (i), 1) + iz t) = 0, Z=L; jel (7.29¢)
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Y(zp),to) = Yo(zap), Zap) € 92 (7.294d)

Then condition Cy of Definition [71] is satisfied. This assertion can be proven
using induction by verifying that any coefficient x,,(z,t) can be parametrized
schematically according to x,,(z,t) = v, (2", )1 (2, t). Consider first n = 0,
where yields zy(z,t) = (s + 2's])p(t)1(z (), t) such that vo(z",t) =
(s? + 2's})(t). Hence, assume that z,(2,t) = vy, (2", 1)1 (2()),t) holds for all
n=0,1,..., N — 1. Then it follows from recursion (Z.10d)) that

xN(Z7t)
Py
= -/0 /) (atUNl(U; t)¢(z(¢‘)7t) + UNfl(O', t)at'w(z(“),t)

—on_1(0,t) 3 0Z(2 (), t) — ez (i), tUN-1(0, t)iﬁ(z(m,t))dffdﬂ

jeri

/Z /n(atvN_l(a,t)_UN_l(a,t)[A(t)+cl(a,t)])dadnw(zw,t)
0 0

=vun(z4,t)

which proves the claim. Since ¥(z;), ) by definition satisfies boundary conditions
([Z.290), (7.294) it follows that each x,,(z,t), n € IN, fulfills the compatibility con-
dition Cs.

However, the verification of compatibility condition C relies on the Gevrey
order of £*(z(;)),t). For this, recall that Gevrey class functions form a ring with
respect to the arithmetic product of functions [13, ]. Thus, the Gevrey order of
& (2, t) = o(t)1(z ), t) can be deduced from the properties of ¢(t), which is
a Gevrey function of order 1 < o < 2 being locally non—analytic at ¢ = %, and
c(z,t) € Gp, 1,0(2 x R) determining v(z ;), t) by means of (Z.29).

cyds

7.3.3.3 Remarks

The above analysis reveals that prescribing a trajectory £*(z(;)),t) satisfying the
conditions of Proposition enables to realize trajectory tracking &(z;)),t) —
£ (2@, t) with &(z()),t) as defined in Q). If £(z(;)),t) represents the sys-
tem output, this immediately allows to realize desired output trajectories. In ad-
dition, the proposed set—up implicitly realizes the tracking of z(z,t) — x*(z,t),
where z*(z,t) is determined by evaluating the state parametrization with
&(z (), t) replaced by £*(z(;)),t). Thereby, starting at an initial stationary state
x(z,t0) = z*(2,t0) = xo(z), the system not necessarily has to reach a new sta-
tionary state solution but can rather evolve along the spatial-temporal path x*(z, t)
parametrized in terms of £*(z(,)), ). Hence, by construction a characterization of
(certain) reachable (transient) states starting at x((z) is achieved.
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7.4 Extension to Multiple Input Configurations

The results above can be directly extended to the case of multiple inputs located on
opposite sides of the parallelepipedon. For this, consider the distributed—parameter
system (Z3)) modified according to

Opx(z,t) = Ax(z,t) + c(z,t)z(2, 1), (z,t) € 2 x R}, (7.30a)
with

)0 ;x(z,t)—p)a(z,t) =0, P =0,j€l (7.30b)

ejazjx(z, t) +pja(z,t) =0, =1L jell (7.30¢)

0o (2(z, ),aﬂ( £)) = u (2 ), b), Z=0 (7.30d)

01 (z(2,1),0,:x(2, 1)) = u™ (2(3)), 1), =1L (7.30e)

fort > ty and

x(z,t0) = xo(2), z €. (7.30f)

Proceeding similar to Section[Z.2.1] the PDE (Z.30a) is formally integrated twice in
the z’~direction starting at an arbitrary z° € (0, L;), which yields

z(z,t) = x(z(iz0),t) + (2" = 2)0,:2(2i)50), )
2t
+/ /(81‘(27;0,75')—6(21‘0,t).%‘(zig,t)
- t (ilo) (ilo) (ilo) (7.31)
— Z 822jx(z(,-|(,),t)>dadn.
jeri

The IEOK resembles ([Z.3)) with the distinction in the domain of integration and the
two constants of integration

£ (2, t) = 2(2)z1), 1) (7.32a)
M (23 t) = D240, £)- (7.32b)
It can be directly deduced that the tuple &(z ;). t) = [ (2 (i), 1), £ (2 5)), t)] T isa

basic output for (Z30) parametrizing the state variable x(z,t) = x(z,t;€(2 i), 1))
according to
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2(z,t:€(z (. 1) = £z, 1) + (2 — 2)€ (z ), 1)

/ /(8:v Z (i), t) = (2 (ila), )2 (2 (i]0) 1) (7.33)

— Z agjx(z(,-|g)7 t)) dO’d?]

Jeli
and the input tuple by
uio (Z(ﬂ),t) = 9() (x(z,t; £(z(i|),t))ﬁzix(z7t;E(z(”),t))) (73421)
uh (z@p,t) =01 ( (z,t;£(z(i|),t)),azix(z,t;é(z(i‘),t))) . (7.34b)

In order to resolve the implicit parametrization (Z.33)), proceed as in Section [Z.2.1]
by introducing a successive series approximation following

o0

x(z,t) = Z x,(z,1), (7.35a)

n=0

with the recursively computed series coefficients

wo(2,t) = €° (2, 1) + (2° = 2°) €7 (2 a)) ) (7.35b)
z'
2ul2:0) = [ [ (Ot = oo D1 101
Y e, z(i|g)7t))dadn, n>1. (7.35¢)
JEIL

Obviously, any series coefficient depends on successive derivatives of &(zq),t)
with respect to ¢ and (27) ;7 such that convergence has to be analyzed in appropri-
ate Gevrey classes. Thus, let £ (z(;)),t) € G g0 (12 X R/ ) and £ (24, t) €
GD1 p.0(82; x R{) and choose D = maX{DO7 E} then the results of Theorem
m Proposition[Z.1] and Corollarylzl]can be applied to ensure the uniform conver-
gence of the parametrized series in the considered multiple input setting.

In addition, the assignment of admissible trajectories (z(;)),t) — & (z (), t) for
the basic output §(z;)),t) can be performed in a way similar to Section |E| by
assuming that ¢(z, t) is locally non—analytic with respect to ¢. The main distinction
arises from the fact that the components of §(z ;| t) no longer correspond to bound-
ary values but to the state and 1ts spatlal derivative at z* = z* with 2 € (0, L;), fixed
but arbitrary, as introduced in . Hence, differing from the stationary state anal-
ysis in terms of the basic output con51dered in Section[Z.3.1lit is required to pursue
a direct approach by assigning stationary input values for v (z(;y) and u’' (z(;))).
Alternatively, interior conditions by means of a stationary version of (Z.32)) can be
introduced, which, however, significantly complicates the solution procedure.
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In the first case, the corresponding stationary state x4(z) follows from the solu-
tion of the boundary—value problem

Azy(z) + c(z,t)zs(2) = 0, zen (7.36a)
Ejazﬂ s(2 )—p?xs(Z) =0, 2 =0 el (7.36b)
€;0,15(2) + pjas(z) = 0, =1, el (7.36¢)
o (x4(2),0,:1xs ( ) =u(zap), 21 =0, (7.36d)
01 (25(2),0.:245(2)) = ul (z3))), 2= L. (7.36¢)

Let xo(z) and z7(z) denote two solutions to (Z.36) representing stationary pro-
files at t = typ and t = T, respectively. In order to determine a spatial-temporal
path £*(z(;)),t) realizing the finite time transition from z(z) to x7(z) within
t € (to,to + T') evaluate (Z.32)), which yields

0" (zap) = €7 (2 (s to) = wo(2(i11))
7 (zan) = £ (2, to+T) = zr(23)50))

(7.37a)

and

&7 (2ap) = €7 (2 to) = Duewo(z gz

. y (7.37b)
7 (zap) =" (zap, to+T) = 0,m7 (23 20))-

Using, e.g., the Gevrey class function (B.3) introduced in Appendix [B.1] the transi-
tion paths for the basic output components can be assigned in the form

£ (2 t) = &7 (zay) + (677 () — S’i”(z(n)))ﬂT,w(t—to)
& Ganst) =& Gan) + (677 Gan) = & (2ap))are (t = to).
In particular, £*(z(;)), t) is a Gevrey class function of order o« = 1 + 1 /w.

As a second option, the steady state problem can be formulated in an indirect
manner by considering interior conditions according to

(7.38)

Azy(2) + ez, t)zs(2) =0, z €N (7.39a)
€90 ;x4(2)—pjrs(2) = 0, =0 jel (7.39b)
€j0,;15(2) + pjas(z) =0, d=1L; jel (7.39¢)
zo(2) = £ (z(ap)), 2t =7 (7.39d)
0.iws(2) = € (231))) 2t =7 (7.39)

with €57 (z(;))) and £ (z ;) ) representing stationary profiles for £*%°(z ), ¢) and
f*"l(z(“),t), respectively. While this set—up enables a solution only in terms of
the basic output, its implementation is significantly complicated due to the interior
conditions (Z.39d), (Z.3%9€). Replacing the initial and final values in (Z.38) with the
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assigned stationary values for £"(z(;)), t) introduced in hence determines the
spatial-temporal transition path by solving (Z33)). Once the recursion is solved, the
respective feedforward controls follow immediately from the input parametrization
(Z39).

According to Section [Z.3] desired trajectories for the basic output have to fulfill
additional constraints to ensure admissibility and thus to guarantee that the parame-
trized series coefficients (Z.35b), (Z.33d) are consistent with the remaining boundary
conditions (Z30B), (Z.30d). By construction, consistency is directly imposed in the
first case involving the solution of (Z36)). In the second case, special emphasis is
required for the proper introduction of &% (z ;) and £;** (z(;|)) in the boundary—
value problem (Z.39). Here, Proposition can be applied to exploit projection—
based trajectory assignment to guarantee admissibility. With these considerations,
flatness—based trajectory planning can be addressed by means of formal integration
also in the case of multiple inputs acting on opposing boundary surfaces of the par-
allelepiped domain. An application of this technique is provided in Section
where trajectory planning and backstepping are combined for the synchronization
of a large scale multi-agent network.

7.5 Application Examples and Simulation Results

In order to illustrate the proposed trajectory planning approach and to apply the
theoretical results determined above, in the following, a simulation scenario is con-
sidered for a cuboid with r =3 and L; = 1, j = 1,2,3 in and a single input
on the boundary L3 = 1,1i.e. ¢ = 3. As outlined above, the focus is on the realization
of a finite time transition from a zero stationary initial profile xo(z) = 0 at ¢ = #o to
a prescribed final time varying profile x(z,t) for t > ¢y + T'. For this, the reaction
parameter in the diffusion—reaction equation (Z3d) is considered to take the form

1 G an; (cosh(1 /al,jzj)2 + 1)
4 = cosh(Jaszj)2

with constants a1 ; > 0, j = 1,2, 3. With this, ¢(z,t) is an entire and hence an-
alytic function with respect to z for all z € R3. Hence, the convergence of the

recursive parametrization (ZI0) is ensured by Theorem[Z.I] with at least a radius of
convergence given by (Z.14).

c(z,t) = c1(t) — (7.40)

Remark 7.6. Note that by the change of coordinates introduced in Section [Z.1.1]
this choice of ¢(z, t) corresponds to the study of the diffusion—convection-reaction
equation (ZIa) with the parameters a;(z/) = ao; + a1,;(27)? and bj(z7) =
d,,a;(27) = 2ay ;27 for ag; > 0 and ay,; > 0 and ¢(z,t) = c¢1(t). The domain is
herein given by the parallelepipedon with Lj = arcsinh(y/a1 j/ao;)/\/a1;.
Hence, the diffusion parameters a;(z7) increase with (27)? while the choice of
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b;(27) implies that the diffusion—convection part in (ZIa) can be summarized as
3 .
Zj:l 8Zj (aj(zj)azjx(z,t)),

Without loss of generality, the time varying part ¢1(¢) in (Z.40Q) is exemplarily
chosen as

Cl(t) = 25172“ — to)@gvl(t — to) sin(27r(t - to)), (741)

with gr ., (t — to) defined in (B3). In view of (Z4]) it can be easily verified that
the initial condition zo(z) = 0 represents a stationary profile. Hence, with (Z.23)
the desired trajectory £*(2(s)),t) for the basic output has to satisfy £*(z(3)), t0) =
&(zp) = 0.

The remaining system parameters in the boundary conditions (Z.3b) and (Z.3d)
are chosen as e(]? = 1,p? =0forj =1,2,3 and ejl = l,pjl =0forj =1,2ie.
Neumann boundary conditions referring to adiabatic conditions are imposed on all
sides of the cuboid except for 2% = 1. There, for the sake of simplicity, a Dirichlet
input is considered with u(zs)),t) = x(2(3)1),t). However, as illustrated above a
(nonlinear) Neumann— or Robin—-type boundary input can be addressed similarly.
The parameters f9 and f1 defining the basic output according to (Z.6) are in view of
the condition p f9+€3f3 # 0 determined as fJ = 0 and f4 = 1, i.e. subsequently
the basic output corresponds to the state on the surface z* = 0 such that £(z @), t) =
J}(Z(3|O), t).

In the considered simulation scenarios, the desired spatial-temporal path z*(z, t)
is parametrized by the desired trajectory £* (2 (3)), t) for the basic output {(z (3, t) to
exemplarily realize x(z3)0),t) = 0 for t < to while x(2(3/0y,t) = 1 uniformly for
t > to + T. With this, the respective state x(z, t) evolves along the profile z*(z,t)
determined by substituting £*(z (s}, ) into (ZIQ). The required feedforward con-
trol u*(z(s)),t) follows from the evaluation of (ZII) with £(z3)),t) replaced by
£*(2(3),t). Therefore, depending on either isotropic or orthotropic material proper-
ties with a1 ; = O oray; # 0, j = 1,2, 3, in (Z40), respectively, different desired
trajectories £* (2 3|y, t) have to be determined to obtain the desired uniform distri-
bution of z(z, t) on the surface 23 = 0.

For the simulations, the governing equations (Z3)) are discretized using an im-
plicit and numerically absolutely stable Crank—Nicholson approach (see, e.g., [@]).
The required matrix factorization(s) in order to solve the resulting linear system of
equations for the spatially and temporally discretized state variables were performed
using the UMFPACK library [B]. Although being computationally rather expensive,
for the considered problem this approach has proven to yield significantly better re-
sults than the related but theoretically computationally less expensive alternating
direction approach or finite—element solution techniques.
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Fig. 7.2 Reaction parameter c¢(z,t) = c1(t) defined in (Z.4Q) for scenario (I) with a1 ; = 0,
j =1,2,3; ©2009, [EEE
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Fig. 7.3 Trajectory planning for the basic output and simulation results for scenario (I)
with a1; = 0. Left: comparison of the desired and the obtained spatially uniform tra-
jectories £* (2 (3)y,t) and &(z(s)),t), respectively; right: corresponding feedforward control
u” (2(3‘),t); ©2009, IEEE.

7.5.1 Isotropic Diffusion and Reaction

In the first scenario (I), an isotropic material is considered witha; ; = 0,5 = 1,2,3
in (Z40). The only time varying parameter c(z,t) = c;(¢) defined in is de-
picted in Figure In view of Proposition [Z.1] an infinite radius of convergence
is obtained for the recursively determined state and input parametrizations provided
that £*(z(3)), t) is an entire function with respect to z(3)y. In view of Proposition
and the transition problem specified above, observe that for the considered set
of system parameters the function t(z(3))) = 1 with A = 0 is a solution to the
boundary—value problem (Z.27). Hence, by making use of the projection—based tra-
jectory construction, the desired trajectory

£ (23], t) = gr.w(t — to) (7.42)
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for the basic output £(z(3)),t) = 2(2(3)0),t) With g7, (t — to) from (B3) ensures
x(2(3)0),t) = 0 fort < to while z(z 30y, t) = 1fort > to+T. Furthermore,
is entire in z( 3|) and is an admissible trajectory in the sense that both compatibility
conditions (Z.23) and (Z.26)) are satisfied.

The choice (7.42) 1mphes that £*(z(3)),t) and thus the feedforward control
u*(z3)),t) only vary with time ¢. The corresponding temporal behavior is shown in
Figure[7.3] where the desired trajectory (Z.42) for w = 2, T = 2, and tg = 0 is de-
picted (left) compared to the time—evolution of the simulation result for §(z 3|y, t) =
(2 30y, t) obtained from applying the feedforward control u*(z 3|, t) (right) to the
surface 23 = 1. Clearly, almost no deviation between the desired and the resulting
trajectory appears. The emerging periodic behavior in u*(z 3, ) is thereby due to
the periodic character of ¢ (¢) according to (Z41). In particular, rather large varia-
tions in u*(z(3)), t) can be observed after an initial phase (cf. Figure [Z3).

7.5.2  Orthotropic Diffusion and Reaction

In the second scenario (II), an orthotropic material is considered with a1 ; = 20,
j = 1,2,3, in (Z40). Differing from the previous section, the respective profile
c(z,t) as defined in (Z.40) is now a function of all independent coordinates. Due to
the dependency of c(z,t) on z, ¥)(z(3)y) = 1 is no longer a solution to the eigen-
problem (Z.27)). Hence, in order to (approximately) realize the desired uniform state
profile £* (2 (s)),t) = 2(2(30),t) = 1, Eqn. is subsequently considered for
§*(z(3))) = 1. In view of the initial condition £*(z(3)y,t0) = 0, an admissible tra-
jectory for the basic output realizing the transition from z(z (3)0),t) = 0 fort < tg
into a neighborhood of x(z (3)0y,t) = 1 fort >t + T'is given by

K
f*(2(3|), t) = 97w (t —to) Z i ( Z(g‘ Ui (2 Z (3| )). (7.43)

Herein, the number of addends K can be, e.g., determined by imposing an upper
bound € > 0 on the L?(23)-norm of the difference £* (2 3))) — £ (2 (3)), to+ 1), i.e.
1€ (2 ap) — € (23)), to + T)|| < €. The resulting trajectory £*(z (3)), t) forw = 2,
T = 2,1 = 0,and K = 10 as well as the corresponding feedforward control
u*(z(3)), ) obtained from evaluating (ZIT) with (2 s)), ) replaced by £*(z(3)), t)
are shown in Figure[Z4] (left) and (middle), respectively, for t € {0.8,1.0,1.7,2.0}.
Obviously, the desired value x(z 3|0y, t) = 1 for ¢ > 2 is only obtained approxi-
mately but with minor deviations from uniformity. However, increasing K in (Z.43))
allows to further decrease the difference at the cost of an increasing input amplitude
due to the necessity to excite higher order modes % (z 3))), & > 10. For the determi-
nation of the evolving tracking error e(z 3|y, t) = §*(2(3)), t) —2(2(3)0), t) as shown
in Figure [Z4] (right), the diffusion—reaction system (Z.3) is solved numerically with
the Dirichlet input u*(z(3), ) imposed on the surface 2% = 1. Similar to the first
scenario, a highly accurate tracking behavior is obtained also in the presence of a
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Fig. 7.4 Trajectory planning for the basic output and simulation results for scenario (II)
with a1 ; = 20, j = 1,2,3. Left: desired trajectory £ (z(3)),t) for the basic output in
the (z*, 2?)—domain; middle: corresponding feedforward control u*(z(3)),t); right: tracking

€rror 6(2(3‘),75) = é*(Z(3|), t) — I(Z(g‘o), t); ©2009, IEEE.

spatially and time varying reaction parameter. The respective spatial-temporal evo-
lution of z(z, t) is depicted in Figure[Z.3] where the emerging profiles in the cuboid
are shown at ¢t € {0,0.8,1.0,1.2,1.7,2.0}. Differing from the isotropic case con-
sidered in Section [Z.3.1] the simulation results illustrate the spatially non—uniform
state distribution within the cuboid due to the spatially and time varying reaction
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Fig. 7.5 Snapshots of the spatial-temporal evolution of z(z, t) in scenario (I) for a1,; = 20,
j=1,2,3att € {0,0.8,1.0,1.2,1.7,2.0} with u* (23, t) applied to the surface z* = 1;
©2009, IEEE.

parameter (740) for a; ; = 20, j = 1,2, 3. Nevertheless, although rather large
variations in the input on the surface 23 = 1 are required throughout the transition,
the state x(z,t) on the surface 23 = 0 accurately follows the prescribed spatial—
temporal path £*(z (), t). In particular, (Z43) yields that x(z3/0), ) evolves ac-
cording to z*(2 (310, t) = >y (1, thr(2(3)))) k(2 (3))) for £ > 2 while the overall
profile z(z, ) varies periodically with the input u* (2 3)), ).

Notes

The results of this chapter are partly based on l14]. Acknowledgement is given
to (©2009, IEEE. Reprinted, with permission, from T. Meurer and A. Kugi, "Tra-
jectory planning for boundary controlled parabolic PDEs with varying parameters
on higher-dimensional spatial domains”, IEEE Transactions on Automatic Control,
54(8):1854-1868.
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Chapter 8

Backstepping for Linear
Diffusion—Convection—Reaction Systems with
Varying Parameters on 1-Dimensional Domains

For finite—dimensional (nonlinear) systems backstepping yields a powerful recursive
technique for feedback stabilization [[13]. The approach relies on the application
of a Lyapunov-based or passivation design to a part of the system followed by a
successive reapplication by augmenting the subsystem at each step to finally recover
the whole system [Iﬁ, ].

Initial results for the application of backstepping to linear distributed—parameter
systems trace back to [é), ], where the recursive design is applied to a semi—
discretization of the governing PDEs using finite differences. Herein, weak con-
vergence results are established for vanishing discretization stepsize in the limit as
the semi—discrete formulation approaches the continuous limit. In view of the late
lumping approach, where the distributed—parameter system description is explicitly
considered for control design, subsequent extensions [IE, , , 29] motivate the
utilization of a Volterra integral equation to achieve a one—to—one correspondence
between the possibly unstable plant dynamics and a suitably selected exponentially
stable target system. For this, it is required to solve a BVP with higher—dimensional
domain governing the evolution of the kernel. This enables to compute the state—
feedback control, which realizes the desired transformation , , , , , EL
]. Moreover, backstepping can be similarly applied for the state—observer design
[@, @]. In combination with state—feedback control this results in dynamic out-
put feedback control for the exponential stabilization of the distributed—parameter
system. Besides linear systems with constant or spatially varying parameters results
are available for time varying reaction parameters ], spatially and time varying
coefficients [@] and nonlinearities in terms of Volterra series [|j, @].

Based on these results, in the following a unique combination of backstepping
and differential flatness is considered to develop an integrated trajectory planning
and tracking control design approach for unstable boundary controlled parabolic
distributed—parameter systems defined on a 1-dimensional spatial domain with spa-
tially and time varying parameters. For this, backstepping by means of a Volterra
integral transformation is used in Section[8.2]to determine a state—feedback control,
which maps the original distributed—parameter system into an exponentially stable
target distributed—parameter system of a significantly simpler structure. Differing

T. Meurer: Control of Higher-Dimensional PDEs, CCE, pp. 223
springerlink.com (© Springer-Verlag Berlin Heidelberg 2013
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from classical PDE-backstepping the time variance induces that the integral kernel
is also a function of time and is governed by an IBVP with triangular spatial do-
main [@, ]. For its solution the method of integral operators is applied together
with a successive approximation, which yields a functional series representation
of the kernel. Series convergence thereby relies on certain Gevrey class properties
of the system parameters. Together with the inverse backstepping transformation
these considerations enable to deduce the exponential stabilization of the governing
distributed—parameter system under the determined state—feedback control with the
decay behavior being defined by the target system.

Since the state—feedback control essentially relies on the complete knowledge of
the system state the control-loop has to be extended by a suitable state—observer
to estimate the spatial-temporal evolution of the system state. For its design it is
shown in Section [83] that backstepping can be similarly applied for the determi-
nation of the output injection gains of a Luenberger—type observer consisting of a
system copy and the correction by means of the measured output. By combining the
backstepping—based state—feedback control and state—observer a separation princi-
ple is deduced, which enables to verify the exponential stability of the composite
distributed—parameter system.

Finally, it is shown in Section [8.4] that a reformulation of the target system al-
lows to introduce an additional degree—of—freedom. The latter can be exploited for
the flatness—based trajectory planning and feedforward control design to realize
the tracking of suitably prescribed desired trajectories for the output of the origi-
nal system with varying parameters. The combination of flatness—based trajectory
planning with backstepping—based state—feedback control and state—observer design
hence results in a systematics for the integrated design of exponentially stabilizing
tracking control given parabolic distributed—parameter systems. This is confirmed
by simulation studies in Section which confirm the applicability of the intro-
duced concepts and the achievable tracking performance.

Notation. Throughout this chapter = = 2! is used to simplify the presentation for
the spatially 1-dimensional setting. Moreover, the dependency of the system vari-
ables on the independent coordinates z and ¢ is explicitly stated in any expression.

8.1 Stabilization and Tracking Control Problem

Subsequently, a scalar linear diffusion—convection—reaction system with spatially
and time varying parameters and nonlinear boundary input is considered. The PDE
reads as

dux(2,t) = a(2)0%x(2,t) + b(2)0,x(2,t) + (2, t)x(t) (8.1a)

with domain (z,t) € (0,L) x R\, where R} := {t € R" : t > to}. Mixed
boundary conditions are considered with
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—€%9,2(0,t) + p°z(0,t) = 0, t >t (8.1b)
0(z(L,t),0,2(L,t)) = u(t), t >t (8.1c)

while the consistent initial condition follows as

x(z,to) = xo(2), z €[0,L]. (8.1d)

Depending on the values of e >0, pU > 0, a Dirichlet (¢° = 0, pU = 1),a
Neumann (¢ = 1, p® = 0), or a mixed boundary condition (¢° # 0, p° # 0) is
obtained at z = 0. Furthermore note that the boundary input u(¢) at z = L enters the
system in a general nonlinear fashion governed by the continuous but not necessarily
bounded functional (-, -), which combines the state and its gradient at the outlet.
For results on the existence and uniqueness of solutions to (8.1) with the input u(t)
from a certain Banach space, the interested reader is referred to, e.g., [@, Ij)m ]

Note that in general the existence of a solution is restricted to a certain finite time—
interval due to the time—dependence of ¢(z, t). In addition, depending on the growth
of the functional 6(-, -), the nonlinear boundary condition might introduce a
finite time blow—up of the solution. The system output y(¢) is assumed as

y(t) = h°0,2(0,t) + h'(0,1), t>to (8.1e)

with h°, h! fulfilling the condition h°p° + h'e® #£ 0 so that (81B) and (8I¢) are
linearly independent.

Since (8.1a) represents a parabolic PDE 0 < a; < a(z) < a, has to hold for
all z € [0, L] with positive finite constants a; and a,,. Further properties concerning
differentiability of a(z), b(z), and ¢(z, t) are summarized below.

Assumption 8.1. The system parameters satisfy the following conditions:

(i) The parameters fulfill a(z) € C2([0, L)), b(z) € C*([0, L]).
(i1) Convective flow is directed in the negative z—direction while flow reversal is
excluded, i.e. 0 < b(z) < b, forall z € [0, L].
(iii) The reaction parameter is a Gevrey class function in ¢ and satisfies c(z,t) €
CO([0, L)) x Gpo(R) fora < 2.

The considered stabilization and tracking control problem

(2 1) M 2 (2, 1) with |[2(2, ) — 2" (2, 8) | x < Me P10 350 (8.2a)

is concerned with the design of an exponentially stabilizing controller u(t) to real-
ize the tracking y(t) — y*(¢) of suitably prescribed trajectories y*(¢) for the output
y(t). Note that this problem implicitly includes the realization of finite time transi-
tions between an initial stationary profile z:o(z) and a final stationary profile x7(2)
along the desired output path y*(t), i.e.

u(t)

zo(2) = z(2,t0) ————— x(2,t0 + T) = 27(2), 2z € . (8.2b)
tE[to,to+T]
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For the solution of the tracking problem, in the following an integrated approach is
proposed by combining backstepping and differential flatness.

Remark 8.1. The considered system formulation (8.I) covers a large class of exam-
ples arising in thermal or chemical engineering (cf. also the exposition in Chapter
). Thereby, spatially varying parameters are obtained for anisotropic materials such
as heat conduction or diffusion through multi-layered or porous media or built—in
components influencing the convective flow. Furthermore, ageing effects as well as
varying sources or sinks depending linearly on the state are generically represented
by the reaction parameter ¢(z, t) depending on the coordinates z and ¢. Typically, the
parameters ” and p° introduced in the boundary condition are related to the
parameters a(z) and b(z) of the PDE (81a) by ¢® = a(0) and p° = Pb(0) with a
constant P > 0. For thermal problems, the parameter p° typically represents the heat
transfer coefficient (see, e.g., [B]) while for systems arising in chemical engineering
p? is a function of the convection speed b(0) (see, e.g., [23]). Moreover, as is shown
in Chapter[3] interconnected multi—agent networks can be similarly embedded into
the mathematical framework of diffusion—convection—reaction systems.

By proceeding identical to Section[Z.1.1l an invertible change of coordinates can be
introduced in such a way that the consideration of the distributed—parameter system
is equivalent to the analysis of the linear diffusion-reaction system with a
single varying parameter governed by

Oy (2,t)(2,t) = 02x(2,t)(2,t) + c(z, t)x(z, 1) (8.3a)

defined on z € (0,1), ¢ € R}, with boundary conditions

—€%0_2(0,t) + p°z(0,t) = 0, t >t (8.3b)
0 (x(1,t),0,2(1,t)) = u(t), t > o, (8.3¢)

and initial condition
x(z,t0) = xo(2), z € [0,1]. (8.3d)

The structure of the output (8.1¢) remains unchanged, i.e.

y(t) = h°0,2(0,t) + h'(0,1), t > to. (8.3¢)

Subsequently, in a first step a backstepping—based boundary controller is designed
in order to exponentially stabilize the possibly unstable parabolic diffusion-reaction
system (8.3) and hence the diffusion—convection—reaction system (8.1)).
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8.2 Exponentially Stabilizing State—-Feedback Control

In the following, the kernel of a Volterra integral transformation is determined to
transform the diffusion—reaction system (8.3) into a prescribed exponentially stable
target distributed—parameter system. It is thereby shown that the kernel has to satisfy
a particular linear PDE with a spatially and time varying parameter defined on a
triangular spatial domain. For its solution the method of integral operators together
with a successive series approximation is applied and convergence is verified for a
varying parameter of a certain Gevrey order.

8.2.1 Selection of the Target System

PDE-backstepping crucially relies on the appropriate choice of a target system to
ensure asymptotic or exponential stability of the closed—loop control system. For
the subsequent analysis and for the determination of the PDE governing the back-
stepping kernel, the following lemma is utilized.

Lemma 8.1. The parabolic PDE

dyw(z,t) = 0*w(z,t) — p(t)w(z,t), z€(0,1), t >t (8.4a)
w(z,to) = wo(z), z €[0,1] (8.4b)

is exponentially stable in the L>-norm for any combination of Dirichlet, Neumann,
and mixed boundary conditions

—€20,w(0,t) + pYw(0,t)

0, t>to (8.4¢)
e, 0,w(1,t) + plw(l,t) =0

t >ty (8.4d)

if w(t) + Amin > € >0, Vt € ]RZ) for some € > 0, where \in denotes the smallest
eigenvalue \ of the Sturm—Liouville problem 02w (z,t) + Aw(z,t) = 0 with BCs
(B.4d), @.Ad).

The proof of Lemmal[8.I] follows directly from a Lyapunov—type argument together
with the Rayleigh principle.

Proof. Let X = L*(0,1) and consider the change of the positive semi—definite
Lyapunov functional V (t) = 1/2|lw(t)||% along a solution trajectory of (8.4, i.e.
1
0V (t) = [ Pulz oz dz—p(o)]lw(®)]
0
z=1
= (0wt x+ [0.w(z, hw(z, )] Z—p®) w(®)]%-

Moreover, it is a classical result that the Sturm-Liouville problem consisting of the
PDE 0%w(z,t)+ w(z,t) = 0 with boundary conditions (§.4d) and (8.4d) possesses
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a purely discrete and simple set of eigenvalues, which can be arranged according to
0 < A1 < A\g < ....Hence, it follows that
1
0— / w(z, )2w(z, )dz + Mw(t)|%
0
=1
= —[0.w®)|% + [B.w(z, hw(z )] —) + Muwt)I%
such that
z=1

0w (t) % + [0,z Dz 0] =y = ~Alw®)l < ~Mllw(®)]k. 65)

Let Amin = Ay, then 9,V () = 1/20,Jlw(®)[% < —(Amin + p(®))w(®)|% or
equivalently

t
P T

Thus, ||w(t)||x — 0 exponentially if there exists an € > 0 such that Apyin +p(t) > €
forallt € Rjo . O

Given Dirichlet or Neumann boundary conditions, a further improvement is possible
to verify that sup, ¢ 1) |w(z, t)| decays exponentially in ¢.

Lemma 8.2. The parabolic PDE [8.4) is exponentially stable in the H'—norm and
the sup—norm |[w(t)||ec = sup,¢o1) [w(z, t)| for boundary conditions satisfying

w(z, t)0,w(z,t) =0atz € {0,1} (8.6)
if w(t) + Amin > € >0, Vt € ]Rj0 for some € > 0. Herein,

%, ifw(0,t) = w(l,t) =
Amin = 22, ifw(0,¢) = &, w(l,t) =
0, fo.w(0,t)=0.w(l,t)=

This result follows in a way rather analogous to the proof of Lemma [81] by con-
sidering the change of the positive semi—definite Lyapunov functional V(t) =

1/2 fol(wQ(z,t) + (9,w(z,t))?dz along a solution trajectory of (8.4) with (8.6)
together with the Rayleigh principle and the Agmon inequality.

Proof. Consider the positive semi—definite Lyapunov functional

1 1
Vi) = %Hw(t)u%{l _ %/O w2(z,t)dz+%/0 (0. w(z,1))dz

such that

1
V(1) = / 2w (=, tyw(z, )dz — u(t) Jw(t)]2
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1
+/ 0,0,w(z,t)0,w(z,t)dz
0

z=1

= ) 0,w(t) |12 + [0,w(z w(z, )]y — u(t)|w(t)|2
— (02w (t)] 2 + [0Pw(z, )Dw(z, 6)] =y — u(t)|0,w(t)]|2

&
= —lo.w®)z2 = p@)lw®)ll7: — 02wt L2 — B0, w()|Z-.

Proceeding as in the proof of Lemma[8Ilby exploiting the Sturm—Liouville proper-
ties of the PDE 92w(z,t) + Mw(z,t) = 0 it follows that

1 1
0= / 0*w(z,1)0%w(z, t)dz + )\/ O*w(z, yw(z,t)dz
0 0

= [|02w()[|7> — AllD,w(t) |17
and hence

= [2w®)l|7: = =AMo.w(®) 7> < =Mld.w(B)]7..

Here, Apin = A1 denotes the smallest eigenvalue A of 92w (2, )+ w(z,t) = 0 with
homogeneous Dirichlet or Neumann boundary conditions. An explicit computation
easily yields the values provided in the lemma. Together with this implies
0,V (t) < —2(Amin + 1(t))V (t) or equivalently

(@)l < e Jo Com Iy | 1.
Moreover, this yields
2[w(®)l| 210w (t)l| 2 < w(®)||72 + 10, w(t)]17
<e” fo(A“‘i“+“(7))d7(||wo||%2 + ||8zw0||%2)7
which in view of the Agmon inequality implies
||w(t)||oo <e fot(>\1nin+ﬂ(7—))d7'<||w0||%2 + ||8Zw0||%2).

Thus, both ||w(¢)|| g — 0 and ||w(t)||cc — 0 exponentially if there exists an € > 0
such that Ain + p(t) > eforall t € R . O

With these preparations the kernel of a backstepping—like integral transformation
can be determined relating the possibly unstable diffusion—reaction system (83))
and the exponentially stable target system (8.4)).
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8.2.2 Determination of the Kernel-PDE

The fundamental idea of the backstepping approach for distributed—parameter sys-
tems (see, e.g., [|Zl|]) is related to the introduction of a Volterra—type integral
transformation

w(z,t) = 2(z, ) — /0 "k, 02 (CL ), 8.7)

which traces back to [§], to transform (8.32)~(®3d) into the exponentially stable tar-
get system (8.4). For this, observe that the integral kernel k(z, ¢, ¢) has to be chosen
as a function of ¢ to deal with the time varying parameter ¢(z,t) of the diffusion—
reaction system (8.3a)—(8.3d). This in particular constitutes a major difference to the
backstepping approach for distributed—parameter systems with constant or spatially

varying parametersﬂ [@, , ].

Differentiation of (8.7) with respect to z and ¢ yields
d.w(z,t) = 0.x(2,1) — k(z, 2, t)x(2, 1) —/ 9.k(z, ¢, t)x(¢, t)d¢ (8.8)
0
*w(z,t) = 2x(z,t) — d_k(z, 2, )x(2,t) — k(z, 2,1)0,2(2, 1)
~ 0.k 5 2, 0) ~ [ O2h(z. G )G ¢
0
dyw(z,t) = O,x(z,1) —/ [0,k (2, ¢, )z (¢, 1) + k(2, ¢, 1)d(C, )] dC,
0
where d_k(z, z,t) = 0,k(z, 2,t) + O.k(z, 2,) is the total differential. The latter
equation can be further evaluated by substituting (8.3a) and integrating by parts such
that
duw(z,t) = 0% (z,t) + c(z, t)x(z,t)
= [ 100k, G.0) + 32b(3. €. ) + el Oz, G, )]G ),
0

As aresult, given the target system (8.4a) it follows that the kernel k(z, ¢, t) has to
satisfy the equation

! Note that in ] besides spatially varying parameters a series solution for the back-
stepping kernel is determined if ¢(z,¢) = c¢(t) with a Dirichlet BC. However, this re-
sult cannot be extended to the considered case of a general non—separable parameter
c(z,t) € C°([0,1]) x Gp,«(R{,) with either Dirichlet, Neumann or mixed BC.
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Fig. 8.1 Domains of integration of the kernel-PDE: in the (z, ()—domain with ¢ € (0, 1),

z € (¢, 1) (left) and in the (7, o )~domain as defined in §11) with o € (0,1),n € (0,2—0)
(right).

0= / [0,k (2,¢,t) + 0Fk(z, ¢, t) — 02k(2, ¢, t)
0

+ (¢ k(2 ¢ 0)]x(C,1)dAC — 22, 1) (Y(2, 1) + 2d,k(2, 2, 1))
= k(2,0,4)0,2(0,t) + O:k(2,0,t)z(0,1),

(8.9)

where
v(z,t) = e(z,t) + p(t).
From this, the so—called kernel-PDE can be deduced, i.e.
Ok (z,¢,t) = O2k(2, ¢, t) — Ok(z, ¢, t) — (¢, 0)k(2, ¢, 1) (8.10a)

defined on the triangular domain ¢ € (0,1), z € (¢, 1) depicted in Figure
The respective boundary condition along ¢ = z follows immediately as

v(z,t) + 2d,k(z, 2, t) = 0. (8.10b)

The determination of the remaining boundary condition requires to distinguish be-
tween the specification of a Dirichlet or a mixed boundary condition at z = 0 for the
PDE (8.3d). Moreover, observe that the boundary condition at z = 0 for the target
system (8.4a) cannot be assigned independently but follows directly from the re-
spective boundary condition for x(z, t). In order to illustrate this, consider a Dirich-
let condition for z(z,t) at z = 0, i.e. ¢ = 0, p° = 1 in (83D). Hence from (8.7)
one obtains that w(0,t) = 0 while from with (810a), (B-I0b) it follows that
the kernel has to satisfy k(z,0,t) = 0. Proceeding similarly for a mixed boundary
condition, the following relations can be determined:

(i) For a Dirichlet condition at z = 0, i.e. € = 0, p° # 0 in (83B), the kernel has
to satisfy
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k(z,0,t) =0 (8.10¢)

while the target system is restricted to

w(0,) = 0. (8.10d)

(ii) For a mixed condition at z = 0, i.e. €¥ # 0, p° # 0 in (83h), the kernel has to
satisfy

—0¢ck(2,0,t) + p°k(2,0,1) = 0, (8.10e)

where p° = p°/¢°. In this case, the target system is restricted to
—e2 9 w(0,t) + p° w(0,t) =0 (8.10f)

with €2 and p¥ chosen to ensure stability of the target system (cf. Lemma 8]
and[8.2)). Thereby, the kernel has to fulfill the additional constraint

k(0,0,t) = p¥ — =2, (8.10g)

The initial conditions at ¢ = ¢, for z(z,t), w(z,t), and k(z, ,t) have to satisfy the
constraint

/OZ k(2. ¢, t0)m0(C)dC = 20(2) — wo(2), e [0,1]. (8.10h)

Hence, if 20(z) = wo(z) this yields k(z, (,to) = 0. The presentation reveals that
in general a closed—form analytical solution of the kernel-PDE (8.10a) with bound-
ary conditions as well as (810c) or .10¢), (8:10g) and initial condition
is hardly available. This is in particular due to the unusual type of PDE
(8:10a), whose spatial operator, i.e. its right-hand side, is hyperbolic while only a
first order derivative of k(z, ¢, t) with respect to ¢ appears. Hence, standard solution
approaches such as the finite—difference method cannot be directly applied. For the
special case of (¢, t) = 7(¢) and Dirichlet boundary condition at z = 0, a series so-
lution to the kernel-PDE is obtained in ]. Nevertheless, this approach is based on
a specific transformation involving the only time varying parameter v(¢) and cannot
be extended to the general case of a spatially and time varying parameter (¢, ¢). In
the subsequent section, the so—called method of integral operators as introduced in
[E] is considered in order to determine a solution to the kernel equations.

8.2.3 Solution of the Kernel-PDE

Under the assumption that (¢, t) is analytic in ¢, the existence of a solution to the
kernel-PDE is studied in [E] along the lines of the Cauchy—Kovalevskaya theorem.
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In [26] it is pointed out that a general existence result is so far not available. For the
special case of y(z,t) = v(z) € C1([0, 1]), a strong solution is obtained in 191.

In the following a strong solution of the kernel-PDE is determined under the
assumption that (¢, t) € C°([0, 1]) x GD@(]RZ)) for a € [1, 2] by applying the so—
called method of integral operators. The kernel is thereby recursively computed by a
successive approximation technique. For this, scattering coordinates are introduced

n=z+¢, oc=z-¢(, (8.11)

such that k(z,(,t) = k(n(z,¢),0(2,¢),t). In view of (810a), (8I0D) this yields
that k(n, o, t) has to satisfy the PDE

Opk(1,9,) = 40,0511, 0,8) =7 (152t ) k(1 0.1) (8.12a)

with the boundary condition
"’] —
~ (g,t) +40,k(n, 0,t) = 0 (8.12b)

since implies that ( = z is equivalent to 0 = 0. Note that the transformed
kernel-PDE is defined on the new domain ¢ € (0,1),n € (0,2 — o)
depicted in Figure [8.1(b)] In addition, depending on either a Dirichlet (8.10c) or a
mixed boundary condition (8.0¢), (8:10g) the following constraints are obtained at
o=

(i) For the Dirichlet condition (8:10d) it follows that

k(n,n,t) = 0. (8.12c)

(ii) For the mixed boundary condition (8.10¢), (8.10g) the two relations

A k(n,m,t) — 0,k(n,n,t) + p°k(n,n,t) =0 (8.12d)
0
k(0,0,t) = p° — %“f (8.12¢)

are imposed.

In order to determine a solution to (8.12al), (8.12b)) with either (8.12c)) or (8.12d)),
(8.12¢), a formal integration with respect to o and 7 is performed. This yields an
implicit formal solution for k(n, o, t), i.e.

k(n,o,t) = A(n,o,t) + /OU {Bk(m&t)

1

K - — —
+ 1/0 (8tk(7“757t)+’7(%7t)k‘(r,s,t))dr} ds, (8.132)

where
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_% f;’ o (%7 t) ds, Dirichlet BC
A(T],U,t): (70_&2&) 671—700—_% n'y(%,t)ds (8.13b)
_% fO" e~ P (0*7’)7 (%, t) dr, mixed BC
and
0, Dirichlet BC,
B(o,s,0) =4 ooy, trehte (8.13¢)
e P99 (s,t), mixed BC
with
1 S _ S —v —
Cr(s,t) = 5/0 (8tk‘(s,v,t) + 'y(T,t)k(s,v,t))dv. (8.13d)

For the explicit computation of the kernel k(n, o, t) the method of successive ap-
proximation is applied to determine a solution of (8.13) in terms of the functional
series

k(n,0,t) =Y kn(n,0,t). (8.14)

Substituting §.14) into (8.13a) yields that the coefficients &, (1, o,t), n > 1 are
obtained recursively from

ki(n,o,t) = A(n,0,1) (8.152)
_ g 1 [ _
kn(nvgv t) = / |:BE”_1(U7 S, t) + Z/ (8tkn—1(r7 S,t)
0 o
+ ’y(%,t) En_1(r, &t))dr} ds, n>2. (8.15b)

The convergence of the successive approximation is subsequently analyzed depend-
ing on the type of boundary conditions.

8.2.3.1 Dirichlet Conditions

For Dirichlet boundary conditions, convergence follows from the theorem below.

Theorem 8.1. Given ~(z,t) € C°([0,1]) x Gp,o(R{) with o € [1,2], then the
series coefficients (8.13) obtained for the boundary condition (812d) satisfy
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_ D™ ((I+n—1)1\"
sup |04k (n,0,t)| < ( ) x
te]ijO‘ ! ( | an (n— 1)!

— (1 + Jj
n 1
70) -0 —_—— n>1
(1 1;[ T 6] = nz
In particular, the series (814) converges absolutely and uniformly in the domain
o €10,1],n € [0,2 — o] for a € [1,2) independent of D and for « = 2 if D < 4.

Proof. For the proof of Theorem [8.1] at first an induction argument is used to ver-
ify condition (8I6). Due to the explicit time—dependence of the recursion formula
132, and the appearance of the time—derivative of k,,(n, o,t), the con-
vergence analysis of the functional series solution (8.14) requires to consider the
growth of successive time—derivatives of each k,, (1, o, t), n € IN, up to an arbitrary
order | € IN. Once this is obtained, the absolute convergence of the series (8.14) can
be evaluated by taking [ = 0.

Wit (2, 1) € €°([0,1]) x Gp.o(Rf) for @ > 1, it follows for n = 1 from
with (8.I13b)-(8.13d) given a Dirichlet boundary condition that

Dl
sup |0'k1(n,0,t)| < sup —/ 047 (s/2,t)|ds < —(l') (n—o),
teR S teR S

which is equal to (8.16) for n = 1. Assuming that (8.16) holds for all n =
1,2,...,N — 1, N > 2, one has

sup

Orf (n, 0 1)|
teRS,

—&—zl: (;)‘8§W(T 5 )H@l Thn_ 1(ry s t)Ddsdr
=

0
EIo DN =2 (1449 2(
= V207 1 G+ 06 +650) 5 [ o - s
l
z
@+N -+ S (Ve + N =2 e

( ;Q)J : )

ﬁDHN (I4+N-1)N\* g +7%)
S N ( N 1) ) ()" 1;[ G +050)

% This implies SUPy et [04y(z,t)] < D1 for all z € [0, 1].
0
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Thereby, the inequality >, a¥ < (3, a;)" forx > 1 and a; > O was used (see,
e.g., [10]). In particular the obtamed expression is identical to (8.16) forn = N,
which proves the first result.

With this, the series can be majorized using evaluated at [ = 0 since

B (oo} B D (oo} D n
k(. 0,t)] =< 3 _[kn(n,0,)| < F(n—0) Zam(%) . 817
n=1 n=0

where

- (1+7%)
1;[ (G +1)(F +950))

Given o = 1 it follows immediately that a,, = 1/(n — 1)! such that |k(n, o,t)| <
D/4(n — o) exp(Dno /4), which is bounded since o € [0, 1], € [0,2 — o]. Fur-
thermore, note that the right hand side of (8.17) constitutes a power series in Do /4
whose radius of convergence g can be determined from

1 2
0= lim nt1 ’ = lim w
n—ool Ap42 n—00 ((n + ]_)O‘ + ].)
This yields

o0, fora €]l1,2)
o=1+¢1, fora=2
0, fora > 2.

As a result, the series converges with infinite radius of convergence if o € [1,2).
In addition if & = 2, convergence requires that Dno /4 < 1, which is equivalent to
D < 4 since no < 1 in the considered domain o € [0,1], 7 € [0,2 — o]. O

8.2.3.2 Neumann and Mixed Conditions

Given mixed boundary conditions the convergence of the successive approximation
can be guaranteed under the conditions formulated below.

Theorem 8.2. Given v(z,t) € C°([0,1]) X Gp.o(R{) with o € [1,2], then the se-
ries coefficients (8.13) obtained for the boundary conditions 812d), (812¢)) satisfy

sup ‘afl_cn(%mtﬂ < (%)”Dl-‘rn (M) y

te]Rj;) (Tl— 1)'

n—1 1+
(no) (W+U)gm7 >
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ifﬁ =%/ = p¥ /€0 . Herein, v=1 if p° > 0 while v = expg—;ﬁo) ifp® < 0.If
p ;é pw/e0 then ky(n,0,t) = kL(n,o,t) + k2(n,o,t) where kL (n, o,t) satisfies
) and k2 (n, o, t) is bounded by

l/ﬁ(sl,o, n=1
sup |8%i(r],0, t)| < R ( (I4+n—2)! ) (8.19)
teRY BD 'Va 24) 2 ) X

((n=1) n>2

with B = |p° — p8 /€% |. In particular, the series 8I4) converges absolutely and
uniformly in the domain o € [0,1], n € [0,2 — o] for a € [1,2) independent of D
and v and for o« = 2 if Dv < 4.

Proof. Similar to the proof of Theorem[8.1] the convergence analysis requires to an-
alyze the growth of successive time—derivatives of the series coefficients k,, (1, o, t),
n € IN, up to an arbitrary order [ € IN. For this, observe first that due to the time—
independence of the exponential terms in (8.13a) with (§.13b)-(8.13d) evaluated for
the case of a mixed boundary condition it holds that

o B o al £7t d .f _0 > 0
3%/ e_po("_T)'y(r/Q,t)dr < fg—lo[,ﬂ(f z)| :a 1 Ijo >
0 e P [T 1oy (5,t)|dr, if p? < 0.

Similarly, it follows that

81/ G D0y (s,t)ds
0

2 LIS 101G, (s,1)lds, if p° > 0
T e P [T 101Cs, (s, t)|ds, if p° < 0.

Observing that exp(—pYc) < exp(—p?) for p° > 0 since o € [0, 1], the abbrevia-
tion v = 1 for p* > 0 and v = exp(—p°) > 1 for p < 0 is used subsequently.
The case p°=p? /€2

Assuming that v(z,t) € C°([0,1]) x Gp,o(R{) with o > 1 it follows for n = 1
from (8.15a), (8.13b)—(8.13d) that

5%1(777015 < sup{ /‘82{7 |ds+ /|8§’y |dr}

teRS

sup
teRS

< DA (n;a +y;> < p+Z 7 +0),

which equals (8I8) for n = 1. Hence assume that (8.I8) holds for all n =
1,2,...,N —1, N > 2. Then it follows that
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sup [9ykn (1, 0,1)]
teRS,

=)

+j§ (;) 8{7(7;—8,75)‘ _ (r,s,t)Ddsdr

K/U/SOainNl(s,qJ)’
o3 (o5l >\>dqu}

P (e (o).

N-2 1
i (]+<1+j+5j0 ( / / (rs)N 72 (r + s)dsdr
/ / (sq)N ™ 25+q)dqu>
ED
i - N .
S0 () () oo U GRS ey

Here again the inequality Z af < (>-.aj)f for k > 1 and a; > 0 was used

J

together with
1 _ v—1 _ v _
L0y )+ oD < )Ny 4 ),

which holds since o < 1 < 2 — ¢ and v > 1 such that 62V ~1/2 < (no)N=1(n +
) /4. In particular the obtained expression is identical to (818) for n = N, which
proves the first result. Majorizing the series (814) using (8.18)) for I = 0 yields

|k(n,0,t)| Z‘k n,0,t)| < DT (n+o) Zanﬂ(Dan) ’ (8.20)

n=1

where

- (1+4%
1;[ (G +1)(F +950))
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The radius of convergence o of the power series (820) in Dvno /4 can be deter-
mined from

1 2
o= lim ‘ Int1 lim +1(n + ),
n—00" Ap 49 n—oo ((n+ 1) + 1)

which yields

oo, fora €]l1,2)
o=4¢1, fora=2
0, fora > 2.

Hence the series converges with infinite radius of convergence if a € [1,2). In
addition if o = 2, convergence requires that Dvno /4 < 1, which is equivalent to
Dv < 4 since no < 1 in the considered domain o € [0,1], € [0,2 — o]. This
completes the proof of the first part.

The case p°#p? /€%

If p°  pC /€Y it follows from (8.13B) that an additional time—invariant term appears
in the coefficient k; (1, o, ). Since the recursion is linear in k, (777 o,t), the
convergence analysis can be split into two parts, i.e. k (n,o,t) = kL (n, o,t) +
k2(n,o,t), where kl(n,o,t) is treated in the previous paragraph and k2(n, o,t)
describes the recursive processing of k?(n, o,t) = (p° — p /€ ) exp (—ﬁoa). With
v as defined before the bound in for n = 1 follows immediately. Under the
assumption that v(z,t) € C°([0,1]) x Gp (R} ) with o > 1, the bound for n > 2
can be easily proven by induction following the lines of the proof for p° = p? /€%
and utilizing the estimate

// sr)*drds + — // sT) drds<(( ))(na)"ﬂ,nG]N

since ¥ > 1 by definition and 0 < 1 < 2 — ¢. Due to its formal relation to the
previous result, an explicit verification is omitted. For the proof of absolute and
uniform series convergence note that

Zk (n,0,t)

n=1

o0

<> kL o) + > k20 1).

n=1 n=1

7),0 t

Convergence of the series involving kL (1, o, t) is ensured by the results of the para-
graph above. Proceeding similarly for the series over k2 (n, o, t) yields

PIEAUEDIESDS (D’Z’“> (n)*=2,
n=0

n=1
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The radius of convergence of the majorizing power series in Dvno /4 can be easily
determined as ¢ = oo for « € [1, 2). If & = 2 convergence requires that Dvno /4 <
1, which, as outlined above, is equivalent to Dv < 4. O

Notably, the analysis above generalizes the results of [E], where convergence of the
successive approximation is verified under the assumption that (z,¢) is analytic
with respect to ¢ and that p° = 0. Observing that

0,0, kn(n,0,t) = i[@tkn_l(n, o, t) + 7(%,15) kn—1(n,o,t)|, n> 2,
with anagl}l(n,a, t) = 0, the absolute and uniform convergence of the series
> OnOskn(n,0,t) can be easily verified under the assumptions of Theorems
[BIland[B.2]provided that the bounds (®.16) and .18), (8:19), respectively, hold. As
a result, it follows from the series expression that the determined l_c(n, o,t)
is of Gevrey—order a < 2 with respect to ¢ and is a strong solution to the kernel—-
PDE with and (812¢d) or (812d), (812¢€), respectively. In view of
(811D this implies that k(z, ¢, t) is of Gevrey—order @ < 2 with respect to ¢ and
is a strong solution to the kernel-PDE (8.10a) with and (§10d) or (8:10¢),
(8:10g), respectively.

With these preparations it is now possible to explicitly compute the state—
feedback control, which realizes the desired transformation from the possibly un-
stable diffusion—reaction system (83) into the exponentially stable target system

4.
8.2.4 Backstepping—Based State—Feedback Controller

The state—feedback controller requires suitable expressions for 2(1,¢) and 9,x(1,t)
in terms of the kernel k(z, ¢, t). From 87), (88), it follows that

w(l,t) = z(1,t) _/0 k(1,¢, t)z(¢, t)dC

o,w(l,t) =0,x(1,t) — k(1,1,t)z(1,t) — /01 0,k(1,¢,t)x(¢, t)dC.

Hence, given the boundary condition (8:4d) of the target system at z = 1, the re-
spective backstepping—based state—feedback controller can be evaluated depending
on el andpl:

(i) Forel = 0,i.e. w(1,t) =0, with

#(1,1) = / B(1LC.8)2(C, )dC = Zp(a(z.1))

the state—feedback controller (83c)) evaluates to
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u(t) = 0(Zp(x(z,t)),0,2(1,1)). (8.21a)

(ii) For pl =0,i.e.0,w(1,t) =0, with

1
0,x(1,t) = k(1,1,t)x(1,t) +/ 0,k(1,¢,0)x(¢,t)d¢ =: En(x(z,1))
0
the state—feedback controller (83c)) takes the form

u(t) = 0(z(1,t), En(2(z,1))). (8.21b)

(iii) Forel >0, pL > 0,ie. €} 0 w(1,t) + pLw(l,t) =0, with

0,x(1,t) = x(1,t) (k(L 1) — Iz_lb>

w

! Py =
# [ (0000600 + k(1,60 (6, 06 = Zualalzut)

€
the state—feedback controller (8.3¢)) reads as
u(t) = 0(x(1,t), En(w(z,1))). (8.21c)

Here, it should be noticed for the case that the choice of a Dirichlet boundary
condition at z = 1 for the target system requires to additionally evaluate the deriva-
tive 9,x(1,t). This disadvantage can be avoided by the choice of either a Neumann
or mixed boundary condition at z = 1 for the target system.

8.2.5 Inverse Backstepping—Transformation and Exponential
Stability of the Closed—Loop System

The analysis of the exponential stability of the closed—loop system involving the
backstepping—based state—feedback controller determined above requires the anal-
ysis of the inverse backstepping—transformation, i.e. the transformation from the
target system into the original diffusion—reaction system. Instead of considering
the invertibility conditions for Volterra integral transformations of the form (87)
the inverse is determined explicitly. Hence, consider

#(zrt) = w(z. 1) + /U (e, 6 (G, £)dC (8.22)

and proceed as in Section[8.2.2] i.e. differentiate ([8.22) with respect to ¢, twice with
respect to z, and substitute the obtained expressions into the equations (83)) for the
diffusion—reaction system in z(z, t). This yields that the kernel-PDE for the inverse
transformation g(z, (,t) is identical to the original kernel-PDE (8.10) except for
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the coefficient (¢, t) in (810a) replaced by —(z,t) and the coefficients °, p® in
(B10€) exchanged with €2, p0 i.e.

atg(zv Ca t) = azg(za Cv t) - 829(27 Ca t) + 7(27 t)g(Z, C7 t) (823&)
v(z,t) +2d,9(z,2,t) =0 (8.23b)
and
g9(2,0,t) =0 ife) =0, p2 #0
~0,9(2,0,1) + 9(2,0,6) = (8.23¢)

Hence the solution procedure using the method of integral operators followed by
a successive approximation as well as the proof of uniform and absolute conver-
gence can be identically applied to the inverse kernel g(z, ,¢). This result in par-
ticular allows to conclude exponential stability of the closed—loop system with the
backstepping—based state—feedback controller.

Theorem 8.3. Consider the diffusion—reaction system (83) with state—feedback
control (8214), (821D, or depending on the boundary condition at z = 0.
Then the equilibrium x(z,t) = 0 is exponentially stable for all t € R;g in the L*—
norm for the target system (&4) and in the H'—norm for the target system governed

by €42, (§4B) with (8.6).

The proof of this result follows directly from the exponential stability of the target
system (cf. Lemma [81] and [B2)) and the boundedness of the kernels k(z, ¢, ) and
g(z, ¢, t) by Theorem[8T]and 821

Proof. Let £2 = (0,1),let X be either L?(2) or H'(2), and assume zo(2), wo(z) €
X. Moreover, denote Oy = {(2,{) : ( € 2, z € [(,1]} and © = {(z,(,t) : ( €
2, z€(, 1], te R;‘;} Applying the Minkowski inequality yields

[[wollx =

JJO / k C to Z‘o dCH
< leollx + H [ k(z,c,tom(c)ch
0 X

Recalling from the convergence analysis that the kernel k(z, {, t) and the inverse
kernel g(z,(,t) are bounded with bounded derivative with respect to z for all
(z,(,t) € Og the Cauchy—Schwarz inequality implies the existence if a constant
Co > 0 such that

lwollx < Collzolx,

where
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SUp(; cyeo, 1k(2, ¢ to)l, if X = L?(02)
Co=1+ \/isuP(z,g)e@O |]€(Z7 Cat0)|
+Sup(z,C)€@0 |azk(27 Cato)lv if X = Hl(“Q)

In order to illustrate this, consider X = H™(£2). With the definition of || - || 1(s)
the last term in the estimate for ||wo|| x above evaluates according to

z,¢,to) o(C)
o

e
:/o (/ozk(z’c’toﬂo(@dc) dz
) /0 (

+/01<k(z,z,to) xo(2) +

By the Cauchy—Schwarz inequality

2
z, ¢, to)xo(C)dC> dz

2

1 z
/O ( / k(Z,C7t0)$0(C)dC> dz < (sup(e.cycon (2 10)]) o2

and similarly taking into account the triangle inequality

/Ol(k(z z,t0) To(2 / D, k(2 C,to)xo(g)dg>2

2
< (sup(z e, (2, ¢ o) +5up(. oyea, 10K (2, ¢, to)]) 2ol 72

provides the constant Cy utilizing y/a? + (a + b)? < V2a+bfora, b> 0.In view
of Lemma8Ilfor X = L?(£2) and Lemma[82lfor X = H'(£2) this implies

lw®)llx < e uwollx < Coe™ O |laol|x

with s (¢ j; ) + Amin)ds > €(t — o) with € > 0. Taking the norm of
x(z,t) deﬁned by the inverse backstepping transformation (8.22)) in terms of w(z, t)
a similar argumentation yields that there exists a constant C; > 0 such that

lz(t)llx < Callw(t)llx < CoCre™ x| x
with

SUP(z,¢,t)eo |g(za Cvt)lv if X = LQ(“Q)
Ci=1+ ﬂSUP(z,g,t)ee |g(Z, C7 t)|
+Sup(z,c,t)6(9 |azg(z7 Cvt)|7 if X = Hl(Q)

Hence, the state x(z,t) of the closed-loop system decays exponentially with ¢ in
both the L?(§2)- and the H'(£2)—norm. O
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Remark 8.2. Besides its importance for the verification of the exponential stabil-
ity of the closed-loop system for the diffusion—reaction system (83) with the
state—feedback control according to (821) the inverse backstepping—transformation
proves to be an essential tool for trajectory planning as is outlined in Section[8.4]

Obviously, all three feedback controllers require the knowledge of x(z,t) for all
z€[0,1]and t € IR;;. Therefore, the control-loop has to be amended by a suitable
observer. This can be again performed by means of a backstepping approach.

8.3 State-Observer with Exponentially Stable Error Dynamics

Since the implementation of (8.21) essentially relies on the knowledge of x(z,t)
for all (z,t) € [0,1] x R;g a state—observer is required to provide a model-based
estimation Z(z, t) of (z,t) from the available measurement information such that
|Z(2,t) — x(z,t)|| — 0 in some suitable norm. For this, it is subsequently assumed
that the output y(¢) is measured. Moreover, it is desired to prescribe an exponential
decay of the observation error. In order to solve these tasks, given (8.3) a distributed—
parameter state—observer of Luenberger type is set—up according to

Dy (z,) = D22 (2, 1) + ez, (=, 8) + L (=, )y (t) — (D)), (8.242)

for (z,t) € (0,1) x Ry, with the boundary conditions

—€°0.2(0,1) + p°2(0,8) = ho(D[y(t) —9(1)],  t>to (8.24b)
0 (&(1,t),0,4(1,t)) = u(t), t > to, (8.24c)
the initial condition
#(z,t0) = 20(2), z€[0,1], (8.24d)
and
§(t) = h°0,2(0,t) + h*#(0, 1), t > to. (8.24e)

Here, [1(z,t) and l10(t) denote the observer gains, which have to be determined
such that the norm of the observer error state Z(z,t) = x(z,t) — &(z,t) decays
exponentially. By comparing (83) with (824) it follows that Z(z, t) is governed by

0,2 (2, t) = 02%(2,t) + c(2,t)%(2, 1)
— (2, t)[n°0_2(0,t) + h' #(0,1)], (8.25a)

for (z,t) € (0,1) x Ry, with the boundary conditions
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(lio(H)R° — €9)0,#(0,t) + (Lio(t)h* + p°) £(0,t) = 0, t>ty (8.25b)
0 (2(1,1) + 2(1,1),0.2(1,1) + 9,2(1, 1))
—0(&(1,1),0,#(1,t)) = 0, t>to, (8.25¢)

and the initial condition

Z(z,t0) = To(z) = wo(2) — £o(2), z€[0,1]. (8.25d)

Differing from the determination of an exponentially stabilizing state—feedback con-
trol the nonlinear input characteristics 6(-, -) results in a nonlinear stabilization prob-
lem for the design of the respective state—observer. Hence, subsequently the nonlin-
ear boundary condition (§.23d) is replaced by a linear boundary condition.

Assumption 8.2. The functional 6(-, -) is linear and is given by
0(x(1,t),0,2(1,t)) = €'0,2(1,t) + p'a(1,t) (8.25¢)

with constants ¢! and p'.

In view of (8.23¢)) the boundary condition (8.23d) simplifies to
€'0,z(1,t) + p'a(1,t) = 0, t > to. (8.25f)

It should be emphasized that the state—feedback control can be determined for a
rather general nonlinear input characteristics. However, the state—observer design
essentially relies on linear boundary control.

Similar to Section [8:2] the backstepping approach is utilized and extended to de-
termine the observer gains [1 (z,t) and l10(¢) to exponentially stabilize the observer
error dynamics (8.23). For this, a Volterra integral transformation is determined to
transform into a target system with prescribed stability properties.

8.3.1 Selection of the Target System

As pointed out above, one of the crucial parts of the backstepping approach is related
to the choice of a suitable target system. Therefore, with the results of Section|[8.2. 1
consider

0 (2, t) = 0% (2, t) — f(t)i(z,t), 2€(0,1), t >t (8.26a)
W(z,t0) = wo(2), z€10,1] (8.26b)

with boundary conditions

—&9.0(0,t) + pow(0,t) =
€n,0,w(1,t) + poi(1,t)

0, t >t (8.26¢)
0 t > to. (8.26d)
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The exponential stability of (§.26) in both the L?- and the H'-norm depending
on i(t), €, pY, €L and pl is thereby guaranteed under the conditions imposed
by Lemmas[8.1and [82] With this, the kernel of a backstepping—like integral trans-
formation can be determined, which relates the possibly unstable observer error
dynamics (8:23)) and the exponentially stable target system (8.26).

8.3.2 Determination of the Kernel-PDE and the Observer Gains

Differing from the approach introduced in Section|8.2.2|for the determination of the
observer gains the Volterra integral transformation is set—up to transform the target
system (8.26)) into the observer error system (8.23)), i.e.

#(z,t) = w(z 1) — /0 Uz, ¢ 0)B(C, ). (8.27)

Proceeding as in Section 827 i.e. differentiating (2, t) in with respect to
z and t in view of (8.26a) and substituting the expressions into (8.254a)), yields after
some intermediate computations
z
0= / (0,02, C.t) + 8212, . £) — 8212, €. £) — (2 )12 . )] (G, £)C
0
—(z,t)[2d,1(2, 2,t) — F(2,t)] — [RO1(2,t) + U(2,0,)]0,@(0, 1)
— [(h* = h%1(0,0,)l1 (2, t) — O:1(2,0,1)]w(0, t) (8.28)
with
Y(z,1) = ez, 1) + alt).
From this, the kernel-PDE follows as
Dz, ¢, t) = 02Uz, ¢, ) — OFl(z, ¢, t) + (2, t)l(2,C, 1) (8.29a)

with the triangular spatial domain ¢ € (0,1), z € ({,1) shown in Figure
Moreover, the kernel has to satisfy the condition

2d,1(z, z,t) — H(z,t) = 0 (8.29b)

along ( = z. The remaining boundary conditions have to be determined from (8.2.51))
and (8.26d) in view of (8.27)). Depending on the individual parameter set—up of the
observer error dynamics and the target system this results in:

(i) For Dirichlet boundary conditions at z = 1 in (8231), i.e. ¢! = 0, p* # 0 the
kernel has to satisfy

1(1,6,8) =0 (8.29¢)
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while the target system has to fulfill
w(1,t) =0, (8.29d)

and hence €} = 0.
(i1)) For Neumann or mixed boundary conditions at z = 1 in (8.25)), i.e. el # 0, the
kernel is restricted to the conditions

D(1,¢,t) +p'I(1,¢,t) =0 (8.29%)
~1
I(1,1,t)=p' - };—1” (8.29f)

with p! = p! /el. This in particular implies that the boundary condition (8.26d)
of the target system has to possess a similar structure with €L, # 0.

The initial condition at ¢t = to for Z(z,t), w(z,t), and I(z, , t) in addition has to
satisfy the constraint

/ Uz, Coto) B0 ()A€ = (=) — ol2), e 0.1, (8.29¢)

Hence, if wo(2) = Zo(2) this yields I(z, {, tp) = 0. Once I(z, ¢, ) is computed, the
observer gains l1(z,t) and 1o (¢) can be determined accordingly from (8.28) in view
of (8.29), i.e.

0= — [n%Li(2,t) +1(2,0,t)]0,®(0,1)
= [(h" = h°1(0,0,)l1(2,t) — 8:1(2,0,)]w(0,1)

and (8:26d) evaluated with (8:27), i.e.

0 = [lio(t)R® — °]0,w(0, 1)
+ [Lo(®)h" +p° — (Lio(t)R° — €°)1(0,0,1)] w(0, t)

by making use of the boundary condition (8.26¢). Comparison hence yields

1(z,0,t) o
T ifé =0ARY#0
L0 =90 0,0(2,0,) — Bei(2,0,) i & £0A (8.30)

_hO(z((xo,t) — ) -t PO(10,0,0) = B¢ ) —ht £ 0

and
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¢ ce 0 0
5 if & =0AR £0
ho) =9 p0+ (10,0,) = ) ire 20 (8.31)

hO(l(o,o,t) - ”Tw) —pt ho(l(O,OJ) -~ %) —hl £0.

Remark 8.3. It has to be pointed out that the arising conditionals, i.e. €2 = 0 A h® #
0oréd # 0 A h°»(0,0,t) — p% /é%) — h' # 0, for the computation of the
observer gains can be easily fulfilled by a suitable choice of the parameters of
the target system. In particular, since 4(z,t) is apriori known and since the ker-
nel I(z,(,t) is independent of €% and p2 the quotient p°, /€% can be assigned to
guarantee h°(1(0,0,t) — p0 /&%) — hl # 0 for given values of h° and h'.

The main difficulty arises from the necessary solution of the distributed—parameter
system governing the evolution of the kernel, where a closed—form analyti-
cal solution is unlikely except for certain special and simplified cases (see, e.g., the
results in , @, ] for distributed—parameter system with constant and only time
varying parameters). Moreover, a numerical solution using standard approaches
such as finite differences is complicated due to the unusual character of the PDE,
which combines a hyperbolic spatial operator with a first order time differentiation.
Hence, proceeding as in Section [8.2.3]in the following the method of integral oper-
ators is considered to determine a solution to the kernel equations.

8.3.3 Solution of the Kernel-PDE

Consider the change of coordinates according to
n=2-—2z-—C, 6d=z-C(, (8.32)

which maps the spatial domain ¢ € (0,1), z € (¢, 1) into the domain shown in
Figure B.1(b)| (replacing  and o with 77 and &, respectively) and denote I(z, ¢, t) =
1(n(z,¢),d(z,¢),t). Hence, (8.29) reduces to

0,1, 5,t) = 40,0,1(7, 5,t) = 5(1 = 157, 4)1(31,5,1) (8.332)

with the boundary condition

@ o
7(1 -1, t) +40,1(71,0,¢) = 0 (8.33b)

while for z = 1 and hence & = 7} the following distinction has to be taken into
account:

(i) For the Dirichlet condition (8:29¢) it follows that
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1(7,7,t) = 0. (8.33¢)

(i1) For the mixed boundary condition (8.29¢), (8.291) the subsequent conditions
are imposed

051(77, 71, t) — 057, 7,t) + p'U(7, 71, ) = 0 (8.33d)
~1

10,0,) = p* — B, (8.33¢)
€w

Of course, it should be pointed out that the restrictions on the target system formu-
lated for (8:29d), have to be fulfilled similarly.

A comparison of (833) and (812)) reveals that the only differences between the
two sets of equations are given by the sign on the left hand side of the kernel-
PDE and the arguments of §(-, t) and (-, t). This, however, implies that the
results obtained for the successive approximation of the kernel k(z, ¢, t) or k(n, o, t)

directly carry over to the kernel I(z, (, t) or I(7], 7, t), respectively. In particular, let
(7,6.6) = Y _1n(i},6,1). (8.34)
n=1

Then proceeding as in Section 823 provides that the series coefficients [, (7, &, t)
can be determined recursively from

h(i,5,t) = A0, 6, 1) (8.352)
_ ar . 1 /7 _
.0 = [ B G0+ 1 [ oda e
0 G
+1(1_ Tg87t)ln_1(r,s,t))dr]ds, n>2, (8.35b)
where
—L 751 - 5, t)ds, Dirichlet BC
AWRPO=1 (7~ B 774 [75(0 - 5.1)as ®36)
-1 Iy e‘ﬁl(‘}_r)’y(l — £,t)dr, mixed BC
and
- 0 Dirichlet BC
Bi, 5.58) =4 o S (8.37)
" e P90 - (s,t), mixed BC

with
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~ 1 s _
Cr,_. (s, t) = 5/0 (—8tl _1(s,0,1)

4 7y(1 — %J)l_n,l(s,v,t))dv.

(8.38)

The convergence of the successive approximation can be guaranteed provided that
A(z,t) is a Gevrey function with respect to ¢ of a certain order.

8.3.3.1 Dirichlet Conditions
Given a Dirichlet boundary condition, then convergence can be ensured under the

conditions determined below.

Theorem 8.4. Given y(z,t) € C°([0,1]) x Gp,o(R{) with o € [1,2], then the
series coefficients (833) obtained for the boundary condition (833d) satisfy

- DA™ (I 4+n—1)N\"
sup [0}1,(7,5,t)| < o (( = 1)') > X
teR; n :

B - (8.39)
(715) 1;[ +1 J+5]0) n=t

In particular, the series (834) converges absolutely and uniformly in the domain
g €[0,1], 7 € [6,2 — ] for a € [1,2) independent of D and for « = 2 if D < 4.

8.3.3.2 Neumann and Mixed Conditions

In the case of Neumann or mixed boundary condition the successive approximation
procedure converges uniformly depending on certain Gevrey properties.

Theorem 8.5. Given 7(z,t) € C°([0,1]) X Gp.o(R{) with o € [1,2], then the se-
ries coefficients (833) obtained for the boundary conditions (8.33d), (833¢)) satisfy

teRS

ifpt = p'/et —ﬁw/€ Herein, v = 1ifpt Z_Owhileuzexp(—ﬁl) ifpt < 0.
pr # pw/€1 then I, (77’ g, t) = li (ﬁa g, t) + lﬁ(ﬁa g, t) where l'r% (777 a, t) satisfies
®4Q) and 12(7,5,t) is bounded by
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Vﬁ(sl’(), n=1
_.\n—1
sup |012(7, &,1)| <  BDn (%) x (8.41)
+ «
o (2 (1)), 2 2

with B = |p* — pL /€L |. In particular, the series (834) converges absolutely and
uniformly in the domain ¢ € [0,1], 1 € [6,2 — 7] for a € [1,2) independent of D
and v and for o = 2 if Dv < 4.

The proofs of these results follow exactly the lines of the proofs of Theorems [B.1]
and[B.Z]by observing that the negative sign for the term —d,1,, (7}, &, t) in and
(838)) can be neglected for the convergence analysis, where only absolute values are
considered.

8.3.4 Inverse Backstepping—Transformation and Exponential
Stability of the Observer Error Dynamics

Similar to the analysis of the state—feedback control in Section [§.2.3] when applied
to the diffusion-reaction system (8.3)), the verification of the exponential stability of
the observer error dynamics with the observer gains {1 (z, ) and l1¢(¢) requires to an-
alyze the inverse backstepping—transformation from the original diffusion—reaction
system to the target system. For this, consider

B2 1) = 52, 1) + /0 Tz, ¢ OFC G (8.42)

differentiate with respect to ¢ and z, and substitute the obtained equations into
(8.26al). This yields after some intermediate computations

0 =2(z,t)(—2d,m(z,( t) + (2, 1))
+#(0,t) [agm(z, 0,t) — ht (ll(z, t) + /zm(z, ¢, t)ll(c,t)d()]
0
z (8.43)
—0,%(0,t) [m(z,(Lt) + A0 (ll(z,t) +/ m(z,(,t)ll(g,t)dqﬂ
0
+ / [m(z. G )+ 2m(z,C. 1)~ 0m(2, 1) +3(C. Om(z, O] A
0

As a result the inverse kernel m(z, ¢, t) has to satisfy the PDE

Oym(z, ¢ t) = 92m(z, ¢, t) — fm(z, ¢, t) — A(C, t)m(z, (1) (8.44a)

for ¢ € (0,1), z € (¢, 1) with
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2d,m(z, z,t) — ¥(z,t) = 0. (8.44b)

Moreover, observe that substituting (8.27)) into (8.42)) implies the relation

/O C(mzsCot) — 1z, 6 8) (G )

-/ zm(z,c,w( / CZ<<,snf)zb(s,t)cis)dc

~ [t ( [ mizcone, s,t>dc) s,

where the latter equation is obtained by changing the order of integration. Hence,

m(z,s,t) —l(z,8,t) = /z m(z,(,t)I(, s, t)dC,

which by direct substitution in particular implies together with (8.30) that the right—
hand side of (8.43) is identical to zero for all combinations of Z(0,¢) and 9,z (0, t).
The remaining boundary conditions are finally obtained by evaluating (8.26d)

with (8:42) in view of (§.231):
(i) For a Dirichlet boundary condition at z = 1 in (826d), i.e. €}, = 0, p., # 0, the
kernel has to satisfy

m(1,¢,t) =0 (8.44c¢)

while necessarily e! = 0 and p! # 0.
(ii) For a Neumann or mixed boundary condition at z = 1, i.e. €}U = 0, the kernel
is restricted to

~1
9,m(1,¢,t) — Ig—lwm(lyc,t) =0 (8.44d)
m(1,1,t) =p" — 2. (8.44e)
€w

Thereby it is required that €' # 0.

Obviously, the distributed—parameter system (8.44)) for the inverse kernel m(z, (, t)
is structurally identical to (8.29). Hence, the solution approach presented in Section
[833lcan be applied and convergence is induced by Theorems[8.4] and B3] respec-
tively. This in particular illustrates that a strong solution to (8.44) can be determined,
which is of Gevrey order o < 2 in ¢. As a result, exponential stability of the observer
error dynamics can be immediately guaranteed following the lines of the proof of
Theorem[8.31

Corollary 8.1. Consider the observer error dynamics (8.23) with observer gains
l1(z,t) and l1o(t) according to 83Q) and ®31D. Then the equilibrium 7(z,t) = 0
is exponentially stable for all t € RZ) in the L?>~norm for the target system (8.26)
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and in the H —norm for the target system (8.26a)), (8.26D) with boundary conditions
satisfying (8.6).

Corollary B.]in addition enables to deduce a separation principle, which illustrates
that the dynamics of the state—feedback controlled system and of the state—observer
can be assigned independently.

8.3.5 Separation Principle and Exponential Stability of the
Closed-Loop System

For the realization of the state—feedback controller (821) the state x(z,t) has
to be replaced by the estimated quantity #(z,¢) obtained from the solution of

(®823) with (830) and B31). As pointed out in [30, [12] for the case of time—

invariant distributed—parameter system this is equivalent to the evaluation of the
backstepping—transformation (87) with x(z,t) replaced by #(z,t) = wz(z,t) —
Z(z,1), i.e.

weit) = a(.0) = [ k08K
0
= aert) = [ b G a6, (5.45)
0 z
- (a0 + [ K030
0
With Assumption and proceeding along the lines of the determination of the

kernel-PDEs, this provides in view of (8.3) and (8.23)) that the corresponding target
systems in w(z,t) and w(z, t) read as

o st = e o] <[5 s

with the forcing term

a(z.t) = (uz,t) - [ hec, t>zl<<,t>d<)
0
[ BROk(z0.0), =0Ap"#£0 (8.46b)
Bef(z,0,8), € #£0

and

§(t) = h°0,w(0,t) + (h* — 1°1(0,0,1))w(0,1).
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The boundary conditions are given by

—e%0_w(0,t) + p° w(0,1)

(t)x{p“’“o“) O =0ApY #0
6_0l10(t)a 2} 7é 0
(8.46¢)

ewd,w(l, )+p11u ( ; )
GRIRTIEE )+pw ( ) )

0
0
0,

together with the initial conditions

[zg(z,to)] _ {7{0(2)} . (8.46d)

w(z,to) Wo(2)

Obviously, the incorporation of the estimated state yields a one—sided coupling of
the target system for the state—feedback in w(z,t) with the target system for the
observer error dynamics in @(z,t). Given a finite—dimensional linear system the
separation principle implies that the dynamics of the feedback part and the observer
part can be assigned independently. In terms of the backstepping approach similar
results are presented in [@ [12] for diffusion-reaction systems with constant and
spatially varying parameters. Thereby, a Lyapunov-type argument is considered in

], which however relies on a particular set of boundary conditions and is hence
not applicable for the general linear setting above. For this, the exponential stability
follows from the Theorem below.

Theorem 8.6. Let k(z,¢,t) and I(z,(,t) be the solutions to @I10) and (829), let
the target systems (8.4) and [B.2Q) satisfy the assumptions of Lemma and let
Assumption[82 hold. Then for any xo(z), 29(z) € L*([0, 1]) the composite system
consisting of the plant (83) and the observer with state—feedback control
B21)) evaluated in terms of the observer state iz, t) is exponentially stable in the
L?—norm.

Proof. The coordinate transformations and (8.27) map the original diffusion—
reaction system (83) and the observer error dynamics (8.23) into (8.46)). The w—
subsystem of (8.46) and the homogeneous w—subsystem (with ¢(z,¢) = 0 and the
right-hand side in equal to zero) are by assumption exponentially stable. The
interconnected (w, w)-system is a cascade with the forcing by means of bounded
functions with bounded derivative in z (cf. Theorem[8.3). This in particular implies
the exponential stability of the (w, w)-system. Due to the invertibility of k(z, ¢, t)
and [(z,(,t) (cf. Sections and B3.4) and the relation #(z,t) = x(z,t) —
Z(z,t) this yields the exponential stability of the closed—loop (z, &)-system under
the state—feedback controls evaluated with the observer state Z(z, t). O
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8.4 Tracking Control Using Backstepping and Differential
Flatness

The fundamental idea of the backstepping approach relies on the transformation of
the possibly unstable linear diffusion-reaction system (8.3) into the exponentially
stable linear target distributed—parameter system (8.4). Subsequently, it is crucial to
note that the stability of the target system is preserved if the boundary condition
(8:4d) is modified according to

€0, w(1, 1) + ppw(1,t) = uy(t), (8.47)

where w,,(t) denotes an arbitrary function of time. This degree—of—freedom can be
utilized as a feedforward controller to realize the tracking of suitable trajectories
t — £*(t) for the output (83€) and hence to solve the tracking control problem. For
this, flatness—based methods are incorporated, which allow a systematic solution of
trajectory planning problems for distributed—parameter systems as presented in Part
[T for various system and control configurations.

8.4.1 Flatness—Based Trajectory Planning

In order to solve the trajectory planning problem given the target system (8.4a)—
([B4d) with (847, the formal integration approach presented in Chapter [7] can be
directly applied. Here, Corollary [Z1] guarantees the convergence of the resulting
state and input parametrizations under certain Gevrey conditions for the parameter
() as well as the basic output.

However, since the parameter in the PDE of the target system depends solely on
time ¢, alternatively formal power series can be applied for the solution of the trajec-
tory planning problem. As is shown below, this in particular allows to deduce rather
explicit and easily implementable representations for the state and input parametriza-
tions. Following, e.g., [ﬂ, , , 21], a parametrization of the state w(z, t) of the
inhomogeneous target system (8.4a)—(8.4d), |.47) is sought in terms of

1

Maﬂ=§)%@%%, (8.48)
n=0 '

For the application of the formal power series (8.48)), observe first that the output
(B3¢€) in terms of z(z,t) can be re—written as a function of w(z, t) using (87) and

B3, i.e.
y(t) = h°0,w(0,t) + h'w(0, 1), (8.49)

where h' = ht + h%k(0,0,t). Here, k(0,0,) can be replaced by either (8.10d) or
(8:10g) depending on the type of boundary condition at z = 0.
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For the computation of the series coefficients 0, (t) formally substitute (8.48)
into the PDE (8.4a) for the target system. After sorting terms of equal degree in z a
differential recursion is obtained for the series coefficients, i.e.

W (£) = Oyt (1) + p(t)ibn2(t),  n>2 (8.50)

Obviously, two starting conditions for wg(t) and w1 (¢) are required to uniquely
determine 0, (t) for all n > 2. For this, the evaluation of (8.4d) and (8.49) with the
formal power series ansatz (8.48)) yields

—€0, by (t) + phyibo(t) =0 (8.51)
ROy (t) 4+ Rt (t) = y(t). (8.52)

Assuming that h0pY + h'e® £ 0, which is equivalent to require that (8.4c) and
[849)) are linearly independent with respect to w(0, ¢) and 9, w(0, t), it follows that

o(t) = s%y(t), W (t) = s'y(t) (8.53)

where s° = €0 /(h°p% + h1el) and st = pl /(hOp® + hlel). In view of (830) it
is obvious that any series coefficient ., (¢) can be parametrized in terms of y(¢) and
its time—derivatives. In particular it follows that

an(t) = SODn{y(t)}7 w?n-l-l(t) = San{y(t)} (8.54)

forn > 0 with D*{y(t)} = D{D"{y(t)}}, D°{y(t)} = y(t) with the operator
D = 0, + u(t). Obviously any series coefficient wy, (t), n € IN, can be expressed in
terms of y(¢) and its time—derivatives. As a result, the state and input parametrization

can be determined from (8.47), (8.48), and (8:34), i.e.

. B > . (Z)Qn L (Z)2n+1
W(z,t) _;)D {y(t)}(so @)l +s (2n+1)!) (8.55)

T (t) = €10 (1,t) 4+ pLav(1,t). (8.56)

Hence, £(t) = y(t) = h°0,w(0,t) + h'w(0,t) can be called a basic or flat output.
In order to guarantee that w(z,t) — w(z,t) and G, (t) — ., (t) it is required to
ensure uniform convergence of (8.35) with at least a unit radius of convergence.

Theorem 8.7. Let £(t) € Gp, .o(R{) and let u(t) € Gp, o(Rf) with o € [1,2).
Then the series (8.33) converges to the solution of ®.4a)-®4d), (847 with an
infinite radius of convergence.

The proof of Theorem [8.7] follows basically the lines proposed in [20] and is pro-
vided below for the sake of completeness.

Proof. As proposed in [20] it is shown by induction that under the assumptions of
TheoremB i.e. £(t) € Gp, o(R{), u(t) € Gp, o(Ry), the series coefficients
Wy, (t) defined in (830D, (8.31), and (8.33) can be majorized according to
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l e
sup |9y (1)] < Dl“e”%, n>0 (8.57)
tER (nl)>
forany | € N and « € [1,2]. Here D = max{D¢, D,,} x max{s’, s’} and ¢ is a
constant to be determined below. Given n = 0, (8.37) yields

sup |0lig(t)] < DN,
teR S

which is equivalent to the fact that @ () = s°£(t) and £(t) € Gp, o(R;). Simi-
larly forn = 1 one obtains sup,_p+ |0} (t)| < D" 'e((141)!1)*, which majorizes
to

Wy (t) = s'&(t). Hence assuming that §.37) holds forn = 0,1,...,N —1, N > 2
it follows from (8.30)) that

sup |9y (t)| < sup
te]R:fO te]R:fO

l
(’ﬁ“wN o +Z( )8tju ij_Q(t) .

J=

Substituting the bounds for the Gevrey functions £(¢) and w(t), the inequality re-
duces to

sup |8£711N(t)| <

DN (L4 N)Y)® (@ (NN — 1>>%>
teRf (V) |

g2 (N+1)~
which for all N > 2 and [ > 0 implies

DN (1 + N)He
sup ale(t) < =
teR%' ‘ | (N1)3

f(e)

with f(e) := 2D/ Here (B.I8) and the property >, af < (3-;a;)* fora > 1
and a; > 0 were used. Solving f(¢) = 1 for ¢, i.e. ¢ = V2D, yields the desired
result (8.37). With this, the radius of convergence g of the parametrized series (8.33))

can be determined using the Cauchy—Hadamard formula such that ¢ = oo if o €
[1,2),0=1/cifa=2,and p = 0 for a > 2. O

As a result, assigning suitable desired trajectories ¢ — £*(t) = y*(t) from the
Gevrey class of order « € [1,2) for the output £(t) = y(t), the respective
state and input trajectories w*(z,t) and u,(¢) follow directly from the evalua-
tion of (833) and (838) with £(t) replaced by £*(¢). Since the target system is
by definition exponentially stable, the application of the determined input trajectory
uk () to the system @Za)-@4d), (847 directly ensures that £(t) — £*(¢) while
w(z, t) = w*(z,1).

However, recall that the considered tracking control task is provided in
terms of the state x(z, t) of the governing diffusion—convection-reaction system and
hence has to be transformed to a trajectory planning problem for the state w(z, t) of
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the target system. It is hence required to re—formulate the tracking control problem,
which, as is shown in the subsequent section, results in the planning of appropriate
trajectories £*(t) for the basic output ().

Remark 8.4. Note that the original diffusion-reaction system (8.3) is flat with £(t) =
y(t) as a basic output (see, e.g, [@] for the case of linear diffusion—convection—
reaction system with spatially dependent coefficients). However, it should be pointed
out that the approach of [20] cannot be extended to the case of a varying parame-
ter ¢(z, t) without imposing further assumptions. On the other hand, as illustrated
above, the flatness property is preserved under the backstepping transformation.
This provides the great advantage that flatness—based trajectory planning can be per-
formed by means of the equations of the target system (§.4a)—(®4d), ®.47), (8.49),
which are of a significantly simpler structure than the original diffusion—reaction
system in view of the spatially and time varying parameter c(z, t). Besides the deter-
mination of the respective differential recursion, the proof of uniform convergence
of the parametrized series is similarly simplified using the presented approach.

8.4.2 Trajectory Assignment in Gevrey Classes Using the
Backstepping Transformation

For trajectory planning, in the following the focus is on the realization of finite time
transitions between a stationary initial profile z(z, ty) = x((z) and a final possibly
time varying profile x(z,t) for ¢ > to + T with prescribed transition time 7' > 0
along a prescribed trajectory £*(¢) for the (basic) output £(t). However, differing
from the discussion in Chapter[Z]the introduced backstepping transformation allows
to simplify the trajectory planning task since stationary profiles can be either con-
sidered for the z—system or equivalently for the w—system.

8.4.2.1 Steady State Analysis

Due to the time—variance of the governing PDE (83a)) the analysis of stationary
profiles becomes more involved compared to time—invariant PDEs. In particular,
stationarity at t = t5 > to requires that for all ¢ > ¢, the following equations are
satisfied

02x4(2) + c(z,t)xs(2) = 0, z€(0,1) (8.58a)
—€20,25(0) + p’z5(0) = 0 (8.58b)
h00,24(0) + htzs(0) = £, (8.58¢)

where £ denotes the constant desired stationary value of £*(¢) and for z4(z) # 0
the parameter ¢(z,t) = c,(z) for all t > t,. Note that if £& = 0, then z5(z) = 0 is
a solution to (8.38) independent of ¢(z,t). Subsequently, if the equations (8.38) of
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the BVP are satisfied, x4(z;£}) = x4(2) is called a stationary profile depending on
&*. Observe that due to the flatness property of (83) (see Remark [8.4) and (8.4a)-
®4d), (847D, it is possible to express stationary profiles in terms of the basic
output £;. Obviously, a different choice for £} results in different stationary profiles
x5(z). The corresponding constant input for ¢ > ¢4 follows from the evaluation of

(B3d) with z(z, t) replaced by z4(2;£5), i.e.
us(€5) = 0(25(1;£3), 0.24(1;£7)). (8.59)

Proceeding similarly for the target system (€. 4a)—(®.4d), €.47), (8.49) the stationary
profile wy(z; &s) = w(z) for w(z,t) necessarily has to satisfy the BVP

O*w(z) — p(t)w(z) = 0, z€(0,1) (8.60a)
—€29,w(0) + pw(0) =0 (8.60b)
h0_w(0) + h'w(0) = &7, (8.60c)

Herein, given & # 0 and hence w(z) # 0 the parameter y(¢) has to fulfill p(t) = ps
for all ¢ > t,. The corresponding constant input follows from ®.47) with w(z,t)
replaced by w;(z;&,). In particular, 2:5(z; £¥) and ws(z; &) are interconnected by
the backstepping transformation ([§.7), i.e.

wa(z362) = wa(2:€7) - / a2 O (G €)C (8.61)

with ks(z,() the stationary solution to the kernel-PDE for v(¢,t) =
7s(¢) = es(2) + ps and Aly(¢,t) = O foralll > 1 and t > t.

These results serve as the basis for the determination of suitable trajectories £*(t)
for the basic output £(¢) to solve the considered tracking control problem.

8.4.2.2 Finite Time Transitions between Stationary Profiles

Subsequently, it is assumed that the initial profile (8.3d) represents a stationary pro-
file for the diffusion—reaction system (83), i.e. a solution zo(z) = xs(z; &) to the
BVP with £ = &5 . As is outlined above, evaluation of yields the cor-
responding stationary initial profile wo(z) = ws(z, ;o) for the target system. Note
that due to the equivalence of the original diffusion-reaction system and the target
system induced by the backstepping transformation as well as the mapped output
(8-49)), trajectory planning can be performed in terms of either x(z, t) or w(z, t).

In view of the stationarity of the initial profile xo(z) = x4(z; &5 ) any trajectory
for the basic output has to satisfy £*(to) = £, while 9}¢*(tg) = 0 forall I > 1.
This in particular illustrates that £*(¢) cannot be analytic at ¢ = . Thus, the basic
output is chosen as

E(t) =& o+ (§ir — & o)grw(t — to) (8.62)
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with the locally non—analytic function gr(-) of Gevrey order & = 1 + 1/w in-
troduced in (B3). Note that for all ¢ > tq + T the desired trajectory satisfies
£ (t) = & while 9j¢*(t) = 0 for I > 1. Assuming that for all ¢ > to + T
the parameter 4(t) in the target system fulfills p(t) = ps, OLu(t) = 0 for 1 > 1, it
follows from (B.60) that the target system reaches the stationary profile ws(z; &r)
fort > to + T'. Since us > 0, this equilibrium is exponentially stable. As a result,
substitution of into the input parametrization yields the feedforward
control w} (t), which allows to realize the transition from the initial stationary pro-
file ws (25 €7 o) to the final stationary profile ws(2; £ 1) within the prescribed finite
time interval ¢ € [to,to + 1], T > 0. By utilizing the transformation (8.61) and the
inverse backstepping transformation this result is equivalent to the transition
from the initial stationary profile x(2; &7 o) to the final (not necessarily stationary)
profile

2(2,1) = wal(z: € 7) + / 920, w(G €8 )¢ (8.63)

for t > to + T along the desired trajectory (8.62) for the (basic) output (83¢)).

Remark 8.5. In addition to the realization of a finite time transition from a stationary
initial profile to the final profile defined in (8.63) it is possible to solve more general
tracking control tasks. As an example consider the tracking of a periodic trajectory
for the (basic) output £*(t) for the case of a stationary initial profile. The choice of

& (t) = 5270 + (A sin(w1t) + A cos(wat))gr.w(t — to)

provides a smooth and at ¢ = ¢y non—analytic desired trajectory, which is consistent
with the stationary initial profile zo(z) = w,(2;&] o). Substitution of £*(#) into the
input parametrization (836) provides the feedforward control u,(t) to realize the
periodic trajectory £*(t) = &5 + Apsin(wit) + Az cos(wat) for t > o for the
output ([83¢) or (8:49). In addition, the approach above can be suitably extended to
perform trajectory planning for a non—stationary initial profile following, e.g., the
approach considered in [ﬂ%] or the treatise in Section[6.4.2]

These simple examples clearly illustrate the wide applicability of the considered
approach, where the trajectory planning is performed on the basis of the exponen-
tially stable target system, which has a significantly simpler structure compared to
the original problem.

8.4.3 Combining Backstepping and Differential Flatness for
Exponentially Stabilizing Tracking Control

By combining the backstepping—based state—feedback controller introduced in
Section [§.2.4] with the flatness—based feedforward controller determined above, an
exponentially stabilizing tracking controller is obtained, which solves the tracking
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& Uy U Yy

>* > Eff > Efb > Yo >

IS5

2ob <

Fig. 8.2 Block diagram of state—feedback tracking controller with state—observer combining
backstepping and flatness. The control structure consists of a trajectory generator X* for the
basic output, the feedforward control X; s, the backstepping—based state—feedback control
sy and state—observer X, and the distributed—parameter system B3).

control problem for the diffusion-reaction system (8.3). For this, a simple modifica-
tion of the state—feedback controllers (8.21)) is required in terms of (8.47). Depend-
ing on the values of €. and p this yields:

(i) Forel =0,ie. w(l,t) = ul(t)/pL, with (821a) the tracking controller eval-

uates to
u(t) = O(ED(;U(ZJ)) 1 Yl 8Zx(1,t)>. (8.64a)
(ii) Forpl, = 0,i.e. Ow/0z(1,t) = u},(t)/el,, with (82TD) the tracking controller
reads as
ult) = G(x(l,t)7 En(z(z,t) + “i”ft)). (8.64b)

(iii) For pL, €l > 0,ie. e,0w/0z(1,t) + pLw(1,t) = ul (¢), with (82Id) the
tracking controller follows as

u(t) = 9(93(1, £), Sar(x(z, 1) + “5(’5)). (8.64c)

1
€w

In view of the application of the determined tracking control, the state x(z,t) has
to be replaced in (8.64) by the observer state #(z, ¢) obtained from the evaluation
of the distributed—parameter state—observer (8.24) with the observer gains accord-
ing to (830), (831). This results in a dynamics output feedback tracking control
scheme, which ensures the exponentially stable tracking of suitably designed output
trajectories. The corresponding block diagram, which schematically illustrates the
proposed tracking control concept, is shown in Figure

8.5 Application Examples and Simulation Results

In order to evaluate the performance of the determined tracking control, simulation
results are presented for the transition starting from an initial stationary profile to
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Fig. 8.3 Spatially and time varying parameter c(z, t) as defined in (8.63)

reach a final stationary profile along a prescribed output path. Thereby, a mixed
boundary condition (83B) is considered with the system parameters €’ = p° = 1.
The output (8.3€) is determined by the parameters h° = 0 and h' = 1 such that
&(t) = (0, t). For the sake of simplicity, the initial time ¢ is chosen as ty = 0.

As an example, the varying parameter c(z, t) in the PDE is chosen as

c(z,t) = gr. w, (t — to)(al(t) + zag(t)) (8.65)

with a1 (t) = 1044 cos(bnt + 7/2), az(t) = 5 — a1 (t) +4sin(5nt) and w, = 3/2
and T. = 1/2. Note that due to the choice (8.63)), the parameter c(z,) satisfies
c(z,t9) = 0,0c(z,tp) = 0forl > 1 while c(z,t) = ay () +zaz(t) fort > to+T..
The resulting evolution of ¢(z,t) in the (z,t)—domain with amplitudes changing
periodically for ¢ > to + T, between the extrema min.c(o 1] s>¢o41. ¢(2,1) = 1
and max_¢(o,1),t>¢0+1. ¢(2,1) = 14 is illustrated in Figure 8.3l The parameters for
the target system are chosen as ), = e} = 1, p) = pl = 0 while two different

w
parameters (t) are considered, i.e.

pa(t) = p = 10
p2(t) = 20 — 10g7,, 0, (t — to)

with w,, = 2 and T,, = 0.4. The latter choice with a time varying 1(t) is thereby
included in order to illustrate the different possibilities when defining the target sys-
tem and the resulting consequences on the tracking behavior. With these parameters,
exponential stability of the target system in the L?— and H '—norm is guaranteed by
Lemma[8.1]and
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8.5.1 Trajectory Planning

The desired output trajectory ¢ — £*(¢) is assigned as defined in (8.62) with §s0=
-2, f;T = 2,T =1, and w = 2. Hence, the desired trajectory is of Gevrey order
a = 3/2 < 2 such that convergence of the formal power series parametrizations of
the state and the input of the target system is ensured by Theorem[8.7] As outlined
in Section [8:4.2.2] for the choice of the desired trajectory £*(¢) and the ansatz for
¢(z,t), the trajectory planning problem corresponds to the realization of a transition
starting from the initial stationary profile zs(2;£: o) = (1 + 2)&5 . i.e. 2o(2) =
x5(2; €L o), to the non—stationary profile defined by 8.63) for t > to + T'. Here,
the final stationary profile wy(z; f:’T) for the target system is obtained by solving
(860D, which yields for the considered set of parameters and j1s = py = p2(7),) that
ws(z;65 ) = & 0F1(;2/3; us(2)/9), where oF(;-;-) denotes the confluent
hypergeometric function.

This is illustrated in Figure where the evolution of w*(z,t) as defined in
with £(t) replaced by £*(¢) is shown for py () (Figure and pio(t)
(Figure[8:4(b)). By making use of the inverse backstepping transformation the
corresponding profiles 2*(z, t) of the original system can be directly determined as
shown in Figures [8.4(c)|and [8:4(d)] With this, a design systematics can be derived,
which correlates trajectory planning in the w—system with trajectory planning in the
x—system by means of an invertible transformation. As a result, a direct validation
of the desired dynamics is available, which can be exploited in an iterative process
to suitably assign £*(¢) towards the fulfillment and offline evaluation of possible
state and input constraint or additional desired dynamical process features.

8.5.2 Stabilization and Tracking

Since (8.63) is of Gevrey order o = 5/3 and since p(t) is constant or of Gevrey or-
der o = 3/2 < 2, the uniform convergence of the successive approximation for the
determination of the kernel k(z, ¢, t) is ensured by Theorem [82 In order to illus-
trate this, Figure [8:53(a)] and [8:5(b)] depict the kernel k(z, ¢, t) in the (z, ()-domain
fort € {0,0.5,1.0,1.5} computed with 6 series coefficients in (814). Significant
differences between the result for 1(¢) = p1 and p(t) = pe(t) can be observed for
t < T}, due to the time—variance of 12(t) while both kernels coincide for t > T,.
As an example a nonlinear boundary condition (83d) of the form

0(x(1,t),0,2(1,t)) = d,2(1,t) + sinh(z(1,t)) (8.66)

is considered, which involves an exponential growth in x(1,¢). Note that due to
the nonlinear boundary condition (8.66) and in particular due to the time varying
parameter c(z,t) in the PDE (83d) the eigenvalue analysis is not applicable for
the stability analysis. However, open—loop simulations directly reveal the instability
of the uncontrolled system. On the other hand, highly accurate trajectory tracking
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Fig. 8.4 Trajectory planning for target and original system

can be achieved by applying the determined tracking controller for mixed
boundary conditions. This is shown in Figures Here, the evolution
of the controlled state z(z,t) (Figure is depicted in the (z,t)-domain for
p(t) = py in order to illustrate the transition behavior with the state x(z,t) satis-
fying fort > to + T = 1. Obviously, after an initial transition phase the
obtained profile changes periodically with time ¢ over the spatial domain. For the
evaluation of the tracking performance, a comparison between the obtained output
&(t) = x(0,t) and the desired output £*(¢) is provided in Figure [8:5(d)} Here, the
achievable almost perfect tracking behavior is illustrated for both choices of p(t).
The effect of the time varying parameter ;1(t) = p2(t) can by directly evaluated in
Figures[8.5(e) and[8:5(D)| where the input is shown for p(t) = p1 and p(t) = po(t),
respectively. The feedforward control u (¢) determined from (8:36) computed us-
ing 20 series coefficients and the respective tracking controls u(t) as defined in
are thereby depicted for comparison reasons. Due to the different choice of
(t), arather significant change in both the feedforward part w}, (¢) and the tracking
controller u(t) can be observed. Note that detailed simulation studies reveal that
the evolving peaks in u(t) at ¢t ~ 0.2 and ¢ & 0.4 are a direct consequence of the
nonlinear boundary condition (8.66) and are hence necessary to stabilize the system.
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(a) Kernel k(z, ¢, t) for y(z,t) = ¢(z,t) +
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tracking controller (8.64d) for p(t) = ua.
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(e) Feedforward control u;,(t) (836) for
u(t) = p1 and tracking control w(t)
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265

=<

10 RS oseos
10 \?;f;f;f’:?:;:, =

=207 N =1.5

=30 t=1

_40 t=0.5

t=0
-50
1 0
0.5 L 0.5
¢ 01 z

(b) Kernel k(z, ¢, t) fory(z,t) = c(z,t) +
u2(t) att € {0,0.5,1.0, 1.5}.

2,
1, 4
> 0Of 1
1t i
== Des.
2 —
: )
0 0.5 1 1.5

t
(d) Comparison of the output y(t) for
p(t) = pa (bold) and p(t) = pa(t)
(dashed) with £*(t) (8.62).
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(f) Feedforward control uj,(t) (836) for
u(t) = pa(t), tracking control u(t) (.64,
and magnification of u(t).

Fig. 8.5 Feedback stabilization and tracking control
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In summary, the obtained simulation results clearly illustrate the feasibility and
the achievable high tracking performance of the proposed exponentially stabiliz-
ing tracking control concept for boundary controlled linear diffusion-reaction and
diffusion—convection—reaction systems with varying parameters.

Notes

The results of Section are partly based on ]. Acknowledgement is given to
(©2009, Elsevier. Reprinted, with permission, from T. Meurer and A. Kugi, "Track-
ing control for boundary controlled parabolic PDEs with varying parameters: com-
bining backstepping and flatness”, Automatica, 45(5):1182—1194.
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Chapter 9

Backstepping for Linear
Diffusion—Convection—Reaction Systems with
Varying Parameters on Parallelepiped Domains

The backstepping approach presented in the previous chapter for boundary con-
trolled distributed—parameter systems defined on a 1-dimensional domain with a
single control and output located at the boundary is subsequently extended to lin-
ear diffusion—convection—reaction systems with orthotropic diffusion and convec-
tion defined on an r—dimensional parallelepipedon. Initial results towards the gen-
eralization of the backstepping concept can be, e.g., found in [Iﬁ, ], where the
linearized equations of Hartmann flow are considered in a double semi—infinite do-
main. The system of linear PDEs with 3—dimensional domain is thereby reduced
to a PDE system with 1-dimensional domain in the wave number space by makin
use of Fourier transformation techniques. Similar approaches are addressed in [B%
for the Navier—Stokes equations linearized around a parabolic Poiseuille profile.

Differing from these results, in the following the backstepping—based design
of state—feedback controllers and state—observers is considered for distributed—
parameter systems with bounded domain of dimension larger than one and multiple
inputs and outputs on the domain’s boundary. Starting with the general problem for-
mulation in Section this at first comprises the analysis of the single input and
single output case in Sections and[0.3] In addition to the study of the separation
property this is complemented in Section by supplementing the control-loop
with flatness—based trajectory planning towards the determination of exponentially
stabilizing tracking controllers. Based on these results, multiple input and output
configurations are addressed in Sections and [0.6] where multi-linear backstep-
ping transformations are introduced to solve the stabilization and state estimation
problem. Following a discussion of the possible extensions to exponentially sta-
bilizing tracking control by means of flatness—based methods in Section the
applicability as well as the control and observer performance is finally analyzed by
numerical simulations for two application examples in Section[0.8]

Notation. Subsequently, the dependency of the system variables on the indepen-
dent coordinates z = (2',...,2") and t is explicitly stated in any expression. This
notational distinction is necessary for the proper representation of the individual
actuation and sensing configurations, which are reflected in the formulation of the
respective backstepping techniques.

T. Meurer: Control of Higher-Dimensional PDEs, CCE, pp. 269-46]
springerlink.com (© Springer-Verlag Berlin Heidelberg 2013
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9.1 Stabilization and Tracking Control Problem

The trajectory tracking problem is considered for a linear parabolic diffusion—
convection—reaction system with orthotropic diffusion and convection and a spa-
tially and time varying reaction parameter c(z, t), i.e. for (z,¢) € £2 x R/ consider

ZaJ )02 x(z2,t —|—Zb NO_x(z,t)+c(z,t)x(2,t) (9.1a)

jEI, jel,.

defined on the r—dimensional parallelepipedon
R={zeR" | 0<z <L; jel} (9.1b)

with I, = {1,2,...,r}. The PDE (9.1a)) is assumed to be parabolic, which implies
that there exist positive finite constants aé, a¥ such that aé» < a;(z7) < aY for all
2 e [O,Lj],j e I,.

Assumption 9.1. The following conditions hold for the system parameters aj(z7),
b;(z7), and ¢(z,1):

(i) The parameters fulfill a;(z7) € C2([0, L;]) and b;(z7) € C*([0, L;]) forj € I,.

(ii) The parameter b; (zj ), 7 € I, is assumed to be positive and bounded from
above, ie. 0 < b;(27) < by for all 27 €10, L;], j € I such that flow reversal
is excluded.

(iii) The parameter ¢(z, t) representing, e.g., a reaction parameter is assumed to be
bounded, i.e. —o00 < ¢ < ¢(z,t) < ¢* < oo forall z € Qandt > .
Additional structural constraints and differentiability conditions for ¢(z, t) with
respect to z and ¢ are introduced below.

As pointed out in Part[[I} this type of PDE covers a rather large class of systems de-
scribing, e.g., unsteady and orthotropic heat conduction in solids, orthotropic con-
vective mass and heat transfer in linear shear flows, and chemical tubular reactors
with time varying linear reaction kinetics [|I| B ]. In addition, as shown in Chapter
Blinterconnected multi—agent systems allow a corresponding PDE representation.
General mixed or Robin boundary conditions are imposed for ¢ > to, i.e.

?8zjx( ,t) +p?x(z,t) =0, 2 =0,jel,. (9.1¢)
ejazja:( z,t) —&—p}x(z,t) =0, =1L jeIm (9.1d)

with constants €}, pJ, €}, p; € R and the index set I,, C I, #I,, = m. With
this configuration, Dirichlet (e? =0, p;? # 0), Neumann (e;? # 0, pf = 0), or
Robin (e? # 0, pf # 0) boundary conditions are obtained. The m boundary inputs
u'(2(i|y,t), © € I, are restricted to hyperplanes 0f2; = {2z € 2 : 2" = L;}
and enter the system in a nonlinear fashion governed by the continuous functional
6%(-,-), which combines the state and the gradient on 92, i.e.
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u?(z(2)), t)

u'(zq)),t)

y*(z@3)), 1)

Fig. 9.1 Schematics of the boundary control and output configuration for the paral-
lelepipedon {2 with r = 3 and I, = {1, 2} and I, = {1, 3}

0" (2(2,1),0,:x(2,t) = u'(z ), t), =L i €I, (9.1e)

fort > to with z(;) = (zj)jem = (2%,..., 271 2# .. 2"). The consistent
initial condition is given by

x(z,t0) = xo(2), z € {2. 9.11)
The system outputs 4" (z ;) ) are considered for ¢ > ¢ in the form

Y (2, t) = K0, x(2,t) + hiz(z,t), 2'=0,i€l, 9.1g)
with the index set I, C I, #1, = p. The constants kY, h} are assumed to fulfill
ROpY + hYe) #£ 0, “Wwhich implies that (O.Id) for j € I and (©-Tg) are linearly
independent.

The boundary control and output configuration is exemplary illustrated in Figure
O] for a 3—dimensional setting with the sets I,,, = {1,2} and I, = {1, 3} corre-
sponding to inputs acting on the surfaces z* = L;, i € I,,,, and outputs along 2* = 0,
1 € Ip.

Remark 9.1. Subsequently, it is assumed that any input (output) is located on a plane
z* = L; (" = 0). This can be achieved in general by introducing the mapping
2+ L; — z* for those inputs (outputs) acting on the plane z* = 0 (2% = L;).
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9.1.1 Transformation into Standard Form

With Assumptions@.I[1)|and[(i1)]it is shown in Section[ZTTlthat a suitable invertible
change of coordinates and variables exists such that (O.1) can be transferred to a
linear diffusion—reaction system with constant and normalized diffusion parameter.
As aresult, instead of considering it is equivalent to analyze

Opx(z,t) = Ax(z,t) + c(z,t)z(2,1) (9.2a)

defined on (z,t) € 2 x ]RZ]. Since only Dirichlet boundary conditions are pre-
served under the presented transformations and Neumann boundary conditions are
transformed into mixed or Robin boundary conditions general linear homogeneous
boundary conditions

— 90 ;2(2,t) + pla(z,t) = 0, 21 =0,j€el, (9.2b)
ejl-azjx(z,t) —&—p}x(z,t) =0, P =1L;j€ It (9.2¢)

are considered for ¢ > t( together with nonlinear boundary inputs
0" (2(2,t),0,.2(2, 1)) = u' (24|, t), 2 =1L, 0 € Iy, (9.2d)

and the initial condition

x(z,t0) = xo(2), z € 0. (9.2¢)
The structure of the outputs remains unchanged, i.e.

Y (2, t) = K0, x(z,t) + hiz(z,t), 21 =0,i¢€l, (9.2f)
for ¢ > ty. Note that results on the existence and uniqueness of solutions to (9.2)
can be, e.g., found in [@].

Throughout this chapter the following condition is assumed to hold for the struc-
ture of the spatially and time varying parameter ¢(z, t) in the PDE (9.2al).

Assumption 9.2. Depending on the design task, the parameter ¢(z,t) allows for a
decomposition according to

co(% (1) t) + Z c1(z",1), state—feedback design (9.3a)
n€lm
n n
c(z,t) co(z (1)) 1) + Z cr (2", 1), state—observer design (9.3b)
nel,
co(2 (1,1, t) + Z (2", t), merging state—feedback(9 30)
n€ly,nli, with state—observer ’
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Herein, ¢} (z",t) € C°([0, L,]) x Gp,o(R;,) with o € [1,2] for each n from the
respective index set.

This in particular implies that ¢(z, t) is separable in the individual directions of the
control actuation and output sensing. Moreover, (9.3c) refers to the evaluation of
the state—feedback control with the observer states. Nevertheless, these conditions
only include the dependency of ¢(z, t) on the tuple of spatial coordinates. Constant
or time dependent ¢(z, t) can be covered completely without any structural assump-
tions except those on the differentiability in ¢ determined below, which are required
for the computation of the backstepping kernels.

Remark 9.2. The considered boundary control and output configurations represent
idealized settings with the infinite—dimensional control ui(z(”), t),i € I, as well
as the infinite—dimensional output y*(z(;)),t), i € I, being restricted to hyper-
planes. Although this preliminary can be assumed fulfilled in particular examples
the configuration is primarily of theoretical interest in view of the methodic exten-
sion of the backstepping approach to distributed—parameter systems with higher—
dimensional domains. In order to overcome this restriction, in the course of this
chapter approximation approaches are introduced for both state—feedback and state—
observer design, which allow the approximate realization of the determined results
by means of a finite number of suitably placed actuators and sensors.

9.1.2 Boundary Control Problem

With these preliminary considerations, the boundary stabilization and tracking con-
trol problem

x(z,t) —>{u (D ierm x*(z,t) (9.4a)
with
lz(z,t) — 2" (2, t)||x < Me Pl=t) 55 (9.4b)

is concerned with the design of an exponentially stabilizing controller uZ(Z(7 1),
i € I, to realize the tracking y'(z(;y,t) — y**(2()),t). i € I, of suitably pre-
scribed output trajectories yi’*(z(i|), t). Note that this problem implicitly includes
the realization of finite time transitions between an initial stationary profile x(z)
and a final stationary profile z7(2), i.e.

zto+T) =a7(2), z€0. (9.4c)
tE[to,t0+T]

x0(z) = x(z,to

Similar to the previous chapters herein special attention is paid to achieve finite time
transitions between stationary profiles along desired spatial-temporal output paths
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Y (2 (i)» t). In order to solve this control problem subsequently an extension of the
backstepping approach to higher—dimensional domains is provided and merged with
the results of Chapter[Z] on flatness—based trajectory planning for diffusion—reaction
systems of the form (9.2). Thereby, single and multiple boundary control and output
configurations are addressed for the design of the exponentially stabilizing tracking
control with distributed—parameter state—observer.

9.2 Exponentially Stabilizing State-Feedback Control — The
Single Input Case

In order to motivate the generalization of the backstepping approach to distributed—
parameter systems with multiple boundary controls at first the solution to the feed—
back stabilization problem is determined for the diffusion—reaction system
with parallelepiped domain and a s1ngle boundary input located on the hypersur—
face z* = L; such tha{l I,,, = {i}, #In = m = land u'(z)),t) = u(z()),t). For
this, it is shown that the results obtained in SectlonElfor the 1-dimensional case can
be directly applied to achieve the transformation of the possibly unstable original
distributed—parameter system into a target distributed—parameter system with pre-
scribed desired stability properties. However, differing from the approach of Section
in the following the appropriate choice of the target system is motivated from
the integral transformation.

9.2.1 Determination of the Kernel-PDE and Selection of the
Target System

Let w(z,t) denote the state of the target system and consider the linear Volterra—
type integral transformation

i

U)(Z,t) = x(z,t) - -/Oz k(ziaC7t) f(z(uc)at)dC (95)

fori € I, and z() = (2',.. ., 271 ¢, 2. 2"). The successive differentia-
tion of (0.3) with respect to 27, j € I,., i.e.

azjx(zvt) - foZi k(zlv Cat)azjx(z(iK)vt)dCa j 7{ {
w(z,t) = 8Zix(z,t) — k(24,28 t)x(2,t) 9.6)
— J5 0k(2, G (2 1), 1), j=i

! Observe from (@.2d) that only a single nonlinear BC arises for this configuration with all
remaining BCs governed by (0.2b) and (9.2d).

0
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0% w(z,t) — [ k(=1 (0% a (20100, )G, G £

8§jw(z,t) = 3§ix(z,t) - dzik(zi,zi,t)x(z,t) 9.7)
—k(z%, 2, )0 w(2,t) — 0. k(2% 2, t)a(z, 1)
- f()z, azlk(zi7 ) ( (i]¢)>» )dC7 .] =1

yields the Laplacian of (9.3))

Aw(z,t) = Ax(z,t) — Z/ k(2" ¢, )02 2 (2 4¢), t)dC

jeri
—d, k(28 20 ta(z,t) — k‘(zz 2t 4)0,:i(2,t) (9.8
—0.k(2%, 2" )z (2, t) / t)z(2 (i1¢), t)dC

Differentiating w(z, t) with respect to ¢ results in

Jyw(z,t) = O,x(z,1)

i

- /0 [atk(zia ¢ t)fE(Z(le, t) + k(zlv ¢ t)atx(Z(HC)a t)} dg,

which can be further evaluated by making use of (9.2al), i.e.

i

duw(z,t) = Ax(z,t) + c(z,t)x(z,1)
= [B(2", ¢, )0ca(2 i1y 1) = k(=" €, D)3 (2 1) 1))
—Z/k G102 (2 331y, 1)AC (9.9)

JEILL

i

- /0 [atk(zla Cv t) + E)Ck(zi, Cv t) + C(Z(zK)a t)k(’zlv Ca t)] x(z(d()a t)dC

The second integral in the previous equation already illustrates the necessity to im-
pose Assumption [02 for the structural dependency of ¢(z,t) on z and ¢ since the
ansatz for k(z%, (, t) only involves the coordinate z*. In order to verify this, evaluate

Oyw(z,t) = Aw(z,t) — d(z,t)w(z,t) (9.10)

together with (@3)—(9.9), which yields



276 9 Backstepping for Higher—Dimensional Parallelepiped Domains

0| T (O o)+ OK(=E G t) — D k(2 1)
0
+ (c(z(iie), t) + d(z, )k (2", ¢, ) |22 (31¢), £)dC ©.11)
—x(z,t)[c(z,t)+d( )+ 2d k(2 zat)}
+ [0ck(2",0,8)a(2 ijoy, 1) — k(2. 0,6)0,.2(2 510y, 1))

9.2.1.1 Determination of the Kernel Equations

With (9.3a) from Assumption for I, = {i}, the choice of the parameter
d(z,t) = p(t) — co(z)), t) yields the kernel-PDE

Opk(2, ¢ 1) = 9%k(2, ¢, 1) — k(2" ¢, t) = (¢ DE(Z, ¢, 1), (9.12a)

where (¢, t) = ¢{(¢,t) + p(t). The PDE is defined on the triangular domain ¢ €
(0, 2%), 2* € (0, L;) with the boundary condition

2d, k(2% 2", t) + y(2%,t) = 0. (9.12b)

Note that and directly correspond to the equations obtained for the
kernel in the case of a single spatial dimension in Section With this, the
remaining conditions for k(z%,¢,t) to fulfill follow exactly from (8.I10d)-
(8:10g) and are hence provided below for the sake of completeness:

(i) For a Dirichlet condition at z* = 0, i.e. e? =0, p? # 0 in (9.2h), the kernel has
to satisfy

E(2%,0,t) =0 (9.12¢)
while the target system is restricted to
U}(Z(uo), t) =0. (912(1)

(ii) For a Neumann or mixed condition at z* = 0, i.e. e? 2 0 in (9.2b), the kernel
has to satisfy

—0ck(2",0,t) + pk(z",0,t) = 0, (9.12e)

where Y = p? /€Y. In this case, the target system is constrained to a correspond-
ing boundary COHdlthIl

€u.i0.:w(Z 0y 1) + Poy w0 (2 (i), 1) = 0. (9.126)

Moreover, the kernel has to fulfill
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Pusi
k(0,0,t) = p) — . 9.12g)
In addition, evaluating (9.3)) for t = ¢, provides the constraint
Zi . .
/ k(2" ¢, to)xo(2)d¢ = xo(2) — w(z, to), z € {2 (9.12h)
0
Hence, if 2o(z) = w(z,tg) = wo(z) the kernel has to fulfill
k(2% ¢, tg) = 0. (9.12i)
9.2.1.2 Construction of the Target System
In view of the previous results, the target system can be deduced as
Jyw(z,t) = Aw(z,t) —d(z,t)w(z,1t), (z,t) € 2 x R}, (9.13a)
ford(z,t) = p(t) — co(z()), t) with the boundary conditions
— €0 i0.w(z, 1) + pl ;w(z,t) =0, 2'=0,4i€ Iy, (9.13b)
0 0 _ i e 7im
— ;0 w(z,t) + pjw(z,t) =0, 2 =0,j€el. (9.13¢)
€ 0w (2, 1) + py, jw(z, ) =0, 2 =1L i €1, (9.13d)
;0 w(z,t) + pjw(z,t) =0, =1L jeln (9.13e)
for t > ty and the initial condition
w(z,tg) = wo(z), 2z € . (9.131)

In particular, the Volterra integral transformation only allows to impose the bound-
ary conditions and in z'—direction while the remaining boundary
conditions are invariant under the transformation. Moreover, the applicability for the
feedback stabilization requires that is exponentially stable in some normed
linear space.

Lemma 9.1. The parabolic distributed—parameter system (9.13) is exponentially
stable in the L?>—norm for any combination of Dirichlet, Neumann, or mixed bound-
ary conditions if ju(t) + Amin — Co(t) > € > 0Vt € R/ for some € > 0. Here,

co(t) = sup co(z (i, t)
2(i)) EXjer,\Im [0,L;]

and Amin denotes the smallest eigenvalue \ of Aw(z,t)+ Aw(z,t) = 0 with bound-

ary conditions (©.13b)—(0.13¢).
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Proof. Consider the positive definite functional V'(t) = 1/2||w(t)||%. (r2) and con-
sider the rate of change of V' (¢) along a solution trajectory, i.e.

o,V (t) = / w(z,t)Aw(z,t)dQ+/ co(zipy, )w? (2, t)d 2
2 o
—u(t) / w?(z, 1)d0
17}
Together with Green’s Theorem this evaluates to
0,V (t) = —/ Vw(z,t)-Vw(z,t)dQ+?{ w(z, )Vw(z,¢) - nddg
17 00
+ [ (@l t) - nO) (e 0d0
17}

< —/ Vw(z,t) - Vw(z,t)d!?—k?{ w(z,t)Vw(z,t) - ndoR?
Q Ele)

+ (2o(t) = () [w(®)172(0)-

It is well-known that Aw(z,t) + Aw(z,t) = 0 with boundary conditions (9. 13b)—
(0-13€) possesses a purely discrete set of eigenvalues (cf. Lemmal6.4)), which can be
arranged as 0 < Ay < A9 < ... with each )\ repeated according to its multiplicity.
Multiplying Aw(z,t) + Aw(z,t) = 0 with w(z, t) and integrating over {2 results in

0= [ 0z 80( 02 + M@)o,
2

= —/ Vw(z,t) - Vw(z,t)d2 —|—?{ w(z,t)Vw(z,t) - ndos?
Q 00
+ Mlw(®)ll72(q)

and hence

- /Q Vw(z,t) - Vw(z,t)d2 + jég w(z,t)Vw(z,t) - ndoR
= “AMuw®)llf2(0) < ~Mllw®)lz (o).
Let Ain = A1 then it follows that
AV (1) < = (p(t) + Amin — 20 (1)) lw() 172
Recalling V' (t) = 1/2 ||w(t)||%2(m the latter result implies

S () - Amin =20 (7))dT |

lw(t)r20) < e lwoll£2(2),
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which proves the claim if there exists an e > 0 such that p(t) + Amin — o () > € > 0
forallt € R,fo . O

Remark 9.3. The analysis above reveals that the varying parameter ¢(z, t) has to be
separable in the direction 2, i € I,,, i.e. in the directions actuated by the input
u(z (), t), while the non-separable part co(z;),t) of c(z,t) is compensated by
means of the target system.

Remark 9.4. Exponential stability subsequently refers to stability in the L?—norm.
Extensions by considering the analysis in the H'— and hence the sup—norm require
to impose additional restrictions on the derivatives of d(z,t) and thus co(z (), )
with respect to z.

Summarizing the above results provides that (3.3)) enables the transformation of
the possibly unstable diffusion—reaction system (9.2)) into the target system (9.13),
which is exponentially stable under the conditions of Lemma This however
requires the solution of the distributed—parameter system for the kernel

k(ziv C7 t)

9.2.2 Solution of the Kernel-PDE

Since the equations for the determination of the kernel k(z%,(,t), i € I, directly
correspond to those for the 1-dimensional case, their explicit solution by introduc-
ing scattering coordinates, applying the method of integral operators, and determin-
ing a recursive solution by means of a successive approximation is subsequently
omitted and the reader is referred to Section [82.3] However, due to the geometry
of the domain ¢ € (0,2%), z* € (0, L;) a one~to—one correspondence between the
results requires to introduce the change of coordinates

. Px ¢ t
P — ==, t— = 9.14
Sy ¢ I, Iz (9.14a)
together with

V(2" t) = Liy(2't), k(z',(t) = Lik(2",(,1)

0 0 (9.14b)
Py Lip?, pf)”’z — Lf,pf)”’z.
w,t w,t

Thus, the kernel can be computed in terms of the functional series

k(2 ¢ t) = Z kn(n,o,t)

nelN

(9.15)

iz _i_zt—¢
n= T; , 07 = T

with the series coefficients k,, (7, o, t) determined recursively from (8.13) in view
of (©.14). Moreover, convergence of (@.13) follows from Theorems [8.1] and
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respectively, provided that (2%, ) € C°([0, L;]) x Gp,o(R;.) with a € [1,2]. The
convergence results in particular imply that k(z, (,t) is of Gevrey order @ < 2
in ¢ and a strong solution to (9.12). Hence, the backstepping—based state—feedback
control can be determined depending on the particular boundary conditions of the
target system at z° = L, as is summarized below.

9.2.3 Backstepping—Based State-Feedback Controller

The state—feedback control, which is required to realize the desired transformation
into the exponentially stable target system, is determined analogous to Section [8.2.4]
with the essential difference that the boundary control u(z;),) is a function of
both z ;) and ¢. For this, consider

L;
w(z (L), t) = 2(23i|L.), t) —/O k(Li, ¢, )2 (2 ij¢), t)dC
0,:w(z L), t) = 0:2(2 (i|1,), t) — k(Li, Lis )2 (2 3ijL,), t)
—/0 0,:k(Li, ¢, t)x(2(4¢), t)dC.
In view of and this yields:
(i) Fore), ; = 0,i.e. w(z(jL,),t) = 0, with
(2 L) / k(Ls, ¢, t)x(z 1), 1)d¢ =: Ep(@(2 i), 1))
the state—feedback controller evaluates to
u(z g, t) = 0(ZEp(x(2()), 1)), 0,:2(2 (4 1.1): 1)) - (9.16a)
(i) Forp}, ; = 0,i.e.d_;w(z(,),t) = 0, with
0,:w(2(|L,), 1) = k(Li, Li, )2 (2 (5)1,), 1)
+ /OLi 0,1k (Li, ¢, ) (2 31, )dC =t En(2(2 i), 1))
the state—feedback controller is obtained as

w(z @, t) = 0(x(2(i0.), 1), En(@(2(3)), 1)) - (9.16b)

(iii) For ey, ;, pi, ; 7 0,ie. €}, ;0. w(z(L,):t) + Py, ;w(2(L,), 1) = 0, where
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1
pw,i
azil'(Z(“Li),t) = SU(Z(“Li),t) (k(L“ Li,t) — —>

1 .
L; pl . ’
+/ (8Zik(L1:,C7t) + %HM@)) z(2(10), 1)d¢ = En(@(2(4)), 1))
0 w,i

the state—feedback controller (9.2d)) evolves as
u(z(i‘), t) = 9(.%‘(2(“[”.), t), EM(J}(Z(“), t))) (9.16¢)

Note that the evaluation of the derivative 0, 2(z (j1,), ) in (@.16a)) can be avoided
by replacing the Dirichlet boundary condition of the target system at z* = L; with
a Neumann or mixed boundary condition.

9.2.4 Inverse Backstepping—Transformation and Exponential
Stability of the Closed—Loop System

The verification of the exponential stability of the closed—loop system consisting
of (©.2) and the corresponding state—feedback control relies on the analysis
of the inverse backstepping—transformation, i.e. the transformation from the target
system into the original diffusion—reaction system. Instead of considering the invert-
ibility conditions for Volterra integral transformations of the form (9.3)), the inverse
transformation is determined explicitly. For this, consider

i

2(z.t) = w(z,1) + /0 924, G, 1) w(z s C ©.17)

and proceed as in Section @.2.1]by determining Az (z,t) and evaluating 0,z(z, t)
in view of (3.13)). The substitution of the resulting expressions into (9.2)) yields that
the governing equations for each inverse kernel g(z*,(,t) correspond to those for
k(z%,(,t) with the exceptions that (¢, ) is replaced by —v(z%,t) and the coeffi-
cients pf, €] in (0.12e) are exchanged with pf), ;, €, ; (cf. (823)). However, the
solution procedure as well as the convergence analysis are in principle identical.
This in particular enables the stability analysis of the closed—loop system with the
determined backstepping—based state—feedback controller.

Theorem 9.1. Consider the diffusion-reaction system (Q.2) with state—feedback
control (9.163), (0.160), or depending on the boundary condition at 2 = L;.
Then the equilibrium x(z,t) = 0 is exponentially stable for all t € IR?O in
the L?>—norm if the corresponding target system (Q.13) satisfies the conditions of
Lemmal9.1]

The proof follows exactly the lines of the proof of Theorem [83] and is hence only
briefly sketched for the sake of completeness.
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Proof. Let X = L*(£2), assume xo(2), wo(z) € X, and denote O} = {(2*,() :
Ce0,L], 2" € [¢, L]} and ©" = {(2%,(,t) : C € [0, L], 2" € [¢, L], t € R .
Moreover, recall that both k(z, ¢, ) and g(z¢, ,t) are bounded strong solutions to
the respective kernel-PDEs. At first, consider

zo(2z / k(z', ¢, to)zo(2 ic))d¢

/0 k(2" ¢ to)wo (2 (i) )dC

[[wollx =

X

<|lzollx +

b

X

where the upper bound follows from the Minkowski inequality. The application of
the Cauchy—Schwarz inequality hence implies

2

(", ¢, to)zo (2 i0))d¢

X
g 2

-/ ( / e 'c,t[))xo(zuo)dc) a0

( k2 ©Coto) d(/ x2 z(,m)d{)d()

i

2 z
<1 4o)dC ) de
((ZI?SE@L 2¢, to)l) /Q</O 23 (2 (ic)) C)

2
( sup [k(=4,C, to)|> leoll%

@69’

such that

Jwollx < <1+L sup |k(zi,C7t0)|>||$0||X~

(2%,0)€B]

=Ch

In addition, Lemma[.T]on the stability of the target system and its proof provide
lw(®)lx < e lwollx < Coe™ o] x

for k(t ft ) 4+ Amin — Co(s))ds. Proceeding as for the determination of the
upper bound for ||w0 |lx, the norm of z(z, ) can be bounded from above by taking
into account the boundedness of the inverse backstepping kernel g(z%, ,t), i.e
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le@®)x < (1 +L; sup Ig(zi,C,t)) lw(®)x < CoCre "Wl x,
(21,66

=,

which proves the exponential stability of the closed—loop system under the back-
stepping—based state—feedback control. (|

9.2.5 Approximate Finite—Dimensional Realization of
Backstepping—Based State—Feedback Control

As already pointed out in Remark the considered boundary control configu-
ration represents an idealized setting with an infinite—dimensional input u(z ), t),
which can be assigned arbitrarily for all (z(;)), ). However, in view of applications
the control is typically realized by means of a finite number m of finite—dimensional
actuators suitably placed on the i—th hyperplane z* = L; such that

m

u(z ), Zb zap)ut(t), (9.18)

where bl(z(i‘)) denotes the spatial actuator characteristics. Nevertheless, it is ob-
vious from the determined state—feedback controllers for the different types
of boundary conditions of the target system that cannot be fulfilled exactly.
This is due to the fact that the backstepping transformation into the target system
inherently requires an infinite—dimensional boundary control, which serves as the
basis for the exponential stabilization of the closed—loop system as illustrated in the
previous section.

In order to address this, subsequently an approximate realization of the back-
stepping—based state—feedback control is proposed to provide an approximate (in a
sense to be defined below) realization of (9.16). For this, it is crucial to assume that

(i) the state x(z,t) is known, e.g., by means of a distributed—parameter state—
observer

and to notice that

(i) for implementation the state—feedback control is evaluated and applied to the
system at discrete instances of time ¢, k € IN.

Let ug(z(i))) = w(z (), tx) with the respective state—feedback strategy according to
©.16) for x(z,t) replaced by zx(z) = z(z, tx), i.e

0(5[)(1’(2(”), tk))
uk(z@ipy) = { O(2(2qiL.), th),
0(x (2L, th),

9, (Z(i\L )tk)), €ni=0
N(z(z@pst))s P =0
M (x

s

(Z(z )))’ 62},2’7 p?y,i 7é 0.

[1] [1]
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Hence, in view of ()] and [(i1)it is obvious that (O.18) reduces to a static equation for
each tj,. With this, introduce the least—squares problem

2
min

(9.19)
{“;;.,}l=1,...,r,

ur(z ) = D b (2 )
= L2(0%2)

with ul, = u!(t), 1 =1,...,m. By solving consecutively for each £ € IN an
L?—approximation of the infinite—dimensional state—feedback controller is obtained
in terms of the spatial characteristics bl(z(“)) and the discrete input values ufc for
Il =1,...,m. Obviously, the quality of the approximation and hence the capability
of the finite—dimensional state—feedback control to stabilize the possibly unstable
diffusion-reaction system (@.2)) essentially depends on bl(z(m), i.e. the actuator
shape and location, and the number m of actuators, which have to be adjusted to the
particular problem under consideration.

Remark 9.5. In view of the approximation approach proposed above it is crucial to
observe that the proof of exponential stability of the closed—loop control is violated
by means of the finite—dimensional actuator configuration. Although simulation re-
sults presented in Section[0.§]still confirm the exponential stabilization property of
the approximated finite—dimensional state—feedback control the theoretical stability
analysis of the closed—loop system remains an open problem.

Since the state—feedback control essentially relies on the availability of the state pro-
file z(z,t) a distributed—parameter state—observer is required to estimate the state
evolution from the available output (9.21). For its design, backstepping is similarly
applied for the exponential stabilization of the observer error dynamics.

9.3 State-Observer with Exponentially Stable Error
Dynamics — The Single Output Case

In order to determine an estimate of the spatial-temporal evolution of the state
x(z,t) from the knowledge of the available output subsequently a distributed—
parameter state—observer is designed for the single output case, ie. I, = {i},
#I, = 1, and yi(z(i|),t) = y(z@)),t). For this, similar to Section B3] the
backstepping—approach is considered to determine the observer gains to achieve
an exponentially stable observer error dynamics. The state—observer is set—up in a
Luenberger—type structure according to

0y (2,1) = Ad(z, 1)+ (2, 1) (2, 6) +h (25 ) [y, ) — 32y, )] (9.200)
for (z,t) € 2 x IR;; with the boundary conditions

—e90_;2(z,t) + pJi(z,t) = 0, 2 =0,jell» (9.20b)

3923
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— €20, (2,t) + pli(z,t) =

lw( )[ (2(7‘)7 ) ( Z(i)» )]7 Zj’ = 0, 1€ Ip (9200)
€108 (2,t) + pja(z,t) =0, =1L jern (9.20d)
0" (2(2,1),0,:2(2,t)) = u'(z ), t), 2" =Li, i €1y (9.20e)

for t > tp, the initial condition
Z(z,t0) = Zo(2), z €12, (9.20f)
and

9(zq)),t) = h0,.:2(2,t) + hid(z,t), 2'=0,i€ 1, t>ts. (9.20g)

i Yzt

Here, [1(z%,t) and l10(t) denote the observer gains, which have to be determined
such that the observer error Z(z,t) = x(z,t) — Z(z,t) decays exponentially in a
suitable norm. Comparing (9.2)) and (9.20) yields

0,x(z,t) = AZ(z,t) + c(2,1)ZT(2,1)
- ll(ziv t) [hz azlx(z(i\0)7 t) + hzli'(Z(MO)v t)] (9.21a)

for (z,t) € 2 x IR;; with the boundary conditions

— €90_;2(2,t) + p)a(z,t) = 0, 2 =0,jelIl» (9.21b)
(Lo(t)RY — €))0,:8(2, 1)

+ (Lio(t)hi +p))E(2,t) = 0, 2'=0,i€l, (9.21¢)
€;0,,%(z,t) + pji(z,t) =0, =1L, jeI (9.21d)
0° (Z(z,t) + &(2,1),0,:(2(2,t) + &(2,1)))

— 0" (2(2,1),0,:2(2,t)) = 0, 2i=1L; i€, (92le)

for t > ty and the initial condition

T(z,t0) = To(2) = z0(2) — T0(2), z € 1) (9.211)

Due to the nonlinear input characteristics the resulting observer error dynamics is
nonlinear and cannot be directly addressed by means of the backstepping approach.
Hence, subsequently the following assumption is imposed.

Assumption 9.3. The functional 6°(-, ), i € I,,,, is linear and satisfies

0" (z(2,1),0,2(2,t) = 0 .x(2,t) + pia(z,1), 2 =L

Pl

with constants €} and p}.
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As aresult, (9.21¢) reduces to
€10, (2,t) + pE(z,t) = 0. ©9.21g)

Note that while the state—feedback control can be determined for a rather general
nonlinear input characteristics the state—observer design requires a linear input com-
bination of gradient and state.

In order to achieve the exponential stabilization of the observer error dynamics
(9.21)) a Volterra integral transformation is subsequently determined to realize the
dynamic equivalence to a target system with prescribed stability properties.

9.3.1 Selection of the Target System

Referring to the analysis in Section[0.2.1] the target system is chosen as

Dy (z,t) = Aw(z,t) — d(z,t)b(z, 1), (2,t) € 2 x Ry (9.22a)

for d(z,t) = fu(t) — co(z (). t) (cf. (@.3B) of Assumption[0.2) with the boundary
conditions

— €901 (z,t) + pli(z,t) =0, =0, jell (9.22b)
— &, ,0,00(2, ) + pY, ji(2,t) = 0, Z=0,i€el, (9.22¢)
€j0,;10(z,t) + pji(z,t) =0, =1L, jell (9.224)
€0, (2, 1) + Pry (2, 1) = 0, Z=1L;i€l, (9.22e)

for t > ty and the initial condition

W(z,t0) = Wo(2), z €. (9.221)

By applying Lemma [0.1] the exponential stability of in the L2—norm can be
guaranteed depending on /i(¢) and provided that

Co(t) = sup co(z@),t)
z(i)) €Xjer\1, [0, Lj]

exits and is bounded for all ¢ € R} . Proceeding as in Section[0.2.Tallows to com-
pute the kernel of a Volterra integral transformation, which enables the determina-
tion of the observer gains /1 (z*, ) and l10(t) to exponentially stabilize (9.21).
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9.3.2 Determination of the Kernel-PDE and the Observer Gains

Subsequently, consider the Volterra integral equation

gz(z,t)zw(z,t)—/o U=, ¢ 1) (2 gy, 1)AC 9.23)

to transform the target system (9.22)) into the observer error system (9.21)). Applying
the Laplace operator to both sides of (9.23) and evaluating the derivative of (9.23)
with respect to ¢ in view of (9.22)) after some intermediate computations result in

Ai(z,t) = Ab(z, ) Z/ 2,0(2 (i), 1) dC
JeIL

- (dzil(zi, 25 )W (z,t) + 1(25 2, 00,0 (2, t) + 0.1z, 2%, t)i(z, 1)

/ (Z(uc)’t)dC)

0,&(z,t) = (z,t) — d(z,t)d(z,t)
- ([( G000y, ) — O €z ey, D]
- Z/ 92,(2 (ij¢), 1) .

JEI}

Substituting the above expressions into (9.21al) hence yields

0= /O [0,0(2", ¢, t) + O2U(2", ¢, t) — D2:1(2", ¢, 1)
= (d(z 3310y, t) + (2, )", ¢, )] (2 (31¢), 1)dC
— (2, 1) [-(&(z,t) +e(z, 1)+ 2d,0(2, 2 t)}

— [8<l(zi,0,t) (Z(z|0 )—l(z 0, t)8 w(z(i‘o),t)
+ ll(zl,t) (h?@zq.%'(Z(i‘o), ) + hil'(Z(“U), t))]

(9.24)

The implications of the equality are twofold. At first, it can be directly deduced in
view of Assumption@.2that I(z%, ¢, ) has to satisfy the kernel-PDE

D=, ¢ t) = 0Z1(z", ¢, t) — DZU(Z", ¢, 1) + (2", )I(2, ¢, t) (9.252)
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with (2%, t) = ¢t (2%, t) + ji(t) and the triangular domain ¢ € (0, 2°), z* € (0, L;).
In addition, the boundary condition

2d_i1(2%, 2" t) — A(2,t) = 0 (9.25b)

follows from the third line of (9.24). The remaining boundary conditions for the
backstepping kernel (2", (,t) can be determined from the evaluation of (9:2Tg)
with (9.23)), i.e.

0= Ggazi@(Z(i‘Li),t) + [pzl — G%Z(L“Li, t)]w(Z(“Li),t)

L;
- /0 (€20 0L, €, 8) + pHU(La, € D] B (25 C.

In view of the respective boundary conditions (9.22¢) for the target system, i.e.
€y ;0,:0(2,t) + Py, jw(z,t) =0, 2 = L;, the remaining boundary conditions for
the kernel [(2¢, {, t) are obtained together with the corresponding relations between

the parameters €;, p;, €, ;, and p,, ; according to:

(i) For a Dirichlet boundary condition at 2* = L; in (9:21g), i.e. €} = 0, p} # 0,
the respective boundary condition (9.22¢)) of the target has to satisfy €11m =0,
13110,1' = 0 while the kernel is restricted to

I(Li, C,t) = 0. (9.25¢)

(ii) For a Neumann or mixed boundary condition at z* = L; in (0.2Tg)), i.e. ¢; # 0,
the respective boundary condition (9.22¢) of the target has to satisfy E}M- #0
while the kernel is restricted to

0.l(Li, ;1) + pi1(Li, €, )] = 0 (9.25d)
o

I(Li, Li,t) = p; — ?i‘” (9.25¢)
ew,z’

with p} = p} /el
In addition, considering (9.23) for ¢ = ¢, yields the constraint

i

z
/ (2", ¢, to)wo (2 3¢y, t)dC = wo(2) — To(2), 2" € [0, Ly]. (9.25f)
0
Hence, assuming wy(z) = Zo(z) the initial condition for each kernel follows as

l(zi7 47 to) =0.

The observer gains realizing the transformation into the target system are obtained
by evaluating the last two lines of (9.24) in view of (9.25a) and (9.25b)). For this,
recall from (9.23)) that
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(2 (i0), t) = W(2(ij0)> )

N - - (9.26)
azil‘(Z(“O), t) = 8Ziw(z(i‘0), t) — l(O, 0, t)’w(Z(“O), t).

With this, the remainder can be re—written as

0= [Z(Zi, Oﬂf) + h?ll(zi,t)} 8ziu”1(z(,-|0)7t)+
[ll(ziat) (hzl - h?l(ovoat)) - a{l(zia Ovt)]w(z(dO)vt)

By taking into account the respective boundary conditions (9.22c) for the target
system, the observer gain /1 (z*,t) can be determined as

1(z%,0,t
_ (Zh’_o’ >7 if el , =0AhY #0
3
A _ . 50 .
WD =0 00(1,0,8) = B21(4,0,8) i e, 20 9-27)

w,i

B n(10,0,0) - B ) — n(10,0,1) %) — bl #0.

w,i

Proceeding similarly for the evaluation of the boundary conditions (9.21c)) in view
of (9.26) and (9.22¢) provides the observer gain l1o(t) in the form

e £ ~0 0
h_ZQ’ 1few’i:0/\hi7é0
-0
ho(t) = p0 +e0(10,0,6) = =) if e £0 A ©-28)

(10,00~ 55 ) — ! n(10,0,1) = B ) — hl 0.

w,i

w,i

As is pointed out in Remark B3] the arising conditionals for the computation of
I1(2%,t) and l19(t) can be easily fulfilled to guarantee a unique solution by a suitable
parametrization of the target system.

9.3.3 Solution of the Kernel-PDE

Comparing the equations governing the evolution of the kernel I(z%, (,t) reveals
consistency with the kernel equations for the 1-dimensional setting. Hence,
proceeding as in Section [§.3.3] the solution to (9.23), (9.23d), or @.23d), (©.23¢),
respectively, can be determined by first evaluating the change of coordinates
to map the domain to the triangle ¢ € (0, 2%), z* € (0, 1) and secondly by intro-
ducing scattering coordinates to evaluate the formal integral solution by means of a
successive approximation. Moreover, the convergence results in Theorems [8.4] and
B3l can be directly applied by imposing that 5(z%,t) € C°([0, L;]) x Gp,o(R{)
holds for (2, t) = ¢} (2%,t) + ji(t) with « € [1, 2]. In view of Assumption[0.2] the
latter condition is fulfilled provided that fi(t) € with « as above.
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9.3.4 Inverse Backstepping—Transformation and Exponential
Stability of the Observer Error Dynamics

As already pointed out in Section [8.3.4] for the 1-dimensional setting and Section
[0.2.4 for the state—feedback control, the stability analysis of the observer error dy-
namics with the determined backstepping—based observer gains /1 (2%, ) and l10(t)
relies on the consideration of the inverse to ([©.23), i.e.

i

W) =3+ [ ) e 0dc, 9.29)

where m(z%,(,t) denotes the inverse backstepping kernel. For its determination
proceed as above by evaluating the Laplacian applied to both sides of the equality
and by computing the time derivative of w(z,t) in view of the equations of the
observer error system (9.21)). This yields after some intermediate computations

i

0= [ [m(e4. 0+ (et G.t) — (', )
0
+ (¢, )ym(2", ¢, )] (2 4)), 1)AC
+&(z,t)[—2d,m(2", 2%, t) + (2, 1)]
—0,:%(2,t) (20, t) [m(zi7 0,1)
+ hY (zl(zi,t) + / m(zi,g,t)zl(c,t)dc)]
0

i

+Z(2 (4)0), 1) [acm(zi, 0,t)—h} (ll(zi7 t)+/02 m(z%, ¢, ) (¢, t)d{)] .(9.30)
Hence, it follows that
m(2', ¢ ) = OZm(2', 1) = OZm(=", ¢, 1) = H(¢, thm(=", ¢ 1) (9.31a)
for ¢ € (0,L;), 2* € (¢, L;) and

2d_.m(z", ¢, t) — 5(z, 1) = 0, (9.31b)

which is obviously identical to (§.44a) and for the 1-dimensional set—up.
This implies that the remaining results of Section [§.3.4] directly carry over to the
considered setting with the difference that the arguments in (8.44d)—(8.44¢) have to
be adjusted for the non—unit length L;. Thus, the remaining boundary conditions are

obtained from the evaluation of and (9.2Tg) in view of (0.29) according to:

(i) For a Dirichlet boundary conditionat 2 = L; in (@22¢), i.e. &}, ; = 0,5, ; # 0,
the kernel has to satisfy
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m(L;, ¢, t) =0 9.31¢)

while necessarily €} = 0 and p} # 0.
(i) For a Neumann or mixed boundary condition at 2* = L, i.e. €11M- % 0, the
kernel is restricted to

.m(Li, C,t) — 22 (L. ¢ 1) = 0 9.31d)
ew,i
B,
m(L;, L, t) = p; — gi"”. (9.31e)

In this case it is required that €} # 0.

By making use of the change of coordinates (9.14)), the solution approach presented
in Section[8.2.3] can be directly applied to compute a functional series representa-
tion of the kernel m(z*, (,t). Moreover, the respective convergence conditions for
the successive approximation directly follow from Theorems [8.1] and [§.2] This in
addition confirms that the thus determined m(z%, (,t) represents a strong solution
to of Gevrey order o < 2 in ¢, which is bounded with bounded derivative
with respect to the tuple (2%, ¢). Hence, the exponential stability of the observer er-
ror dynamics with the observer gains /1 (2%, ) and l1(t) of and can be
deduced from Corollary 811

Corollary 9.1. Consider the observer error dynamics with observer gains
11(2%,t) and l10(t) according to and (O.28). Then the equilibrium &(z',t) =
0 is exponentially stable for all t € R;g in the L>~norm if the target system
satisfies the conditions of Lemmal9.1]

9.3.5 Separation Principle and Exponential Stability of the
Closed—Loop System

The realization of the state—feedback control requires to replace the state
x(z,t) by the observer state &(z,t) determined by with observer gains ac-
cording to and (9.28). This implies the evaluation of the backstepping trans-
formation (0.3) in terms of #(z,t) = z(z,t) — Z(z, 1), i.e.

w(zt) = d(zt) / K(2, ) (2 0y, )G
=ux(z,t) — /z k(zi7C,t)x(z(,~|O,t)d( (9.32)
0

i

- (;ﬁ(znﬁ) - /OZ k(zi7C,t);ﬁ(z(7;<)7t)dC).
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Similar to the analysis in Section [8:3.3] this results in a cascaded structure with an
inhomogeneous distributed—parameter system in w(z, t), which depends on the state

w(z,t) of the target system for the observer error dynamics. For this Assumption
-1mply1ng 11near boundary conditions is imposed to evaluate (9.13) with (0.32))
in view of (@.2), (0.21) and [@.22). Herein note that the system cascade arises from
the mapping of i(z, t) governed by under the transformation ([©.32), which
reduces the necessary analysis to the mapping of the Z(z, t) part. Thereby, two con-
figurations have to be distinguished depending on the location of the boundary input
and the boundary output and hence the index sets I,,, and I),.

9.3.5.1 Boundary Control and Boundary Output on Opposite Surfaces

In the following, let the boundary input u(z;)),t) and the output y (2 ;) t) be lo-
cated on opposing sides of the domain {2 along the z*—coordinate such that I,,, = I,.
With this, target systems in w(z, t) and w(z,t) are interconnected according to

9, {w(zﬁ)} _ {Aw(z,t) —d(zj)w(zj)} N {q(zﬁt)g(z(m,t)] (9.33a)

w(z,t) A(z,t) — d(z, )w(z,t) 0

with the forcing term

o0 = (o - | e Ol (G )c)
B Ock(1,0,1), @ =0ApY#0
Hk(21,0,0), € #0,
where
Uz, t) = hlazlw(z(uo),t) + (h1 r91(0,0, t)) W(2 40y, 1)

Herein, the boundary conditions (9.12¢), (@.12¢), and (9.12g) for k(2% ¢,t) were
used to simplify the expressions. By recalling that (9.5 maps homogeneous bound-
ary conditions for 2 e {0, Lj}, J € If;, into homogeneous boundary conditions,

it follows from (Q126)—(9-12g) for k(z*, ¢, t), @I3B)-(@136) for w(z, t), @2TH)-
©.21¢€)) for Z(z, t), and (0.22B)—([0.22¢)) for w(z, t) that
0 0 _ i i 7Im
Jazjw(z t) +pjw(z,t) =0, 2 =0,j€el, (9.33b)
w zazlw<z t) +p(1)ui (Z t)

““lot €9=0 A pf+#0 .
= Q(Z(“),t) X 109 ' ( ) : , 2'=0,1€l, (9.33¢)

(t) 6?730
;0 w(z,t) + pjw ( ; )=0, =1L, jeIl (9.33d)
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€ 0w (2, 1) + ply sw(z, ) =0, 2'=1L;i€l, (9.33)
ejazjw(z t) + piw(z,t) =0, 2 =0,jelIl» (933

0,i0,:0(2, 1) + pYy ;b(z,t) = 0, 2'=0,iel,  (9.33g)
ejazjw(z t) 4 pji(z,t) =0, =1, jeIl (9.33h)
€ 0.1 (2, 1) + Pry 0 (2, 1) = 0, Z=1L;iel, (9.330)

fort > toand I’ = I,” = I'. With these preparations, the stability of the closed—
loop system follows from the result below.

Theorem 9.2. The closed—loop system is exponentially stable in the L>~norm
if u(t) and fi(t) are such that ji(t) 4+ Amin — Co(t) > € and fi(t) + Amin — Go(t) > €
for some €, € > 0. Here, A\in and A\pin denote the minimal eigenvalue of the
PDE Aw(z) + Aw(z) = 0 with boundary conditions (O.13b)—(Q.13€) and (©.22b)-
(©:22¢), respectively.

The proof of this claim is subsequently omitted since it can be directly deduced from
the general MIMO setting considered in Section [9.6.3] by exploiting the cascaded
structure of the exponentially stable w— system and the w—system.

9.3.5.2 Boundary Control and Boundary Output on Non—-Opposite Surfaces

Subsequently, let the boundary input u(z ), ) be located on the surface 2= L;
with the output y(z ), t) being restricted to the surface ¥ = 0 withi # k. In
view of Assumption[9.2] which is imposed for the design of both the state—feedback
control and the state—observer, it can be deduced that the analysis of I,,, = {i} #
{k} = I, essentially relies on the separability of the varying system parameter
c(z,t) with respect to z* and z*. With this preliminary, the evaluation of in
view of the respective distributed—parameter systems (©.2), (9.20), and yields

% mziﬂ - {Z\Zﬁig iiﬁiiiiﬁiiﬂ + {q(z’ﬂ (9.34a)

with the forcing term

i

a(z.0) = 1 (H 1) (g<z(k>7t> -/ k(za<,t>g<zm,i|@,t>d<>, (9.34b)
0
where (z(,i1c), 1) = (21, ..., 2P M 02 2 2T and

J(z@k)),t) = hp0 (2 k)0, t) + (hi — hRL(0,0, 1)) (2 1|0y, ).

Herein, (9.3¢) implies

d(z,t) = u(t) — (colz@pu,t) + i (2", 1))
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d(z,t) = i(t) = (co(zip,h» t) + ci(z%,1)).

The boundary conditions for w(z,t) and w(z,t) can be determined similarly to
those in (9.33) with the essential difference in the location and the structure of the
output injection, i.e.

— €90 w(z,t) + plw(z,t) =0, =0, eI (9.34c)
— €0 0w(z,t) + p jw(z,t) =0, 2=0,iel, (9.34d)

— €0 vw(z,t) + phw(z,t)

= l10(t) (ﬂ(zm» t)

i

— /0 (2, Qt)g(z(k,i@,t)dC) H=0,kel, (9.34e)
e;0w(z,t) + pjw(z,t) =0, =1L, jern (9.34f)
ei}’iaziw(z,t) —|—p11mw(z, t) =0, =1L iel, (9.34¢)

— €90 ;1(z,t) + pli(z,t) =0, 2 =0,jell (9.34h)
— &, 1O w(z,t) + P, (2, 1) =0, M=0,iel, (9.341)
;0.0 (z,t) + pyw(z,t) = 0, =1 jeIk (9.34))
€00 (2, 1) + Pry (2, 1) = 0, Zi=1L;i€l, (9.34k)

fort > 1. Similar to the previous paragraph, the stability of the closed—loop system
follows from the theorem below, whose proof is omitted but can be directly obtained
from the generalized MIMO setting considered in Section[9.6.5

Theorem 9.3. The closed—loop system is exponentially stable in the L>*~norm
if 1u(t) and ji(t) are such that i(t) + Amin — o(t) > € and fu(t) 4+ Amin — Go(t) > €
for some €, € > 0. Here, \min and :\min denote the minimal eigenvalue of the
PDE Aw(z) 4+ Aw(z) = 0 with boundary conditions (O.13b)-(©13€) and (©.22b)-
(©:22¢), respectively.

9.3.6 Approximate Realization of the State—Observer by means of
Spatial Output Interpolation

As pointed out in Remark [0.2] the considered set—up presents an idealized config-
uration with an infinite—dimensional output y(z;),?) capturing the state and its
derivative according to for all (z(;)),t) on the hypersurface 2t =0,i € I,
However, in applications only localized finite—dimensional measurements are avail-
able, which can be in general represented as
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y'(t) = /390 (¢} (2(11))0.:2(2 310y £) + €0(2(a1))T(2 310y, 1)] dO2) (9.35)

forl = 1,...,p, where 002) = {z € 2 : z* = 0} and ¢{)(z(;)) and ¢} (z()))
denote the spatial characteristics of the measurement device. Clearly, {y'(¢)}i=1,.. ,
is not of the structure (@.21)), which is required for the state—observer design with
exponentially stable error dynamics.

For implementation of the state—observer it is hence required to obtain an ap-
proximation of y(z 4, t) by making use of {y'(¢)},=1....p. In order to achieve this,
subsequently spatial interpolation is considered to approximately recover y(z ;)), )
from a finite number of measurements. Therefore, consider at first the class of trial
functions, e.g., in terms of a Fourier series

N
2) =Y Fupn(z) (9.36)
n=1

with the linear independent ansatz functions {$,,(2) } nef1,..., v} chosen so that

- 8zth(Z(i|o)) +p?$N(Z(7i\o)) =0

is fulfilled for ¢ € I,. Note that also the remaining boundary conditions (9.2b)-
(9.2d) may be partially imposed on the ansatz functions to achieve further consis-
tency. Secondly, note that the state—observer is implemented in discrete time. Hence,
measurements are only available at the respective samples t5, k € IN. With this, in-
troduce the least—squares (interpolation) problem

i ) = yn (o] (9.37a)

with
y(tr) = [y (th)s - yP (1))
yn(te) = [yh (tn) ()]

where yl (t4) refers to the evaluation of @.33) with z(z,t) replaced by (0.36) at
t = ti. The consecutive solution of the spat1al interpolation problem (9.37) in each
time step k& € IN yields an L2—approximation

(9.37b)

Nz tr) = B0, an (2ij0)) + hizn (2 (ij0))

of the infinite—dimensional output y(z (;), ). The quality of the approximation es-
sentially relies on the choice of {¢,(2)}neq1,..., v} as well as the suitable location
of the measurement devices and eventually increases for large p [@].

Remark 9.6. Tt has to be noted that the application of the spatial interpolation to
determine an approximation of y(z;),?) violates the stability analysis of the ob-
server error dynamics under the observer gains /1 (2, t) and l10(t). This is however a
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well-known problem in the control and the observer design for distributed—
parameter systems for which a satisfactory analysis approach is so far not available.
Nevertheless, the simulation results in Section[0.8: 1] confirm the applicability of the
approach. Moreover, the idea of spatial interpolation includes observer design tech-
niques, where the observer gain is determined by means of physical considerations
(see, e.g., (14, 13, ]) in such a way that the state profile is approximately recov-
ered from the available system outputs. While this is in general only applicable to
spatially 1-dimensional distributed—parameter systems, the available experimental
results, e.g., in [@], illustrate the estimation capability.

9.4 Tracking Control Combining Backstepping and Differential
Flatness — The Single Input and Output Case

The extension of the backstepping—based feedback stabilization approach to
exponentially stable tracking control for higher—dimensional domains in principle
follows the systematics introduced in Section [8.4] However, differing from the 1—
dimensional setting, the results of Chapter [/l are applied for the solution of the tra-
jectory planning problem given boundary controlled diffusion-reaction systems of
the form (9.2)). For this, recall that the idea underlying the backstepping approach
originates in the transformation of the possibly unstable diffusion-reaction system
(©.2)) into the target system with prescribed dynamics. Moreover, observe that
the stability properties of remain unchanged if the homogeneous boundary
condition for w(z,t) at z* = L; fori € I, with #1,,, = 1 is replaced by

€, 7(’92710(,2 t) —+—p11u7iw(z7t) = Uy (2(4))s 1), 2t =L;, t > to, (9.38)
where 1., (i), t) denotes an arbitrary function of time. This degree—of—freedom
can be utilized as a feedforward controller to realize the tracking of suitable trajec-
tories ¢+ y*(z(x|),t) for the output y(z ), t) at 2¥ =0, k € I, and hence to
solve the tracking control problem. Proceeding as in Section[Z.2.1] the function

E(zqp,t) = FL0,w(z,t) + flw(z,t), 2=0,i€l,, t>ty (9.39)

represents a basic output and thus parametrizing the state w(z,t) and the input
(2 (), t) provided that the condition p? f + €2 f! # 0 is fulfilled. Hence, the
formal integration of (9.13)) with (9.39)) yields an implicit state parametrization

= (57 +2's7) E(z ), 1)

(1)
/ / (8111 Z(i|o) ) +d(2, t)w (2 (|0, 1) Z

w(Z (i|o) )) dodn
jell

with 89 = €0/(p f2+€%f1) and s} = p?/(p? f2+€ f1). This IEOK allows for a
explicit solution in terms of an inﬁmte series
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w(z,t) =Y wn(z,1), (9.40)
n=0
whose coefficients can be computed recursively according to
wo(z,t) = (5? + zisg) E(zap»t) (9.41a)
P n
wn(z7 t) = / / <8twn1(z(i|0)7 t) + d(z, iL)'wnfl(Z(ih,)7 t)
0
= > 0Zwna( )) dodn, n>1. (9.41b)
JEIL

Uniform convergence of the series with coefficients is guaranteed by
Theorem[ZTif d(z,t) € Gp, p.0,(2 x R ) and (2 (3}, t) € G, p.ac (i X RY)
are analytic or entire functions in z and Gevrey functions of appropriate order in ¢.

Hence, let wy,(z,t) = wn(2,t;§(2()),t)) formally denote the solution to the
recursion (9.41)) and let w(z,t) = w(z,t;&(2z()),t)) represent the substitution of
wn (2,15 £(2(5)), t)) into @.40). In view of this implies the parametrization of
the boundary input w., (2 ,)), t) following

uw(z(i|)7t) = €y lazbw(zj;f(z(m?t)) +p}v’iw(z7t;§(z(,~|)7t)) 9.42)

for z* = L;. By prescribing a suitable spatial-temporal path §*(2(i|), t) for the basic
output §(z;)), t) this yields the feedforward control u}, (2 (), ), Wthh is required
to track the corresponding path in open—loop. For admissible trajectory plan-
ning for the basic output towards the realization of finite time transitions between
steady states along pre—defined paths, the reader is referred to Section[Z3] in partic-
ular Proposition[7.2] and the deduced approaches for the construction of admissible
desired trajectories. The combination of with hence yields an exponen-
tially stabilizing tracking control depending on the values of 6110,1' and p%v’i following

u'(z ), t) =
0(Zn(@(z, ) + 5000 a(20,),0)), by =0

—_ ul (z(i),t
Q(SU(Z(uLi),t%:N(SU(Z(m,t))+%), P =0

w,i

— wy, (z )yt
e(x(z(’i|Li)7 t)7 ‘:‘M(x(z(z\%t)) + %)7 6111;71‘7 p}y,i 7é 0

w,i

(9.43)

Moreover, the backstepping transformation (9.3) and its inverse (9.17) provide a
one-to-one relation between x(z,t) and w(z,t) and hence between the respec-
tive steady states. This can be directly utilized for the assignment of admissible
desired trajectories for the basic output, i.e. steady states in x(z,¢) are mapped into
steady states in w(z,t) by means of while the inverse is obtained utilizing
(©.177). Thus, trajectory assignment can be equivalently performed for the original
diffusion—reaction system or the target system. In view of the realization of desired
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output trajectories y(z x|y, t) — y*(2(x|), 1), k € Ip, observe from (9.2f) by making
use of (9.17) that

Y(zkp) 1) = hR0,w(z k10y, £ €(2 (i k10> 1)) + PEw(2 110y, £ E(Z 1.k0) 1))

i

+/O g' (2", ¢ ) [hR0,w (2 (kj0y £ £ (2 (i) ko) - 1)
+ hpw (2 (kjoy» t: (2 (i) ko) £))] AC.

This expression denotes the parametrization of the output in terms of the basic out-
put such that re—planning £(z 3y, t) = £*(2()), ) results in different output paths.
If I,, = I,,,, i.e. = = k in the notation above, then the expression simplifies to

) = R0 o 5 €y, )
+ (hi + h3g(0,0,8))w(z 0y, £ E(z(apy, 1))

With this, a systematic and integrated approach is obtained for the solution of the
tracking control problem given the diffusion—reaction system with varying re-
action parameters. Nevertheless, as pointed out above, the realization of the tracking
control essentially relies on the availability of the state profile z(z,t) such that the
control-loop has to be amended by the state—observer designed in Section[9.3]

9.5 Exponentially Stabilizing State-Feedback Control — The
Multiple Input Case

The results for the single input case can be directly utilized for the extension of
the backstepping—based state—feedback control design to the multi input case. For
this, it is crucial to observe that given the set I,,, with #1,,, = m > 1, then for
a single fixed i € I, the application of the backstepping—transformation (9.3) in
z'~direction maps the diffusion—reaction system (9.2) into the target system
but with the boundary conditions split into

ev, :0,iw(z, ) + pd jw(z,t) =0, 2 =0 (9.442)
— €90 w(z,t) + plw(z,t) =0, P =0,j€el (9.44b)
jlazjw(z t) —&—p}w(z,t) =0, Ad=1;jern (9.44¢)
€u,i0,1w(2, 1) + Py, jw(z, 1) = 0, 2 =1L (9.44d)

and
07 ((2(jL,), 1), 0.5 (2 ji1,)5 1) = W (2, 1), er, (9.44¢)

for t > ty. Equations (9.444a)) and (9.44d)) thereby follow directly from the transfor-
mation and the state—feedback control while (9.44b)) and (9.44cl) are a consequence
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of the invariance of linear boundary conditions under the transformation (@.3). Fi-
nally, follows from the property that all inhomogeneous boundary condi-
tions for j € I, are mapped into inhomogeneous boundary conditions for the target
system. Herein, the inverse backstepping transformation g(z*,(,t) can be used to
express (2 (j|L,),t) and d,;2(z(j|1,), t) for j € I}, in terms of the target state in
the form

Z'i
z(z (L), t) = w(z(|L,),t) +/0 g(z", ¢ ) w(z e L), t)dC

i

9,;%(2j|L,),t) Z%W(Z(jlmvtﬂ/ 9(2',¢,1) 9 5w(z ijc jir,)» 1A
0

9.5.1 Multi-linear Backstepping—Transformation

Given multiple inputs ui(z(m, t), i € Iy, the results above motivate the introduc-
tion of a sequence of #1I,, transformations with each determining one boundary
control. Therefore, it is convenient to introduce the operator

i

ﬁi(zi,t) ox(z,t) =x(z,t) — /0 ki(zi,Ci,t) ;U(z(i|¢)7t)dg‘i

and to assume that the index set I, is sorted ascendingly with I,,, = {i1,...,%m}.
With this, introduce the sequence of transformations

w(z,t) = R (2", t) o x(z,t)

w2(z,t) = R2(2"2,t) ow™ (2,t)

o , (9.45)
w(z,t) = K (2", 1) ow'™ 1 (z,1)

— Rim (Zim’ t) o Rim—1 (Zimq’t) 0---0 RN (Zil ) ox(z,t).

=R&T™ (2 (1,\ 1)) 1)

It can be easily deduced that the last line determining w(z,t) is equivalent to a
multi-linear Volterra—type integral transformation, i.e.

w(z,t) = & (z(Iszl),t) ox(z,t)

m ik
= J}(Z, t) - Z /O K (Z2k7 Clk ) t) x(z(ikmik)v t)dglk
k=1

z 22
[ [ G R ¢ (e s DG
0 0
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L m

/ / imet (i, Gimet )k (50 (P 1)

( (im 1‘<im_1 7'm|g‘im)7 ) <7m Cm 1

+ - #I,,L/ / kn i1 Cu t) kim(Zi'”,Ci"”,t)X
(2 (14]¢01 o s |im s )ACT™ - AL (9.46)

In view of the introductory remarks, it is obvious from (9.45) that each transfor-
mation K% (z 2 t), iy, € I, determines the corresponding state—feedback control
u (2(ix|)» t)» which is required for the implementation of the transformation. This
particularly illustrates that each &%+ (z%*, ¢) results in a homogeneous boundary con-
dition at z%* = L;, in the target system w* (z,t) such that after m steps the desired
realization of the overall target system w(z, t) with purely homogeneous boundary
conditions is obtained. Moreover, it can directly deduced by the construction of the
sequence that the evolution of each &% (2 t) is governed by the equations for a 1—
dimensional kernel given by depending on the particular boundary conditions
of the diffusion-reaction system (9.2) and the individual target system w'* (z,t) as
well as the separability of the parameter ¢(z, ¢) with respect to the independent co-
ordinates 2%, iy, € I, according to Assumption[9.2]

9.5.2 Determination and Solution of the Kernel-PDEs

In order to verify these assertions, let w® (z,t) = z(z,t), w(z,t) = w'(2,t),
d®(z,t) = —c(z,t), and consider for the moment the transformation of the PDE
Oyw=1(z,t) — Aw=1(z,t) + d*1(z,t)w*-1(z,t) = 0 into Jw'*(z,t) —
Aw'* (z,t) 4+ d* (2, t)w (z,t) = 0 for one arbitrary i, € I, using (3.43). Af-
ter some intermediate computations this provides

duw'™ (z,1) — Aw'™ (z,t) + d™ (2, )w'™ (2, 1)

= [2d_i, k™ (2%, 2% t) + d™ (2, t) — d* 1 (2,8) Jw™ (2, 1)

+ ke (Zlk ,0, t)821k w1 (Z (ix]0)> t)

— i k™ (2%, 0,)w™ =" (2 (140, t)
‘ (9.47)

2k
- A (aitki)c (Zik ) Cik 5 t) -+ agbk kik (Zi’C s Cj’k s t) — 822’% kik (ZTk , Cik , t)
(A% (0 8) = A (2 gy D (74, ))
w’ik—l (Z(ik,lck)’ t)dCzk

Due to the relationship between the obtained expression and the equations determin-
ing the backstepping kernel and the target system in the single input setting, these
computations motivate the choice of the individual target systems in the form
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Dt (2,1) = A (2,8) = d* (2, i (,1),  (2,1) € xR,  (9.48)

with d’* (z,t) determined below. Boundary conditions are imposed by

— e?@Z,w”“ (z,t) —|—p?wi’c (z,t) =0, 2 =0,j€ Ir{il"“’i"} (9.48b)
- wjazjw““(z t) +p?u7jwi’°(z,t) = 2 =0,5€ {ir,... i} (9.48¢c)
;0w (2,1) + pjw™ (z,t) =0, =1L jellm (9.48d)
€u ;0L w™ (2, 1) + py, jw'™ (2, 1) = 2 =1Lj, j € {i1,...,ix}(9.48e)

for t > ty and the initial condition is assumed as

w' (z,t0) = wik (2), z € 0. (9.48f)

Differing from the single input set—up, note that for £ < m in addition m — k
inhomogeneous boundary conditions at z/ = Lj, j € {ixt1,...,4m} arise from
the undetermined boundary controls. Due to the nonlinearity in terms of §°(-, )
for i € I,,,, which relates the boundary control u’(z;)),t) and the state along the
respective hypersurface, the successive transformation from the nonlinear expres-
sions in w1 (z,t) into w' (z,t) requires to consider the corresponding inverse
to ki (2% (i t) (see also the introductory remarks to this section). Since the ex-
plicit determination of these inhomogeneous boundary conditions is here only of
minor interest their evaluation is omitted. Nevertheless, it is crucial to observe that
in each step ¢, one boundary control is eliminated by means of the corresponding
transformation. By means of a consecutive application of the m individual transfor-
mations this enables a complete determination of the state—feedback controls for all
1 € I,,,. Hence, stability of the target system can be only deduced after the evalua-
tion of the final transformation & (2% t), which requires to determine each kernel
kit (20, C1% ).

With of Assumption[0.2] each d’* (z,t),k =1,...,m, canbe determined?
according to

k m
d*(z,t) = ZM’J' (t) = co(z(1)) 1) — Z e (2,1). (9.49)
j=1 j=k+1

By introducing v* (2% t) 1= d¥* (z,t) — d"*~1(z,t) = p™*(t) + ¢'* (2%, t), Eqn.
(9.47]) implies that the i;—th kernel is governed by the PDE
Dk (2%, C'* 1) = D2 K™ (2%, (% 1) — OFK™ (2%, C* 1)
=y (R (27, ¢ )

% Equivalently, 1% (t) can be replaced by 1% (2%, t). This, however, requires to reanalyze
the stability of the resulting target system according to the proof of Lemma[0.1]

(9.50a)
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defined on the triangular domain (** € (0, 2%), 2% € (0, L;, ) with the boundary
condition

2d,, k™ (2", 2" t) + 4% (2%, 1) = 0. (9.50b)

In view of and the structure of the individual target systems it can
be easily deduced that the remaining boundary conditions for k% (z%*, (% t) are
identical to those for the 1-dimensional case. These are hence provided below for
the sake of completeness:

(i) For a Dirichlet condition at z* = 0, i.e. €], = 0,p) # 0 in (9.48¢), the kernel
has to satisfy

K (2",0,8) = 0 (9.50c)
while the target system is restricted to 52;,@, =0,1ie.
w™ (% (i, 0y ) = 0. (9.50d)

(ii) For a Neumann or mixed condition at z** = 0, i.e. e?k = 01in ([9.48¢), the kernel
has to satisfy

=0, k™ (2 (i 0y, ) + Do k™ (2 i 10y, 1) = O, (9.50¢)
where p? = p /€) . Thereby, the target system is restricted to the boundary
condition

— i D 0™ (21 0)5 1) + Pt i, 0™ (2 (i 0) 5 1) = 0 (9.50f)

In addition, the kernel has to fulfill the additional constraint
ik _ =0 D,y

These results furthermore imply that the solution approach considered in Section
[0-22]by means of introducing suitable scattering coordinates for the application of
the method of integral operators and the solution of the resulting expression using
a successive approximation can be directly applied to determine the solution for
the integral kernels k' (2%, (% t) for all ij, € I,,. In particular, with this a strong
solution for k% (2%, (% t) is obtained, which is bounded with bounded derivatives
with respect to (2%, (%) and is of Gevrey order a € [1,2] in ¢ provided that the
conditions of Theorems[§8.Tland [§2]on the system parameters are fulfilled.

Hence, it follows from and Assumption [0.2] that after the m~th transfor-
mation w(z,t) = w' (z,t) satisfies

Ow(z,t) = Aw(z,t) — d(z, t)w(z,t), (2,t) € 2 x R}, (9.51a)
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with

m

d(z,t) = d'™ (z,8) = > i (t) = co(2 (1,1, ), (9.51b)

Jj=1

the boundary conditions

— €90 w(z,t) + plw(z,t) =0, 2 =0,jeIln (9.51¢)
wjaz,w(z t)+pw] w(z,t) =0, 22 =0,5€ly, (9.51d)
ejazjw(z t) + pjw(z,t) =0, A =1L jeIln (9.51e)
€ ;0w(2, 1) + py jw(z,t) = Z=1L; j€l, (9.51f)

for t > tg, and the initial condition
w(z,to) = wo(z), z €. 9.51g)

The stability properties of the overall target system hence depend on d(z,t) and the
selection of the degrees—of—freedom p*s (¢).

Lemma 9.2. The parabolic distributed—parameter system is exponentially
stable in the L*>—norm for any combination of Dirichlet, Neumann, or mixed bound-
ary conditions le;n:l pi (t) + Amin — Co(t) > € > 0Vt € R;g for some € > 0.
Here,

Co (t) = sup Co (Z Um)s t)
2 (1, ) €EXjer\ 13 [0,15]

and Amin denotes the smallest eigenvalue \ of Aw(z,t)+ Aw(z,t) = 0 with bound-

ary conditions (9.51c)—(9.511).

The proof of this result follows directly along the lines of the proof of Lemma
Hence, the exponential stability of (@.31) in the L2—norm can be guaranteed
provided that u(t) = 327", pii(t) as 1ntr0duced in is chosen appropriately.

9.5.3 Backstepping—Based State—Feedback Controller

The results on the multi-linear backstepping—transformation enable the determina-
tion of the respective state—feedback control to achieve the exponential stabilization
of the diffusion—reaction system (9.2). For this, it is crucial to note the following
two properties of (9.43), i.e.

W 1y 0 1) = R (27, 8) 0+ 0 R4 (355, 1) 0 41 (551, t)o
o &1 (2", ) o (R™(Li, , t) o (2, t)) (9.52a)
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azikw(z(ik\Lik)v t) = ﬁi'rn( im ,t)o---0 Rirt (Z’ik+17t) o fik—1 (Zik_l ,t)o
o R(2",) 00,4, (R™ (L, t) 0 2(2, 1)), (9.52b)

where

ﬁlk( (% )Ox(z t) = Z(zkIL / klk lk7< ) (Z(ik|(’ik)7t)d<ik
0, (A" (Liy,t) o w(2,t)) = 0@ (Z<z'k|L%)’ t)

_ka(szasza ) (Z(zk\L7k)7 / a klk( zkaC ) ( zk\c’k )de

Proceeding as in Section - the state—feedback control can be determined de-
pending on the parameters €, i, and p}mk. With (9.2d) and (9.311) this yields for
eachip € I, k=1,...,m:

(i) Fore), ; =0,ie. W(2 (i |Ls, )5 t) = 0, ( (©:324) implies
0= ﬁi"” (Zi"”,t) O ﬁik-ﬂ( ik+1’t) o ﬁik—l(zik—l’t)o
o R (2" ,t) o (Rzk( ins )ox(z7t))
= R (2im t) o0 A1 (g%+1 ) 0 A1 (251 ) 0.0 R (2 t)o
Liy, . .
(x(zwhk)vt) - /0 K (Liw, € )2 (2 6y v t)dck)

Since the latter expression has to hold for all z;, |) € X
that necessarily

el [0, L,] it follows
Liy . ,
(2 (ig|Ls, ) 1) :/0 k™ (Liy, €' )2 (2 (5 i), £)ACF
=: Ep(x(2(,)), 1))
As a result, the state—feedback control is obtained as
Wt (z e t) = 0% (Ep(@(2 (4] 1)), 0., (2 (i | Ls, ) t)). (9.53a)

(ii) Forp), ;, =0,i.e. 0, w(z(ikmk), t) = 0, proceeding as above by making use
of results in

8zikx(z(ik\L )—k’zk( ik zky )Z‘( (ik|Lik)7t)
8 kO ( szvCik7t)x(z(ik|<ik)7t)dgik

=: EN( (2 (i), t))-

With this, the state—feedback control follows as
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w2 t) = 0% (2(2 41,0 1), En (22 ), 1)) (9:530)
(iii) If €}, ; , Py,;, # 0 a similar argument yields

1
1 pw,i
0,0, (2 (34| L1, ) t) = (2 (34| L, ) ) (k““(Lik»Lik,t) - '“)

w, ik
Lie i i Puviin i i
+ aZka k(Lik,C/k,t) + 1—kk(sz,C k,t) .f(Z(Ylelk),t)dC k
0 w,ik

=: S (x(2 i), 1))
such that the state—feedback control can be schematically represented as

u'r (Z(ik,l)7 t) = o (l‘(Z(ik|Lik)7 t)7 EM(x(Z(ikl)’ t))) (9-53¢)

9.5.4 Inverse Multi-linear Backstepping—Transformation and
Exponential Stability of the Closed—Loop System

As already outlined in Section for the 1-dimensional setting and in Section
[0.2. 4 for the case of a single boundary control it is necessary to analyze the inverse
backstepping transformation to verify the exponential stability of the diffusion—
reaction system under the action of the determined state—feedback control. By in-
troducing

i

z
®i(ziv t) © w(Zv t) = w(Zv t) + / gi<zia Civ t) w(z(ﬂ{"’)a t)dCi
0
the results of Section[0.2Z.4limply that the sequence of transformations
i (z,) = B (2 ) o w(z, t)

xim_g(z’ t) _ @im,_l(zim_17t) o xim_l(z’ t)

o , 9.54)
x(z,t) = & (2", 1) o x' (2,1)

=81 (21, t) 0 B2(22 )0 0 &' (2 ) ow(z,1).

=& (2 (1, \ 1y 1))

inverts the multi-linear Volterra—type transformation (9.45). The determination of
the individual kernels g'* (2%, (% t), k = 1,...,m, thereby follows exactly the
lines of Section [0.53.2]and hence yields that the governing equations for the inverse
kernel g% (2% (% t) correspond to those for k' (2% (% t) with v ((* t) re-
placed by —v* (%, t) and the coefficients p{, , €} in interchanged with

ik
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Dwig > € .- Hence, the solution procedure in terms of the method of integral op-
erators and successive approximations as well as the convergence proof are iden-
tical. This in particular ensures that each g (2%, (%, t) is bounded with bounded
derivative with respect to (2%, (**) and is of Gevrey order o € [1,2] in ¢ under the
conditions of Theorems[8.1land 8.2

Theorem 9.4. Consider the diffusion—reaction system (Q.2) with state—feedback
control ([©.53a), (©@.330), or for iy, € I, depending on the boundary con-
dition at z** = L;, . Then the equilibrium x(z,t) = 0 is exponentially stable for all
te IR;Z in the L?>—norm if the target system satisfies the conditions of Lemma

The proof follows basically the lines of the proof of Theorem[9. 1]

Proof. Let X = L*(£2) and assume x¢(2), wo(z) € X. Since k% (2, (% t) and
g% (2% (% t) are strong bounded solutions to the respective kernel-PDEs for all
k=1,...,m,it follows by the Minkowski and Cauchy—Schwarz inequalities that

gt lx < Cg* [l Il

with O = 1+ Ly SUD i, iy [K (%G )], where 6 = {(,¢)
¢ € [0,L;,], 2% € [¢**, L;.]}. Thus, since wo(z) = w'm(z,ty) and xo(z) =
w' (z,tg) the estimate

[wollx < Collzollx
holds with Cy = [}, C¢*. With Lemma[.2 for (0.31)) one obtains
lw(t)llx < e "ol x < Coe™ ™|z x

for x(t fto = "1 (8) 4+ Amin — Co(s))ds. In view of ([@.34), proceeding
s1m11ar1y provides in view of the boundedness of g’ (2, (**,t) that there exists a
constant C such that

lz()]lx < Cullw(®)|x < CoCre™"M|zo x.

Hence, exponential stability of the closed—loop system follows if x(¢) > ¢ > 0. O

9.5.5 Approximate Finite—Dimensional Realization of
Backstepping—Based State—Feedback Control

In order to deal with the considered idealized boundary control configuration with
infinite—dimensional inputs u‘(z ;). t), i € I, their implementation requires to ap-
proximate each ui(z(i|), t) by a set of finite—dimensional actuators, which are suit-
ably placed on the input surfaces 0(2;. For this, a realization approach is presented
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in Section[9.2.5|based on the single input configuration. The proposed approach can
be directly applied to the multiple input configuration by proceeding as outlined for
each actuator u’(z ;| t), i € Iy, i.e. let

m;

N lz
u' (2 i) t) Z[’ (2 ) (t)

where b’ (2(i|)) denotes the spatial actuator characteristics of the m; finite—dimen-
sional actuators. Then, given a discrete time implementation the solution of the se-
quence of #1,, least-squares problems

2
min
i
{uy V=1, m;

Z(”),tk Zb’l Z(”) uk 1€ I,

L2(8_Ol)’
at each sampling instance t, provides the discrete time input values u"?(t;,) = uicl,
l =1,...,my, for each input surface : = 1,..., m. While this yields a practical
(approximate) implementation technique the stability analysis for the closed—loop
control system cannot be easily transferred to the finite—dimensional actuator setting
as is pointed out in Remark Nevertheless, the simulation results provided in
Section [0.8] confirm the applicability and the stabilization property of the proposed
realization approach.

Obviously, the realization of the state—feedback control relies on the knowledge
of the state x(z,t) and its derivatives 0,,x(z,t), i € I,,. For this, a distributed—
parameter state—observer design is subsequently developed by extending the back-
stepping technique to multiple output configurations.

9.6 State—-Observer with Exponentially Stable Error
Dynamics — The Multiple Output Case

The state—observer design in Section is based on the weighted feedback of a
single output variable. Subsequently, this approach is extended to determine an esti-
mate of the evolution of the state 2(z, ¢) from the knowledge of p outputs " (z ;). t),
i € I, #I, = p > 1. For this, similar to Section multi-linear Volterra—type
integral transformations are considered for the systematic determination of observer
gains to achieve an exponentially stable observer error dynamics.

Assumption 9.4. The functionals (-, -), i € I,,,, are linear and satisfy

0" (x(2,1),0,.2(2,1)) = ;0. x(2,t) + pra(z,t), z'= Ly, Vi€ I, (9.55)

)Yzt 1Yz
with constants €} and p}.

Contrary to the state—feedback design, which is applicable for rather general nonlin-
ear input characteristics, the state—observer design relies on a linear boundary input.
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With this preliminary a Luenberger—type observer is considered, i.e.
0,i(z,t) = AZ(z,t) + c(z,1)2(2,1) (9.56a)
[y (2

+ D LED[Y Eapt) — 3 (zap» 1) (9.56b)
i€l

for (z,t) € £2 x R} with the boundary conditions

0 05 i . I,
—€;0,;8(2,t) + pj2(2,t) = 2 =0,j€l. (9.56¢)
_ezaz7x(z t)+ (z) (th):
B[y (Z(z\)at) 9 (zap,t)], 2'=0,iel, (9.564d)
;0.2 (2,t) + pji(z,t) = 0, Ad=1;jeIn (9.56¢)
€0,;8(2, 1) + pji(z,t) = u! (2. t), 2 =Lj, j € Ln, (9.56f)
for t > tp, the initial condition
Z(z,t0) = &o(2), z €12, (9.56g)

and

9 (2, t) = h)0,:2(2,t) + hid(z,t), 2'=0,4i€ I, t>ty. (9.56h)

i Yzt

Here, i (2*,t) and l%,(t), i € I,, denote the observer gains, which are determined
to achieve the exponential decay of the observer error Z(z,t) = z(z,t) — Z(z,t).
Comparing ([©.2) with (©.36) in view of (9.53) results in the PDE

0,2 (z,t) = AZ(2,t) + c(2,t)Z(2, 1)

— Z li (Zi7 t) [h?azlf(2(1|o)7 t) + h}i(z(i|0)7 t)] (95721)
i€l,

for (z,t) € 2 x IR;; with the boundary conditions

— €90_;2(2,t) + p)a(z,t) = 0, 2 =0,jelIl» (9.57b)
(o ()h — ). (=, 1)

+ (Lig(®)h} + p))E(2,t) = 0, 2'=0,i€l, (9.57¢)
;0. (z,t) + pji(z,t) =0, A =1L jel, (9.57d)

for t > ty and the initial condition

Z(z,t0) = Zo(z) = xo(2) — To(2), z € 2. (9.57e)
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9.6.1 Multi-linear Backstepping—Transformation

Differing from the case of a single output in Section in the following an alter-
native approach is presented by considering the transformation from the observer
error dynamics into a suitable target system. Pursuing this path in particular allows
to systematically motivate and to constructively deduce the structure of the target
system and to determine structural restrictions on the considered class of systems.
For this, it is convenient to introduce the operator

M (27, 1) 0 3(2,8) = (2, 1) + / mi (2, 1) E (2 gy 0)AC 9.58)
0
and to assume that the index set I, is ordered ascendingly with I, = {i1,...,%p}.

Moreover, consider the sequence of transformations

W (2, 1) = M (2, 1) 0 (2, t)
W2 (2,1) = M2 (22, 1) o 0™ (2,1)

(9.59)
w(z,t) = M7 (27, 1) 0w (2, 1)
= M7 (2% 1) 0o Mir=2 (2%=2 ) 0 -+ 0o M (2, 1) 0 &(2,1).
=M'P (z(1,\ 1))
Sequential evaluation of the multi-linear Volterra—type operator 9t/» (z( Izpl),t)
yields
p Zik . . .
zb(z,t)::z(z,t)JrZ/ m™ (2%, ¢ 1) & (235, ¢y, 1)
/ / m 11 C“ t) 2( 2 Clz t)
(2 (i 1¢na 12\4*72), £)d¢™d¢™ +
2ip—1
/ / mir (211, ¢ )m (21, ¢, 1) x
( (il iy lc'e) )¢ dg T -
/ / m™ (2", ¢ ) - mi (2, (T )
(2 1y i1 iy iy D)ACT - dCT (9.60)

Subsequently, it is shown that the transformation 90 (2% t) mapping w1 (z,t)
invertibly into w" (z,t) uniquely determines the corresponding observer gains
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11 (2% t) and 1%5(t). As a result, the consecutive application for all k = 1,...,p
provides the transformation and the observer parametrization to achieve the expo-
nential stability of the observer error dynamics.

In order to motivate the development, the individual analysis and solution steps
are presented in detail for the application of 901" (2%, t). Thereby, both the evolu-
tion of the corresponding integral kernel and the structure of the target system are
deduced to conclude with the formulation of the corresponding observer gains. The
sequential application of these individual steps finally yields the observer compo-
nents to realize the transformation into the final target system.

9.6.2 Determination of the Kernel-PDEs and the Observer Gains

By making use of the multi-linear backstepping transformation introduced in
and the equations governing the kernels and the observer gains can be de-
termined simultaneously. This, however, requires an appropriate choice of the se-
quence of target systems. To illustrate this, in the following the expressions are
evaluated for the transformation of 7(z,t) into w® (z,t). Similar to the state—
feedback control design in Section where inhomogeneous boundary condi-
tions arise until the final m~th transformation, for the state—observer design in-
homogeneous PDEs emerge up to the p—th transformation. Proceeding gradually
enables to deduce the individual observer gains and the equations governing the
sequence of target systems. Hence, consider first the evaluation of the ansatz
0y (z,t) — Aw“ (z,t) 4+ d" (z,t)w" (z,t) for the i;—th target system in view
of and (9.38)). This yields after some intermediate computations that

B, (2,8) — A" (2, ) + d (2, )i (2, 1)
= [e(z,t) +d"(z,t) —2d_;,m" (2", 2" t)]i(z,t)
+ 0y m™ (2,0, 0)F(2 (3, 0y, ) — M (2,0,1)0,4, (23, 0) 1)

+/ (atmil(zil,fiﬂt) +0Z, m (2 ¢ ) — 92, mP (27, ¢ t)
0

[z e, ) + Jil(zvt)]mil(zil,C“7t))55(2(7¢1|<i1)7t)d4“
— G (20, 1) M (21, 8) 0 17 (27, 8)

— > BER )M (2 t) 0 5 (2 ) ) (9.61)
keIt

with

(Z(Z ) = hl 8sz( ) + h! x( (i]0)> ), 1 E Ip. (9.62)
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Herein, " (2%, t) 0§ (z(x)), t) can be interpreted as the mapping of §* (z (x|, t) =
Y (2 t) — 95 (z@)y- 1), k € Ii, by 9 (2 ¢). Based on (9.61), the equations
governing the kernel as well as the observer gains can be successively constructed.
Differing from the procedure of where the target system was imposed apriori
and where the transformation from target system to observer error dynamics was
considered, subsequently an alternative approach is proposed, which makes use the
relation between D (2% t) and its inverse.

9.6.2.1 Determination of the Kernel-PDE

In view of condition (@.3b) of Assumption[@.2limpose

P
A (2,) = i () = colz(1, ), 1) = Y & (275, ).
k=2
With this, the integral term in ([©.61) evaluates to zero for m®t (2%, (%, t) satisfying
ym (27, C1 1) = 02, m" (27, ¢ 1) = OF, m (27, ¢ 1)
— AU (¢ ymh (21, ¢ L), (9.63a)

for 1 (¢", ) := ¢ (¢, t) + fi"* (t) and the domain (" € (0, 2"), 2" € (0, Ly, ).
The boundary condition along (** = 2" thereby follows as

2d_;, m™ (2", 2" t) — 3 (2", t) = 0. (9.63b)
Equation (9.61)) hence reduces to

D™ (2,t) — A (2, ) + d (2, )™ (2,1)
8471 m“ ( i 0 t)f(Z(il [0)s t) — mil (Zil 5 O7 t)azll i’(Z(il [0)s t)

— G (2 (i), t) MM (27, 8) 0 17 (27, 8)
- > l’f z;t)fm“(z“,t)og’“<z(k|>7t) (9.64)
keIt

Note that the last term is independent of lil (2%1,t) and hence represents the re-
maining contribution to be successively eliminated in each further transformation
M (2% 1), k = 2,..., p. Moreover, note the following relations

u?“(zj):i(z,t)—k/ m™ (2", ¢ ) B (2 ¢y, 1)ACT (9.65a)
0
823-1[)“ (Z,t) = 523@(2’715)

1
+ / m™ (2", ¢ 1) 0% (2 iy oy, )AC, jelIn (9.65b)
0
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O, W' (2,t) = 01, (2, t) + m™ (2", 2, 4)F(z, 1)
/ 3 71m 21, ¢ )0, ( (i1]¢i1)> )dC Y, iy €1, (9.65c¢)

which are frequently applied in the subsequent computations.

9.6.2.2 Determination of the Observer Gains

The degrees—of-freedom in terms of the boundary conditions for wh(z, t) can be
suitably exploited to determine [7* (2%, ¢) and [}}(¢). Therefore, consider (0.64) and
let

801 772Zl ( Gl N 0, t)fi(Z(il [0)> t) — m“ (Zil y 0, t)@zil i’(Z(il 10> t)

— G (2, ) M (2 t) 0 Iiv (2, 1). (9.66)

In order to obtain a unique expression for I{' (2%, t) or 9 (271 ,1) o I (27, 1),
respectively, introduce the boundary condition

— &5, 0,0 0" (2,t) 4+ Poy ;0" (2,1) =0, 2 =0, t > t. (9.67)

With (9.62) and (9.63), this yields the linear system of equations

[an alZ] {8 L E(2 (i1 o), )} _ m (9.68)

a1 a2 37( Z(i1]0)>» ) 0
with the matrix elements
ai1 = —hy M (2" ) o I (2 t) —m™ (2,0,1)
19 = 8c7lm (2,0,t) — h%lfmil (zil,t) o l?(z“nﬁ)
az1 = —52,’1-1
a99 = ﬁg&),il — 'é?u’l.lmil (O, O, t)
A non-zero solution of (9.68)) is obtained provided that
M (2 8) 0 11 (2™, 1)
mi(2%,0,t) . 0
— if € le—0/\h #0
11
_ 801 m® (z1,0,t)
+mit(20,0,0) (mi (0,0,0) - T )

o
g (t)

[= e}

’ wzl#()/\qm()7£0'
(9.69)
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with

g (t) = h?l( £ (0,0,) — P ) nl.

’le

For the computation of l‘ t(t) note that the evaluation of (9.67) and (9.57c)) for
i = iy with (0.63) and (9.62) results in the linear (2 x 2)-system

[Vib( )ho 15 (t)hi, + pY, } {@gﬂzwo)vt)} _ m
—& i@ p?v,h - €?U’Z-1m“ (0,0,t) (23,05t 0’
which only allows for a non—trivial solution if
6?1 0
W’ if €9 o =0AR, #0
liy(t) = p?ll 4, (m(0,0,0) - P ) (9.70)

T wilFE £ 0 A gi(t) #0.

9.6.2.3 Kernel Relations

In order to determine /3! (21, ) from (0.69) it is necessary to consider the inverse to
M (2", ¢). Similar to Section[0.4] it is known that the operator £% (2%, t) defined
according to

Zlk . .
o GRS L RN X
0
with a suitable kernel (% (2% (% t) inverts 9% (2% t). This in addition confirms

the following relation.

Lemma 9.3. Let £ (2 t) denote the inverse to I (2 t). Then the kernels
k(2% ¢ 1) and m™ (2% (%% t) satisfy the equality

2k
mik (2% ¢ t) — 1 (2% (1) = / I (2% s, t)m' (s, ¢ t)ds. (9.72)
¢in
Proof. The proof relies on the substitution of
W' (2, 1) = M (2% 1) o w11 (2, 1)
into (9Q.71)), i.e.

zbik—l(z,t) = g (zi"gt) o ik (zi’“,t) o zDi’“—l(zj)
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i

z
_ wik—l(z’t) _|_/ mik(zik’Cik7t)@ik—l(z(iklgik)’t)dcik
0

2k
_/ l"k( i Clk t) ik — 1( ( ICik)s )de
0
L S . .
[ e [ w03 (s e
0 0
This implies

PR
0= / (mik (Zik ) (ik ’ t) - lik (Zik ) Cik ) t)) ﬂﬂ'kil (Z(zk|<‘k )s t)dczk
0
2k , Cik

— /. l“(zw,ﬁw,ﬂ(/‘ (s, )W (2 3y ), s AL (9.73)

0 0
By an interchange of the order of integration, the last integral fulfills
ik

R S . ,
/ l”“(z““,C’k,t)/ m'™ (", 8, )W (2(5,)s), t)ds dC'*
0 0

z'k z'k
= / wi"‘—l(z(ikw,c),t)/ li"‘(zi"‘,s,t)mi’“(&C”‘,t)dsd{i’“7
0

¢in
which together with (9.73) yields (9.72)) since w'—(z,t) is arbitrary. O

By making use of (9.72)), expression (9.69) can be re—formulated in terms of the
kernel 1" (21, (", t), which after some intermediate computations results in

(20, t) = €0 (2, 1) o MM (211 4) o 181 (27, 1)

I (2%,0,t ,
_2E00) iE0 , —O0ARY #£0
hi, . (9.74)

T 9 127, 0,8) = FEI (20,1 ,

- . , ifEY L A0 A g (t) #0.

ql“(t) ,17é ql<)7é
with
. . po
a0 =19 (10,00 = B ) i
w,i1

The correspondence to (9.27) for the single output case is hence clearly visible. It is
thereby remarked that the determination of (9.74) requires

(i) to evaluate the application of £ (2%, ¢) to ([@.69) and to take into account that
(9.67) can be re—written as



9.6 State—observer — the Multiple Output Case 315

—& (8211 #(z,1)+m (0,0, )72, t)) 0, E(2,t) =0, 21 =0

using (9.63));
(i1) to substitute (9.72)) as well as its obvious corollary

0.,

i I (2% ,0,t) — 8@‘% m (2% 0,t) — 1% (2%, 0,t)m"™(0,0,1)

z'k
—|—/ I (20 s t)ac,cm “(s,0,t)ds = 0.
0

Finally, sorting terms for the two cases 62},,-1 =0or 52},“ # 0 provides (9.74).

In addition, taking into account (@.72) and hence m™ (0,0,¢) = 1*(0,0,) an
equivalent formulation for {1} (¢) defined in (9.70) is obtained satisfying

€9

o i, =0ARY #0
i1
P, + b, (1(0,0,8) - T ) ,
(1) T e, A0 A g (1) £ 0.
l

In particular observe that (9.79) is, as expected, identical to (9.28) with (0, 0,¢)
replaced by %1 (0,0, ).

() = (9.75)

9.6.2.4 Determination of the Boundary Conditions for the Target System

In view of (9.6J), it can be easily shown using (9.57b)—(9.57d) that the boundary
conditions for @' (z,t) at 2/ € {0, L;}, j € I'* follow as

€90 ;0" (z,t) + phi™ (z,t) =0, 20 =0,jell» (9.76a)
?%w“(z,t)erj ERE

— () M (22 t) o (234, t), 2 =0,jel (9.76b)
;00" (2,1) + pyi™ (2, 1) = 0, =1L el (9.76¢)

fort > ty with

M (Zil,t) Oﬂj(Z( t) = hjazjw (Z(j|0),t) + h;ﬂ}il (Z(j|0),t). 9.77)
The latter equation confirms that 0 (21, t) o §7(z(;)), t), j € I}, is identical to
97 (z(j)), t) with Z(z,t) replaced by @' (z, ).

Similar to (@.67) the boundary condition for @ (z,t) at z2®* = L;, can be con-
sidered as a degree—of—freedom and is subsequently imposed in the form

Eoiy O W (2,8) + Py g 07 (2,0) =0, 2" = Ly, t > to. (9.78)
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Addltlonal constraints on the parameters ew ;, and p, ; arise from the substitution
of (@63) in view of the respective boundary condition (9-37d) for the observer error.
This simultaneously yields the remaining boundary condition for the integral kernel

m (2", ¢ ).

9.6.2.5 Determination of the Remaining Boundary Conditions for the Kernel

The joint evaluation of (9.78) and (9.57d) for ¢« = 41 € I, with (9.63) yields the
following conditions:

(i) If e, =0, pj, # 0, then

m™ (L, (") =0 (9.79)
while the target boundary condition (O.78) is restricted to satisfy €, i =0 ie.
W (2 (g L), ) = 0-

(i) If 6}1 = 0, then the kernel is restricted to
Pl . .
Deym™ (Liy, €7 ) + =™ (Liy, €, 1) = 0 (9.80a)
w,i1
=1
p Puw,i
m" (Li,, L, ,t) = T (9.80b)
i1 w,i]

with the target system being required to fulfill € w i 7 0.

These computations for the transformation of #(z, ¢) into @' (z, t) are subsequently
exploited to deduce the structure of the individual target systems, which are realized
by the consecutive application of the individual backstepping transformations ac-
cording to ([©.39).

9.6.2.6 Sequential Evaluation of the Multi-linear
Backstepping—Transformation

As a result of the presented procedure, the dynamics of the target system w* (z,t)
is obtained from (9.64) according to

D™ (2, 1) = A (z,t) — d (2, t)w" (2, 1)

= > (R (BRI (2 (kjo), 1) + M (2(kj0), )], (9.81a)
keIt

where the latter term follows from (9.77) and the domain is given by (z,t) € 2 x
R;g. Herein, the spatially and time varying coefficient satisfies
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14

A (z,) = 3™ () — colz(1,)) ) — D _ ¢ (2%, )
k=2

with the boundary conditions from (9.67)), (9.76), and (9.78)), i.e.

— €90 ;0" (2,t) + pJu™ (z,t) =0, 2 =0,jeIl» (981b)

e]azjw“ (z,t) —|—p?u~1i1 (2,1) =
— @) [R0,, 0" (z,t) + hjw™ (2,1)], 2/ =0,j€I  (98lc)
- & Zlazqw“ (z,t) + Poy 4, 0" (2,1) =0, 2 =0 (9.81d)
;0" (2,1) + pyi™ (z,t) = 0, A =1, j€l* (98le)
e;,ilazll W' (2, 1) + Py 5, 0" (2,1) = 0, 2 = L;, (9.81f)

for t > ty and the initial condition

W (2, t0) = Wi (2), z€N. (9.81g)

In this setting the observer observer gains [%' (2%, ¢) and [%}(t) are determined by
and @.75).

Proceeding as above for i, i3, ...,i,, i.e. mapping w1 (2, t) into W' (2, ),
k =2, 3,...,p, by means of M (2% t), directly provides the evaluation of the
multi-linear backstepping—transformation into the target system w(z, t). The previ-
ous analysis illustrates that each transformation determlnes the correspondmg ob-
server galnsﬁ 1% (2™, t) and 1% (t) according to (0.74) and (©@.73) with i; replaced
by i, i.e.

Ik (2% ) =

12,0,
_M if wzk—O/\ho £0

LA (9.82a)
D, 11 (21%,0,) — pfl( 24,0, . .
- qlz'k ) , ifE,, FOAGH(E) #0
% if e, =0AR) #0
195 (1) = 0o (“ 0.0.0) - pOWJ) | (9.82b)
20 WL, #FOA () #0,
where

3 Similar to the 1-dimensional and the single output case the arising conditionals for the
computation of [7* (2*#, ¢) and {1k (¢) can be fulfilled by a suitable choice of the parameters
of the target system by taking into account Remark B3]



318 9 Backstepping for Higher—Dimensional Parallelepiped Domains

~0

. . p
i) = 18, (10,0, - B ) -,
w ’Lk
in such a way that after #1, = p consecutive transformations the distributed—

parameter system governing w(z,t) is homogeneous. The corresponding transfor-
mation kernels m® (2, (% t), i), € I, are thereby governed by ([@.63) with either
(19.79) or (9.80) for 71 replaced by iy, i.e.

Oym™ (2™, ¢ 1) = 0%, m™ (2™, Ci’“ t) — 85% m' (2% ¢ t)
— (¢ tym (2, 1) (9.83a)

with (% € (0, 2%), 2% € (0, L;,), t > to and

2d_;, m™ (2", 2" ) — (2", ) =0 (9.83b)
mi (L, (% t) =0, ife;, =0Ap;, #0NE,,; =0
0 L m* (L,

5 (L, O 1) _ (9.83¢)

TWyig pn ik . (2% _
+ ka (Liy» € at)*()’ if‘lek?éO/\gqlu,ik?éO

(L7k7L7k7 ) Zik - Zg)iu”C
=

and 7 (-, t) := ¢ (-, t)+@'* (t). The verification of this property can be directly ob-
tained by means of an induction argument, which is however omitted subsequently
due to the straight forward technical procedure.

As a result, it is a trivial consequence of the previous analysis that the target
system (2, t) := W' (z,t) fulfills

(2, t) = A(z,t) — d(z,t)d(z,t) (9.84a)

with domain (z,t) € 2 x R and d(z,t) = d'» (2, ), wherd]

k p
A (z,t) =Y () = coz,.t) — Y f(29,1) (9.84b)
j=1 j=k+1

in view of Assumption[0.2] The boundary conditions thereby follow as

?3 w( )+ pli(z, t) =0, 2 =0, jell (9.84¢)
W(z,t) + pry (2, 1) = 2 =0,j€el, (9.84d)
e}azjw(z, t) + pyw(z,t) =0, =1, jeIl (9.84¢)

* Equivalently, 13 (t) can be replaced by /i (z'7,t). This, however, requires to reanalyze
the stability of the resulting target system by suitably extending Lemma[9.2]
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Er 0.0 (2,t) + Puy (2, 1) = 0, 2 =1L jel, (9.84f)

w,jY27

for t > ty and the initial condition

w(z,t0) = wo(z), z € 1. (9.84¢)

The exponential stability of (@.84) in the L?—norm can be directly ensured for a
suitable choice of i(t) = >-"_, % (t) by Lemma@.Zlprovided that

6O(t) = sup CO(Z(IH)’ t)
Z(1p1) €EXjer\1,[0,15]

exists and is bounded for all ¢t € IRZ).

9.6.3 Solution of the Kernel-PDEs

Due to the equivalence of the equations governing m®* (2% (% t) for each
iy € Ip, and the equations for the case of a single observer gain, the so-
lution of the kernel-PDE follows exactly the presentation in Section and is
hence omitted. However, it is crucial to recall that the convergence of the successive
approximations can be ensured under the conditions of Theorems [8.4] and In
addition, this confirms that m* (2% (% t) for each i), € I, is a strong solution to
the kernel-PDE, which is of Gevrey order @ € [1, 2] in ¢ and bounded with bounded
derivative with respect to z% and (.

9.6.4 Inverse Backstepping—Transformation and Exponential
Stability of the Observer Error Dynamics

In the course of the procedure presented in Section the inverse transforma-
tion (9.71) is used to determine the observer gain (9.74). Hence, generalizing this
approach it can be easily seen that the consecutive application of (9.71) in terms of
the transformation sequence

Fr1(z,t) = L7 (2% 1) o (2, 1)

Fr-2(z,t) = L1 (21 1) 0 1 (2, 1)

o , (9.85)
ZT(z,t) = £(2",t) 0 2" (2, 1)

= £ (2" 1) o £2(22 t) 00 L (2% 1) ob(2,t)

=L2(z 1\ 115t

inverts the multi-linear Volterra—type transformation (9.59). The individual kernels
(2% (% t), k = 1,...,p can be determined by proceeding in principle as in
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Section [0.6.2] by making use of (@.74), (0.73), and the relationship between
the integral kernels. This shows after some tedious intermediate computations that
the governing equations for the inverse kernel /% (2% (% t) correspond to those
for m™ (2, ¢, t) with 3% (™*, t) replaced by —3"* (2%, t) and py, ;. , €, ;,
in exchanged with p;, , €} . As a result, the solution procedure in terms of
the method of integral operators and successive approximations as well as the con-
vergence proof can be applied. The solution approach in addition yields that each
[Pk (2% (% t) is bounded with bounded derivative with respect to z%* and ¢(** and
is of Gevrey order « € [1, 2] in ¢ under the conditions of Theorems[8.Tland[8:21

Theorem 9.5. Consider the observer error dynamics (9.57) with the observer gains
(0.824) and ©©.82D). Then the equilibrium &(z,t) = 0 is exponentially stable for all
te IRjO in the L>—norm if the target system (0.84) satisfies the conditions of Lemma
The proof follows exactly the lines of the proof of Theorem[9.4]

Proof. Let X = L*({2) and assume Zo(z), wo(2) € X. Since both I'* (2, (**, t)
and m® (2% (% t) are strong and bounded solutions to the respective kernel-PDEs

forall K = 1,...,p it follows by the Minkowski and Cauchy—Schwarz inequality
that

g | x < Gl [l x
with OfF = 1+L;, SUD o cinycopt |mik (2% ¢ t)| for the set OF = {(2%, (*) :

¢ €[0,Ls,], 2% € [¢™, L, ]} Thus, ||wol|x < CollZol|x for Co =T;, ;. Co*
which in view of (9.84) and Lemmal[9.2] yields

o) x < e fdollx < Coe™O|@0]|x

for K(t) = ftto( ?:1 7% (8) 4+ Amin — Co(s))ds. In view of (9.83), a similar pro-
cedure provides in view of the boundedness of [%*(z% (% t) that there exists a
constant C'; such that

1Z()]lx < Cull@(®)]|x < CoCre™"M||Zo x.

Hence, x(t) > € > 0 implies exponential stability of the closed-loop system. [

9.6.5 Separation Principle and Exponential Stability of the
Closed-Loop System

In a way similar to Section [9.3.5] the stability analysis of the closed—loop MIMO
system consisting of the state—feedback control (9.33)) and the state—observer (9.56)
requires to analyze the target system in [w(z,t), 0 (z,t)]T obtained fromf

3 For the sake of simplicity the arguments of &7 and 9t’» are dropped throughout this
section.
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[w(z,t)} _ [ﬁ’m ofc(z,t)}

w(z,t) Me 0 7(2,1)

with &7 and !> as introduced in 3) and ([©.39), respectively. For this, it is
subsequently assumed that the number m of inputs and p of outputs coincide with
I,, = I, i.e. each input is located opposite to an outpuﬂ The main difference in
the analysis of the MIMO system arises in the evaluation of the transformation into
w(z,t) in terms of the observer state Z(z,t) = x(z,t) — Z(z,t) such that

w(z,t) = &I o x(z,t) — RIm 0 #(2,1). (9.86)

As is shown below, this induces a coupling of the resulting target systems. Here,
the first term serves as the basis for the determination of the state—feedback control
in Section [0.3] It hence suffices to evaluate the second term, for which after some
intermediate computations the following two relations

AR 0 3(2,t)) = & o Z 0% (z,t)
JEL™

ZRI’" ( CE(z, 1) = d i K (2, 2 0)E(2, 1)

- (9.87a)
— k(2™ 2%, 00,1, (2, t) — O, k' (2%, 2™ )3 (2, 1)
2tk
S RGO
Oy (Rl 0 3(2,1)) = &' 09,3 (2,1)
2k
0 / Dk (2%, €% )3 (2 5 ooy, 1A
0
=gl o Z 9%,%(2,t) + & o (c(2,1)i(z,1))
jELi™
alm i
—R o; B2 4) [h)0,:3(2 )0y, 1) + hiE(2(ij0y, )] (9.87b)

“V‘ZRI"L ( i‘(Z,t) - I:kzk (Zlk7Czk7t)8clki‘(z(zk|clk)7t)

= O K™ (25, ¢ )E (2 6y vy D] Con g

_/O [atkik(zik7<ik’t)+a§7kklk( Zk’Cik7t):|iﬁ( Z (i1 |Cik) s )dC >

® The more general situation with I,,, # I, is briefly discussed at the end of this section.
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can be verified by making use of the PDE (9.57a) of the observer error dynamics
and by recalling that R is a linear, commutative, and associative operator. Herein,
the abbreviation

Rlm = &im (2, 1) 0+ 0 Rk (21441, ) 0 A1 (251, 1) 0 0 &1 (1)
is used. With this, the evaluation of the target—PDE (9.51a)) yields

w(z,t) — Aw(z,t) + d(z,t)w(z,t)
= 0,(&R" ox(z,t)) — A(R" ox(2,t)) + d(z, t)ﬁl’" ox(z,t)
. (at (Rl™ 0 (2, 1)) — A(RI™ 0 (2,1)) + d(z, R 0 & (2, t)).

While the terms involving x(z, t) by construction (cf. Section@.3)) equal zero the last
line represents the interconnection between the w(z,t) and the w(z,t) dynamics.
To clarify this, consider (9.87), which in view of Assumption[0.2]implies

w(z,t) — Aw(z,t) + d(z,t)w(z,1t)

m 2k
ZRI’" ( / [, (2", ¢ ) + D20 K (27, ¢ t)
- 83% klk (Zik ) Clk ’ t) + [Cll (Clk ) t) + N’ik (t))] j( (zk\g“k ) Clk
+ [d, K (27, 2% 1) + e (2%, 1) + pi* (8)] (2, 1)
- kik (Zik707t)8zik ( 2 (ix]0)> ) +8 klk( Zk707t)i‘(z(ik|0)7t)>

+ /0 Y () [0 E (o). 1) + hiE(z i) )] 0.88)

i€l
Thereby, given d(z,t) = d'(z,t) with (Q.49) the sequence of equalities

&I o (c(z,)%(2,1)) + d(z, )R 0 &(2,1)

is used to properly collect terms. In view of the kernel-PDE (9.50), the first two
lines on the right—hand side of (9.88) evaluate to zero such that

w(z,t) — Aw(z,t) + d(z,t)w(z,1t)
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Z m o ( klk Zkvoat)azik‘%(z(ikw)at)"_ag% klk (Zik,07t)f(2(ik|o),t))

m o Z (2% t) [h00,:8(2 40y, 1) + RiZ(2 (30, 1)) (9.89)
i€l

Recalling the assumption I,,, = I,, and by making use of the boundary conditions
(@.37d) for Z(z,t) at 2% = 0, i), € I,,, as well as the boundary conditions (9.50c)
for k™ (2", ¢, t) along ¢"* = Oforej, = 0Ap) # 0or (@306, @:350g)if €] # 0,

i € I,,, introduce

ZRI’” o (<K (=", 0,05, (2 5oy )

+ 0 K (2 ’k70,t):z(z(ik|0)7t)), (9.90a)

which hence evaluates to

q(z,t) =

Z RI’” p’k
_#kk (2", 0,07 (2 (iy))> 1), €l 0

ik

5’ K 0,05 (260 t), € =0ADP) #0

(9.90b)

In addition, with (9.83) the terms involving :ﬁ(zmo)7 ) do, :ﬁ(zmo)7 t), i€ I,
or equivalently #(z;, |0y, t) and 0, Z(2 (3, |0), 1) ix € k; = 1,...,p, can be
expressed in terms of w(z, accordmg tcﬁ
- alp -~
T(2 (iy]0), 1) = £ 0 W(2 4y, )0), 1)
- al, . ; _
8zikx(2(ik‘o),t) = Qik (e} (521kw(z(,k‘o),t) — llk (070,t)'lU(Z(ik|0)7t)),

where

(9.91)

EZIZ — on (Zil’t) 0.0 Q-1 (Z'ik—17t) o Lik+1(ZikH1 ) oo 0 Lir (2 ).

As aresult, the PDE governing the evolution of w(z, t) is given by (9.89) with (9.90)
and (9.91), i.e.

w(z,t) — Aw(z,t) + d(z,t)w(z,1t)

= qlz,t) + 8T 0 Y12 1) [h0 EF 00,1, B(2 iy o), t) (9.92a)
k=1

i alp ~
+ (hzlk — h?kl "(070,t))£ik O w(Z(ikw),t)].

7 Similar to the convention for £/ the arguments for £7 are subsequently dropped for the
sake of simplicity.
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The boundary conditions for this forced target—-PDE can be directly determined from
the evaluation of (0.51c)—(0.511) in view of by making usé of the boundary
conditions (0.2B)~(@.2d) for z:(z, t) and @.37b)-(0.57d) for Z(z, t). Itis thereby cru-
cial to incorporate the determined conditions for each integral kernel k% (2%, (i )
governed by (9.30c)—(9.50g) and their relationship with the boundary conditions for
the target system w(z, t). Since I,, = I, this implies that it is only necessary to
further evaluate boundary conditions at z** = 0 for i;, € I,, — any other bound-
ary condition remains unchanged by the definition of the individual transformations
comprising &7 This yields after some intermediate computations

- e?@zjw(z, t) —|—p?w(z, t) =0, 2 =0,jelIl™ (9.92b)
— € O w(z,t) + 0 w(z,t) =
0
Puw iy 71y ~i
&l PRI a6 =0 (9.92¢)
7,: o & » , 20 =U, 1, m .72C
ﬁk'li'ﬁ(t)y” (s t) €, #0
ejl-azjw(z,t) —&-p}w(z,t) =0, Hd=L;j€ It
(9.92d)
eqlu,jﬁzjw(z,t) —|—p1lu,jw(z,t) =0, 2= L;, jel, (992

fort > to. Note that herein 3% (2 (in])» t) arising in (9.92c) has to be replaced in terms
of w(z, t) by making use of (9.91). In addition, the initial condition follows as

w(z,tg) = wo(z) = flm o xo(z) — flm o Zo(z), z € 0. (9.921)

Since the application of the multi-linear backstepping—transformation 9’» o
Z(z,t) by definition results in the target system for the observer error dy-
namics, which is independent of w(z, t), the closed—loop system is given in a cas-
caded structure, where the w(z,t) dynamics is driven by the autonomous w(z, t)
dynamics. Similar to the previous consideration this one—sided coupling proves to
be crucial for the stability analysis of the closed—loop system.

Theorem 9.6. The closed—loop system (9.92), (9.84) is exponentially stable in the
L?—norm if ju(t) and [i(t) are such that p(t) + Amin — Co(t) > € > 0 and ji(t) +
Amin — Co(t) > € > 0 for some €, €. Here,

and Apin as well as S\min denote the minimal eigenvalue of the PDE Aw(z) +
Aw(z) = 0 with boundary conditions (Q.48B)-(0.48€) and (O.84c)—[.841M),
respectively.

8 Assumption [03] has to be taken into account to reduce to a linear inhomogeneous
BC.
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Proof. Note first that the target system in w(z,t) is autonomous such that Lemma
[0 2ensures that ji(t) can be chosen appropriately to ensure its exponential stability,
ie. HC’ >0, € >0 [[w(t)|r20) < Cexp(—&(t))|lwoll2(e) with &(t) =
JE (A7) + Amin — C0(7))d7 and (ji(t) + Amin — Co(t) > éforall t € R . As
a result the stability analysis reduces to the consideration of the w(z, t)-system,
which is driven by the w(z, t)—system via the terms on the right-hand of the PDE
(0.924) as well as in the boundary conditions (9.92¢).

For this, it is convenient to introduce a homogenization of the inhomogeneous
boundary conditions by introducing the change of variables

w(z,t) = w(z,t) +v(z,t),

where v(z, t) simultaneously satisfies the sets of homogeneous and inhomogeneous
boundary conditions (9.92b)—(9.92¢)). Hence, the PDE (9.92a)) can be re—formulated
according to

Ow(z,t) = Aw(z,t) —d(z,t)w(z,t) + Q(z,t) (9.93)
with

Q(z,t) = — Ow(z,t) + Av(z,t) — d(z,t)v(z,t) + q(z,t)

—+ ﬁlm o Zl;k( ik t) [h?k 1: o a w(z(7k|0)7 ) (994)
k=1

i alp ~
+ (h’Zlk - h?)cl k(OVO?t))’Qik © w(z(ik‘o)at)}7

homogeneous boundary conditions

— €90 w(z,t) + plw(z,t) =0, 2 =0,jellm (9.952)
— €0 1.0 w(z,t) +pl  w(z, ) =0, 2% =0, i € I, (9.95b)
j0_w(z,t) + pjw(z,t) =0, A =1L jeIm (9.95¢)
€ j0Lw(z,t) 4 py, jw(z,t) = 2 =1L;, j€ Iy, (9.95d)

and the initial condition
w(z,to) = wo(z) + v(z,to).

Hence, multiplying both sides of (9.93)) with w(z, ¢) and integrating over {2 yields
1
§8t||w(t)||§( = / w(z, t) Aw(z,t)dR2 — [ d(z,t)w?(z,t)d2
0

o)
+ /Q Q(z,t)w(z,t)dR2
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where X = L?({2). By considering the Rayleigh principle, as in the proof of Lem-
mas[0.Tland[0.2] it follows that

30RO < = (16) + A — co(t) [0 @) + [ @z thuz, a0
2

where A, as in the formulation of the theorem. In addition, using Holder’s and
Cauchy’s inequality implies

/Q(z,t)w(z,t)dng/ 102, w(z, £)[d2
2 (]

)%

< lQ)lIxllw®)llx < nllw®)|% + P

for > 0. With this, the evolution of ||w(t)% can be bounded by

lle®Ix

Flw®% < =2(p(t) + Amin — o (t) — 1) [w(®) |5 + T

such that Gronwall’s inequality implies

e [ e o

Hence, the stability of the closed—loop system essentially relies on the properties
of ||Q(t)]|x. In order to evaluate this term, recall from that Q(z,t) is lin-
ear and non-affine in w(z,t), i.e. any term depends linearly on w(z,t). More-
over, recalling the boundedness of each kernel ki* (2%, (% t) arising in the inte-
gral operators &% (2%, t) the exponential stability of the 1w-system allows to de-
duce by successively making use of the Cauchy—Schwarz inequality that there ex-
ists a constant C’ > 0 such that [|Q(t)||x < C'||wo||x exp(— f:o R(T)dr
C'||wo || x exp(—€(t — to)), € > 0. This yields

||w(t) ||§( S 6_2 f()t(H(T)+>\11)in—50(7)_y])d7 %

(C' 01”1
ool + =g (1 e )|

As aresult, if 11(t) is such that pu(t) + Amin — Co(t) —n > € > 0 forall t € R},
then

4k 2
||w(t)||§( < 6726(t7t0)||w0||%( + 6726&%0)% (1 _ 672€(t7t0)).
€n

Taking into account || w(t) || x < Cexp (—&(t))||wo|lx < Cexp (—€é(t — to)||wollx
implies the exponential stability of the cascaded structure since 0 < 77 < oo can be
chosen arbitrarily small. (|
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Remark 9.7. In principle the determined stability properties of the closed—loop con-
trol can be directly extended to the situation where I,,, and I, contain disjoint ele-
ments. This results in rather tedious computations and the necessity to distinguish
various special cases depending on the sets I,,, and I,,, which are omitted subse-
quently. However, the procedure to prove the stability assertion is identical to the
presentation above. Moreover, the theoretical analysis is supported by the applica-
tion examples considered in Section[0.8] which confirm the separation property also
in this general setting.

9.6.6 Approximate Realization of the State—Observer by means of
Spatial Output Interpolation

As pointed out above, the considered design scenario represents an idealized con-
figuration with infinite—dimensional system outputs. In view of the realization of
the state—observer it is hence required to introduce an approximation to be able to
(approximately) re—construct the spatially distributed output variables from a finite
number of suitable placed finite—dimensional measurement devices. For this, a spa-
tial output interpolation approach is proposed in Section [0.3.6] above, which can be
directly applied to the considered multi output scenario by proceeding as outlined
for each output ' (z ;). t), i € I,,. Hence, let

yhi(t) = /390 (€17 (2 1)) .02 (2 (310, 1) + €6 (2 a1y )2 (2 (30 » £)] AO2?

forl = 1,...,pi, i € I, denote the finite—dimensional measurements, where
8(2?.:. {z € 2: 2 =0} and Fé’l(z(i|)) 'and cll’l.(z(m) Qenote thf.} spatial char-
acteristics of the measurement device. In a discrete time setting, consider the least—
squares problem

o i ) =y )]
with
y'(te) = [yl,i(tk), .. .7ypi,i(tk)}T7 y?’v(tk) _ [yzl\}i(tk),...,y%’i(tk)f’

where y4/ (t1,) refers to the evaluation of y"*(¢) with x(z,t) evaluated at t = t;
replaced by the ansatz

N
xn(z) = Z Fon(2).

Herein, (¢(2))ne{1,...,n} denotes the set of linear independent ansatz functions
fulfilling
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- f?azixN(Z(uo)) +P?xN(Z(i|o)) =0, i € Ip.

By consecutively solving the spatial interpolation problem in each time step £ € IN
an L?-approximation with

yfv(z(i‘), tr) = hgazlxN(z) + h%xN(z), 2=0,i€ I,

can be deduced for the infinite—dimensional output yi’(z(l-‘), t). Note that also global
spatial ansatz functions can be incorporated into the approach, which simultane-
ously satisfy the homogeneous boundary conditions of the z(z,t) systems along
the output boundary surfaces.

As pointed out before, the utilization of spatial interpolation does in general not
enable to conclude exponential stability of the observer error dynamics by means of
the backstepping approach. However, the simulation results presented in the follow-
ing confirm that the theoretical analysis holds also for the finite—dimensional output
approximation.

9.7 Tracking Control Combining Backstepping and Differential
Flatness — The Multiple Input and Output Case

It is revealed in Section[8.4] and [0.4] that backstepping—based feedback stabilization
can be systematically combined with flatness—based trajectory planning and feed-
forward control to realize an exponentially stable tracking controller. Proceeding
similar to the single input case addressed in Section[@.4]in view of the formal inte-
gration technique introduced in Chapter [/lenables to extend the presentation to the
multiple input scenario for distributed—parameter systems with higher—dimensional
parallelepiped domain. Herein, different configurations can be considered, where
either all inputs of the set I,,, or only a subset of I,,, are exploited for feedforward
control. The principle procedure thereby follows exactly the lines of Section [9.4|by
taking into account the notes provided in Section[Z.4] on the extension of the formal
integration approach to the case of multiple inputs. For this, an application is pre-
sented below to achieve consensus and synchronization in a multi—agent network.
Moreover, if the system parameters allow to render d(z,t) time—invariant, i.e.
if Z;"Zl 1% (t) — co(z(1,,)),t) is independent of time ¢, then the spectral design
approach introduced in Chapter [6] can be applied to solve the trajectory planning
and feedforward control problem. As outlined, this approach in particular enables
a systematic consideration of the multiple input case and provides techniques to
realize admissible transitions between stationary and non—stationary profiles.
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9.8 Application Examples and Simulation Results

In order to evaluate the performance of the determined backstepping—based state—
feedback control with state—observer numerical results are presented subsequently
for two simulation scenarios. At first, the exponential stabilization of a diffusion—
reaction system with a 3—dimensional spatial domain is analyzed in a MIMO con-
figuration with I,,, # I,,. Secondly, the deployment of a network of interconnected
agents along prescribed desired spatial-temporal paths is considered by combining
flatness and backstepping as outlined above. For the sake of simplicity, the initial
time ¢¢ is chosen as ¢y = 0 throughout the examples.

9.8.1 Exponential Feedback Stabilization and State Estimation
for an Unstable Time Varying Diffusion—Reaction System

In the following, a 3—dimensional extension of the simulation scenario of Section
[BAlis considered on the parallelepiped domain 2 = X?Zl (0,1) in a MIMO config-
uration according to Figure The reaction coefficient ¢(z, t) in the distributed—
parameter system (9.2)) is assumed as

3
c(z,t) = Zci(zi,t) (9.96)

i=1

with
ci(2",t) = gr o (t — to) (af (t) + 2'a5 (1)),

where g7, (+) is given by (B3) foro = 3/2, T = 1/2 and

aj(t) = 12 + 4 cos(8nt + 7/2), ay(t) = 5 — ay (t) + 4sin(8xt)
ai(t) = 10 + 4 cos(5rt + 7/2), a3(t) = 5 — ay (t) + 4sin(57t)
ad(t) = 8 + 4 cos(3nt + 7/2), a3(t) =5 — ay(t) + 4sin(3nt).

Thus, c(z,t) satisfies ¢(z,tg) = 0, d'c(z,tg) = 0 for n > 1 while ¢(z,t) =
SO0 (@h (t) + 2*ab (1)) for t > to+ T The evolution of cyax (t) = max. g ¢(2,t)
and ¢pmin(t) = min, e ¢(z,t) is shown in Figure The remaining system pa-
rameters are chosen as e(; = p? = ejl- = p} = 1 forall j € I,, i.e. Robin boundary
conditions are imposed on the boundary 942 of 2 and Assumption[@.4]holds, which
yields linear boundary conditions on the input boundary surfaces. The initial condi-
tion is assigned as

5 forz! e (0.1,0.9) A 22€(0.2,0.8) A 23 € (0.3,0.7)
#(z,t0) = 0 else
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Fig. 9.2 Transients of the reaction coefficient c(z,t) governed by (9.96). Here, cmax(t) =

max.eq ¢(z,t) and cmin (t) = min. e c(z, t).

and is shown in Figure (left column). By making use of a Lyapunov—type
argument, it can be easily shown in view of the reaction coefficient ¢(z, ) that the
uncontrolled distributed—parameter system (9.2)) with ([@.96) is unstable for the con-

sidered parameter set.

9.8.1.1 Backstepping-Based State—Feedback Control with State-Observer

Subsequently, two state—feedback controllers u’(z ;). t), i € I, with I,,, = {1,2}
are applied on the boundary surfaces z' = 1 and 22 = 1. For their design, back-
stepping according to the treatise in Section is considered with the target sys-
tem chosen according to parametrized by 't (t) = p2(t) = 8 such that
d(z,t) = p'(t) + p2(t) — 2(z%t) = 16 — }(2%,t) > Oand €], ; = €}, ; = 1
Py i = Dy = 0,1 = 1,2. Hence, the state—feedback control is governed by ,
where successive approximation is applied to compute 7 series coefficients for the
determination of the kernels k*(z*, (%, t),i = 1, 2.

The infinite—dimensional state—feedback controls obtained from the backstep-
ping technique are implemented by making use of the approximation approach sug-
gested in Section[0.2.3] or[0.3.3] respectively, in terms of 9 finite—dimensional actu-
ators covering each of the two boundary surfaces z* = 1 and 22 = 1, i.e.

9

u'(z i)y, t) Z (zp)u™ (1)

with the spatial actuator characteristics bi’l(z(m) = 1for zy)) € 082} and zero
elsewhere (cf. Figure 0.3).

The realization of the state—feedback control is subsequently achieved by in-
corporating a state—observer as presented in Section with the measurements
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Fig. 9.3 Finite—dimensional actuator configuration for the approximate implementation of
the backstepping—based state—feedback control
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Fig. 9.4 Time evolution of the closed-loop system state ||z(t)|| 2(p) and the observer state
[I£()|| 25 in a sample-hold configuration with sampling time At = 0.0025

corresponding to the spatial-temporal evolution of x(z,t¢) along the boundary
surfaces z' = 0 and 2° = 0, ie. ¥'(z¢)),t) = @(z@jo).t), i = 1,3, and
I, = {1,3}. For this, the state—observer is set-up following with the ob-
server gains determined to exponentially stabilize the observer error dynamics
(©.37). The respective target system for the observer error is parametrized
by d(z,t) = p(t) + @3(t) — c2(2%,t) with @(t) = f*(t) = 14 such that
d(z,t) = 28 — ¢2(2%,t) > 0. The remaining parameters are herein chosen as
€0 = €y; = land p; = pi,; = 0fori = 1,3. For the determination of
the kernels m?(z%, (%, t), i = 1,3, and hence the observer gains /¢ (2%, ) and I}, (t)
according to successive approximation is used to compute 7 addends of the
functional series for the kernels. The initial condition for the observer is chosen as
#(z,t9) = 0, z € §2, which imposes an initial observer error (z,to) = x(z, 1)
(cf. also Figure (middle and right column)).
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Fig. 9.5 Snapshots of the spatial-temporal evolution of z(z, t) (left column), Z(z, ¢) (middle
column), and Z(z, t) (right column) for at ¢ € {0,0.1,0.2,1.0}

9.8.1.2 Simulation Results

As pointed out in Remark the stability analysis of Theorem [9.6] for the com-
bination of state—feedback control with state—observer in the case I,,, = I, can be
extended to the presently considered scenario with I,,, # I,,. This is confirmed by
the numerical results in Figure[0.4] for the time—evolution of the norms ||z:(t)|| 2 ()
and ||&(t)||2(s2), respectively, which clearly confirm the exponential convergence



9.8 Application Examples and Simulation Results




334 9 Backstepping for Higher—Dimensional Parallelepiped Domains

of both the observer in view of the initial observer error as well as the state evolu-
tion. Thereby, it should be pointed out that the simulation is set—up in a sample—hold
configuration to reflect the effect of sampling times in the control-loop. Due to the
instability of the open—loop system, the sampling time has to be adjusted properly.
In view of the assigned dynamics of the target systems for the state-feedback con-
trol and the state—observer a sampling time of A¢ = 0.0025 is chosen subsequently.
The distributed—parameter systems governing the diffusion—reaction system as well
as the state—observer are discretized using a 3—dimensional implicit and absolutely
stable Crank—Nicholson scheme with a spatial grid size of Az/ = 0.05, j = 1,2, 3.
The numerical solution is implemented using MATLAB with the necessary matrix
factorizations being realized using UMFPACK (7.

In order to obtain further insight into the dynamics of the closed—loop control
system with state—observer consider Figure where snapshots of the spatial—
temporal evolution of x(z, t), #(z,t), and Z(z,t) = x(z,t) — Z(z,t) in the cuboid
are shown at ¢ € {0.0,0.1,0.2,1.0}. The corresponding state—feedback controls
computed using the observer state are shown in Figure Here, the convergence
of the state—observer to the actual state after the initial transients due to the im-
posed observer error at t = o can be directly visualized. Moreover, a rather non—
trivial behavior of the state—feedback controls evaluated using the state—observer
can be observed in the considered finite—dimensional actuator configuration. How-
ever, the periodically varying reaction coefficient ¢(z,t) yields a non-stationary
state—feedback control, which is required to maintain the exponential stability
properties of the closed—loop system in terms of the assigned target distributed—
parameter systems.

9.8.2 Synchronization of Large Scale Multi-Agent Network

As is outlined in Chapter[3] PDEs can be exploited for the mathematical formulation
and control of multi—agent networks. In order to illustrate this, in the following the
active synchronization of a large scale multi-agent network is considered, whose
interconnected dynamics is governed by (3.11) for a* = 1, b)" = 0, uf,(n;,t) =0,
r=3,andn = 1, i.e.

T

1
5tx(nj, t) = Z (dz—7)2 [x(n(jl\jl—&-l)a t)—2x(nj, t)+x(n(ji‘jl_1), t)}

i=1 (9.97a)
+ c(t)z(ny, t)
with boundary conditions
x(n(mo), t) = x(n(ml), t), i€{2,3} (9.97b)
x(n(jl\N1+1)vt) = x(n(j”Ni)J), i€ {2,3} (9970)

x(nj7t) = ulo (n(j1\)7t)7 jl =1 (9.97d)
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Fig. 9.7 Communication topology with agents n; represented by the dots. The graph is build
up of individual octahedral subgraphs as is shown in the center of the interior.

x(njvt) =u (n(jl\)vt)a J1=MN (9.97¢)

initial condition

z(nj,to) = zo(ny, to) (9.97f)
and output
y(n()), 1) = z(0g, 0, t)- (9.97¢)

Herein, the nodes are given by n; = ((j1 — 1)dz?, (ja — 1)dz?, (j3 — 1)dz?) with
dz® = 1/(N;—1) and N; = 10. Hence, a network of 1000 agents is considered with
x(n;, t) representing the individual agent states, which could represent temperature,
oscillation phase, or location. The corresponding communication topology with the
individual nodes is shown in Figure with the octahedral subgraph emphasized
in the interior of the domain motivating the introduction of the Laplacian in the
continuous formulation. Note that the inhomogeneous boundary conditions (9.97d),
represent the leader agents with ' (n(;, ), ), u** (n(;,)). ) used to actuate
the network. In addition, the nodes y(n(;,|),t) according to (9.97g) denote sensor
agents, whose states are available for processing.
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Proceeding as in Sections B.1.1] and B.1.2] the multi-agent system (O can
be similarly considered in a distributed—parameter systems framework accordlng to
(0:2)), which for the present case results in

Opx(z,t) = Ax(z,t) + c(t)z(z,1) (9.98a)

defined on (z,t) € 22 x R for 2 = ><§?:1(07 1) witHJ boundary conditions

0,,2(z,t) =0, 2 =0,7€{2,3}, t>t (9.98b)
d,;x(z,t) =0, 2 =1,7€{2,3}, t >t (9.98¢)
z(z,t) =u'(z (1)), t), 2L =0, t > to, (9.98d)
z(z,t) = u" (2 (1)), t), 2t=1, t>to, (9.98e)
and the initial condition
x(z,t0) = xo(2), z €. (9.98f)
The output moreover follows as
y(z@)),t) = z(2,t), 22 =0, t > to. (9.98¢2)

The time varying parameter c(t) is assumed to be a Gevrey class function
c(t) = co + (c1 — co)gr.w(t) (9.99)

with gr ., (t) as introduced in (B3) for w > 1 and constants ¢y = 10, ¢; = 15. With
this c(t) € Gpo(R)fora=1+1/w < 2.

Based on (9.98), trajectory planning and state feedback control design with ob-
server are subsequently addressed to realize the finite time synchronization of the
multi-agent network starting from a random initial state or (9.981),
respectively. Differing from the presentation in Section Q7] for this at first flatness—
based techniques are applied to determine a spatial-temporal reference path 2*(z, t)
and the necessary feedforward controls (u*'0(z (1)), t),u*" (2(1)),t)) to realize a
desired dynamics. Secondly, backstepping is applied for the feedback stabilization
of the tracking error dynamics in z.(z,t) = z(z,t) — z*(z, t).

Remark 9.8. It should be pointed out that this yields an alternative to the tracking
control design presented in Section [0.4] where trajectory planning and feedforward
control are based on the target distributed—parameter system. While both approaches
are equivalent for linear systems certain nonlinear PDEs can be addressed by the
reverse design sequence as is shown in [10] for the 1-dimensional case.

% A direction comparison yields € = e} = 0, p) = pi =1 and e? = e} =1, p? = p} =0
forj =2,3,0'(x(2,t),0,:x(2,t)) = x(z,t) as well as h)=0,i=1,2,3,and h} =0,
i=12buth; =1
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9.8.2.1 Flatness—Based Trajectory Planning

For the present multi input scenario, the formal integration approach of Section
[Z4 is applied for the solution of the trajectory planning problem. Therefore, the
recursive parametrization (Z.33) is solved with the desired trajectories £* (@) t)
for the basic output &(z(q)), t) assigned similar to (Z38), i.e.

€10 (2, t) = & (zap)

+ (67" (zap) =& Gap))gret—to—1)  (9.100a)
&Mz, t) =& (zap)

(&M ap) — &M ap))grw(t —to—1)  (9.100b)

with T' = 0.5, w = 2.0, and ¢ = 0.5. Note that ¢ is used to infer a delayed transition
(cf. (B3)), which is required to address the non—stationary and random initial condi-
tion as is further elaborated below. The terms fé’lj (2(1))) and f;’lj (zap).Jj=0,1,
are thereby evaluated using (Z37) for z! = 0.5. Herein, stationary profiles are as-
sumed at t = tg and t = o+ T+t governed by the boundary—value problem (Z.36))
with ¢(z, t) replaced by ¢ and ¢ at t = g and t = ¢o + T + ¢, respectively. In this
direct approach!d, the stationary inputs are chosen as u®(zap) = us'(zap) =0
att = tg and u;O(Z(”)) = 1 and uil(Z(u)) = —latt = tg + T + t. With this,
the desired initial stationary profile is given by zj(z) = 0 while the desired final
stationary profile is obtained as z%.(z) = sin(v/15(1/2 — z'))/sin(v/15/2). By
making use of (9-100Q), the state parametrization x*(z,t) follows from the evalua-
tion of (Z33). Hence, the feedforward controls (u*1(z 1)), t), u** (z (1)), t)) can
be computed by utilizing the input parametrizations (Z.34a)), (Z34b). Their applica-
tion in particular enables to realize the finite time transition from z{j(z) to z%.(z)
in the nominal case. Note that due to the special structure of the stationary profiles
depending only on z*, the feedforward controls are uniform in 2(1)) and vary only
in t.

Subsequently, it is however assumed that the initial state xo(z) is random (nor-
mally distributed) and unknown. In order to address this, backstepping is used for
the exponential stabilization of the tracking error dynamics.

9.8.2.2 Backstepping—Based State—Feedback Control with State—Observer

Since z*(z,t) by construction satisfies (@.98) with u'®(z (1)), t) and u'* (2 (1)), )
replaced by u*19(z (1)), t) and u*1(z(1)),t)), the dynamics of the tracking error
xe(z,t) = x(z,t) — 2*(2,t) is given by

Oye(2,t) = Awe(z,t) + c(t)ze(2, 1), (z,t) € 2 x R}, (9.101a)

10°As pointed out in Section [Z4] this set-up ensures the admissibility of the basic output
trajectories.
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0,;e(2,t) =0, 22 =0,7€{2,3}  (9.101b)
0_we(z,t) =0, 2 =1,7€{2,3}  (9.10l¢c)
ze(z,t) =ul(zqq),t) —u™ (2, t), 21 =0 (9.101d)

(
Ze(z,t) = 11(2 1) )—u iy z()), 1), =1 (9.101e)
( _

(
Ze(z,t0) = xo(2) — x5(2), z € {2 (9.1011)
In addition, the error output follows as

Ye(2(3)),t) = Te(2,t), 22=0, t > to. (9.101g)

Hence, taking u'®(z(1)),t) = w*(z (1)), t) and u (z (1)), t) = u*M (z(1)),t) +
uél(z(”), t) with uél(z(”), ) denoting a state—feedback control to stabilize the
tracking error dynamics, is in the elementary form (cf. (3.2))) for backstep-
ping. Since only the SISO case is considered, subsequently the results of Sections
and apply to determine an exponentially stabilizing state—feedback with
state—observer. It should be thereby pointed out that only error variables are fed
back contrary to the classical state—feedback, which, in combination with trajectory
planning, is consistent with the 2DOF control concept (see also Figure[L).

In view of the boundary conditions (@.101d), the target system
is parametrized with d(z,t) = d(t) = ¢(t) + pforp = 1,€),, = €, , = 0, and
P?u,1 = p}v’l = 1. With this, the exponential stability of the target system is ensured
by Lemma[0.1] Hence, the Dirichlet-type state—feedback u! (2(1]), t) is determined
from and reads

Z(l‘ / ]4} 1,¢, t)ze(z (11¢)> t)dC. (9.102)

The kernel k(z1, (,t) is thereby computed using the method of integral operators
and successive approximation with 7 series coefficients as outlined in Section[9.2.21
For the realization of (9.102)), the error state x.(z, t) has to be re—constructed from
the output variable y,(z 3|y, t) by means of a state—observer, i.e.

Oyiie(z,t) = Ae(z,1) + c(t)Ze(z, )
+ ll(Zl,t) [ye(Z(gn,t) — QS(Z(gDﬂf)], (Z,t) € 2 x R;g (9.103a)

with
0,28e(2,t) =0, 22=0 (9.103b)
0,ae(z,t) = ho() [ye (23, 1) = Ge(2(3)s )], 2° =0 (9.103c)
D,28c(2,t) = 0, 22=1 (9.103d)
D,5de(2,1) =0, =1 (9.103e)
Fo(z,t) =0, 2t=0 (9.103f)
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Te(z,t) = ul (21, 1), =1 (9.103g)
Te(z,t0) = Ze,0(2), z €. (9.103h)

Thereby, backstepping is applied following the treatise in Section [9.3] to exponen-
tially stabilize the target system assigned for the observer error dynamics
in Ze(z,t) = ze(z,t) — &c(z,t). With the choice of d(z,t) = d(t) = c(t) + [
for o = 4, 62)’3 = ~110,3 =1, and ]52]’3 = Pw,s = 0, the exponential stability of
target system is guaranteed by Lemma[@.1} The observer gains I1(z',¢) and l10(t)
herein follow from (9.27), with the kernel I(z!, (,t) computed by means of
the method of integral operators and successive approximation with 7 series coef-
ficients according to the comments in Section Hence, the state—feedback is

subsequently evaluated in terms of Z.(z, t), i.e.

1
Uél(z(u)»t):/ k(1, ¢, t)2e(2 110y, t)dC
0

with the distributed—parameter system for the observer being solved nu-
merically using an absolutely stable Crank—Nicholson scheme. The resulting state
values x(n;, t) at the nodes n; hence follow directly by interpolation. Alternatively,
could be spatially discretized according to Section[3.1.21

Remark 9.9. Note that differing from the previous example, both the input and out-
put are assumed idealized. Nevertheless, the procedures discussed in Sections[9.2.3]
[03.6]can be applied to achieve a finite—dimensional realization in terms of suitably
placed actuator and sensor agents.

9.8.2.3 Simulation Results

In the following, the feedforward and state—feedback control with state—observer are
applied to the multi—agent system governed by (9.97)). The simulation is set—up in a
sample—hold configuration with a sampling time of A¢ = 0.002. Hence, the state—
observer and the state—feedback are consecutively evaluated with updates in terms
of measurements at any ¢t = kA¢, k = 1,...,1000. The observer is initialized by
Fe0(2) =0,z € £2, imposing an initial deviation in view of the randomly assigned
xo(z) and zg(z) = 0.

The resulting evolution of the agent state x(nj,t), the observed agent state
x*(n;,t) + Zc(nj,t), and the desired state 2*(n;, t) at different nodes n; is shown
in Figure Here, in each subfigure nodes are selected by considering the sub-
graph building an octahedral interconnection according to Figure In other
words, Figure[0.8(a)]illustrates the evolution of the nodes nj, n(;, j, +1)> D(jy [j,—1)
D(js|ja+1)> D(jalja—1)» D(js|js+1) as Well as n(j, 5, —1) surrounding the center node
Jji = j2 = js3 = 6. Similarly, the nodes neighboring the center nodes with
j1 = jo = jz3 = 8and j; = jo = j3 = 3 are depicted in Figures and
respectively. Starting from the randomly assigned initial states convergence
to the desired states is achieved corresponding to consensus with a zero state. This
is followed by the accurate realization of the transition to the final stationary state
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Fig. 9.8 Simulation scenario with 1000 nodes. Evolution of the nodes synthesizing the oc-
tahedral subgraph centered as indicated (see also Figure [0.7) with the left and right column
corresponding to two different perspectives and vertical axes limits. The vertical axis in the
figures on the left shows the full amplitude while the figures on the right are cut—off. The
markers correspond to the agents state x(nj,t) (black line marked x), the observed agent
state " (nj,t) + Ze(nj,t) (red line marked o), and the desired state x*(n;,¢) (blue line
marked [J) at the individual nodes.

along the prescribed paths. However, some minor deviations from the desired paths
can be observed in Figures[9.8(b)]and[9.8(c)] i.e. the nodes extending to the bound-
aries. These are due to the approximation error induced by the discretization of the
feedforward and the state—feedback control with state—observer.
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(e)t=1.0 ) t=2.0

Fig. 9.9 Simulation scenario with 1000 nodes. Snapshots of x(n(j,10),t) at t €
{0,0.05,0.4,0.7,1.0, 2.0}.

The synchronization is moreover confirmed by Figure where the spatial—
temporal evolution of x(n(;,|10, ) in the center plane n;, |10 is shown at different
instances of time ¢ € {0,0.05,0.4,0.7,1.0,2.0}. Thereby, in particular the conver-
gence to the final stationary state . (n(j, |10, t) is visualized at t = T". Note that the
final profile is identical in any plane parallel to nj,|10) as outlined above.

The input trajectories consisting of the feedforward control w0 (ng,p,t) =
u*'o(n(;,)),t) and the tracking control u'*(n(;,|),#) combining feedforward and
state—feedback control are shown in Figure over time ¢t € [0,2]. Here, the
values at different nodes are plotted successively, which illustrates that the rela-
tive motion of most leader nodes is rather small. Moreover, the tracking control
ult (n(j, ), t) is dominated by the feedforward path after the initial transients, which
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Fig. 9.10 Simulation scenario with 1000 nodes. Time evolution of the inputs u'° (g, pst)
(left, gray) and u'* (ngj, ), t) (right, gray) compared to the respective feedforward controls
u™' (), t) (left, black) and u*'* (n(;, |), t) (right, black). The values of all nodes n(j, ),
j2=1,...,Na, 53 = 1,... N3 are plotted successively.

is a common characteristics of the 2DOF control concept, where the state—feedback
control only stabilizes the tracking error dynamics. As a result, this examples clearly
illustrates that distributed—parameter systems and control theory can be efficiently
exploited to analyze synchronization and related control problems for large scale
multi—agent networks. In particular, it should be pointed out that the state—observer
can be also utilized for monitoring purposes since, as is shown in Figure the
states of any agent can be re—constructed solely by means of the sensor nodes
y(n(j,)),t). Here, Ny x No = 100 nodes are used to determine the state of the
remaining 800 agents (N7 X N2 x N3 minus the leader nodes). Nevertheless, the
number of sensor agents can be reduced by considering the procedure presented in
Section [0.3.6] for the approximation of y(n(j,)),t) by means of only a low number
of suitably assigned sensor agents.

Moreover, note that the presented approach is independent of the numbet] of
agents considered in the network. In order to illustrate this, results for an identical
simulation scenario as depicted in Figures[0.8H0.10]are shown in Figures
with the difference that Ny = 20, i.e. 8000 agents are covered with 800 leader agents
and 400 sensor agents. The design approach can be hereby applied without any
modification, which confirms the scale—up capabilities of the developed methods
for multi—agent systems. Since the initial condition is assumed to be random but
normally distributed, the transients between the scenario with 1000 agents and those
with 8000 differ. In addition, spurious oscillations emerge in Figure[0.1T(b)] These
are due to the fact that the final profile corresponds to an unstable profile whose
eigenvalues are computed with much higher accuracy as in the scenario with 1000
agents. In order to address this, it would be required to properly adjust the sampling
time At, which is, however, kept as before to ensure the comparability of the results.

" Obviously, the discretization error has to be considered as pointed out in Section B.1.2)
which decreases as the number of agents increases and approaches the continuous formu-
lation used for the design.
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Fig. 9.11 Simulation scenario with 8000 nodes. Evolution of the nodes synthesizing the oc-
tahedral subgraph centered as indicated (see also Figure [0.7) with the left and right column
corresponding to two different perspectives and vertical axes limits. The vertical axis in the
figures on the left shows the full amplitude while the figures on the right are cut—off. The
markers correspond to the agents state x(n;, ¢) (black line marked X), the observed agent
state " (nj,t) + Ze(nj,t) (red line marked o), and the desired state x*(n;,¢) (blue line
marked [J) at the individual nodes.
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(e)t=1.0 Ht=20

Fig. 9.12 Simulation scenario with 8000 nodes. Snapshots of x(n(;,10),t) at t €
{0,0.05,0.4,0.7,1.0,2.0}
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Fig. 9.13 Simulation scenario with 8000 nodes. Time evolution of the inputs u*° (g, pst)
(left, gray) and u'* (ngj, ), t) (right, gray) compared to the respective feedforward controls
u™' (), t) (left, black) and u*'* (n(;, |), t) (right, black). The values of all nodes n(j, ),
j2=1,...,Na, 53 = 1,... N3 are plotted successively.
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Appendix A
Notation

A.1 Einstein Summation Convention

In Part [l of this monograph, the Einstein summation convention referring to the
summation over repeated indexes is used, i.e.

J
a”bj = E a”bj.
j=1

The multiplication of two matrices A and B can be hence represented as C' = AB
with C'J’»C = A§» B denoting the respective matrix elements.

Einstein’s notation can be used to distinguish between co— and contravariant
tensors and hence between vectors and covectors. Let the sets {ek}k=17,,,7,« and
{e’“}kzl,___ﬂ« represent the co— and contravariant bases of a Cartesian coordinate
system satisfying the orthogonality relations exe; = d,,, e*e! = 6%, and e, e! = &},
with the Kronecker delta function

5[,,‘q_ 1, lfk‘:l::p:q

kep 0, else

Depending on the context, also the notation
le.q _ gl,q
5kp - 5k,,...,p

is used for the sake of clarity. An arbitrary tensor A with Cartesian componentsEl

l...q :
A » 1s represented as

A:Ai’::i}ek(g...@ep@el@...@eq

! While it is not necessary to distinguish between co— and contravariant tensors in Cartesian
coordinate systems in R" the notation is used for the clarity of presentation in view of the
proper introduction of tensor transformations in Section
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with respect to the basis {ex ® - ® e, ® €' ® -+ @ e}, where ® denotes the
tensor product. The identity tensor is given by § with components 5 q defined
above. First rank contravariant tensors correspond to column vectors and ﬁrst rank
covariant tensors to row vectors [1].

A.2 Multi-Index Notation

Multi—index notation is used in various parts of the text. Let r, [ € IN and let the
r—tuples k = (k1,...,k,) € N"and K = (K1,...,K,) € IN" denote two multi—
indexes. Then the length or the order of k is given by

I]{/‘| =ki+...+ k..
Throughout this contribution sub—tuples are denotes as

k(”) = (kl, vy ki1, ki, . .,kr) e IN" L.

The notion & < K is used to express that k; < K forall j € I, = {1,2,...,7}.
Sums and products over a multi—index are defined as

S fe= Z Z Jhi,ok II 7= H I_[lfkl,

keNT ki=1  ky=1 EENT k=1

while
K K1 K,,v K Kl K'r'

S =3 Y s [Lse=1T1 I fee

k=1 k=1 k=1 k=1 k=1 k=1
In addition, factorials are defined according to

(k+ K)' =[] (k: + K, (k+ 0! =[]k +1)

i=1 i=1

Reference

1. Simmonds, J.: A Brief on Tensor Analysis, 2nd edn. Springer, New York (1994)



Appendix B
Mathematical Background

B.1 Complex Analysis

In the following, selected results from complex analysis are summarized, which are
used throughout the presentation.

Definition B.1 (Gevrey class). The function y(t) is in G p,a(A), the Gevrey class
of order v in A C R, if y(t) € C>°(A) and for every closed subset A of A, there
exists a positive constant D such that for all j € IN

sup|dy(t)| < DIT(51)>. (B.1)
te A

Similarly, Gevrey classes can be defined for functions of several arguments and
functions which are of different order with respect to the arguments.

Definition B.2 (Gevrey class for functions of several arguments). The function
y(z,t) is in Gp g,a(A), A = 2 x R with 2 C R", the Gevrey class of order
B = (B1,...,Br) in z and order « in ¢, if y(z,t) € C°°(A) and for every closed
subset A of A, there exists a positive constant D such that forall j € IN" and k € IN

sup [20fy(z,t)| = sup [021---0r0Fy(2, 1)
(z,t)eA (z,t)eA
r (B.2)
< DR ED TG

i=1

Note that both Gp (A) and Gp g,o(A) form a linear vector space and a ring with
respect to the arlthmetl roduct of functions, which is closed under the standard
rules of differentiation [ﬁ §]. In particular, it can be easily verified that functions
of Gevrey order 8 < 1 (o < 1) are entire and analytic in the case 5 =1 (a = 1).
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Two examples of Gevrey class functions 12,[16] are given by

0, t<0
t
firw(p)dp
g1.(t) = IUTTi te(0,7) (B.3)
fo ﬁT,w(p)dp
1, t>T,
where
= [1- e - te(0,T)
fir o (t) = { P T|T ’ ’ (B.4)
0, t#(0,7)
and
0, t<0
5 11 2(24 - 1)
tw(t) =< 5+ stanh| ————L5 |, te(0,T) (B.5)
' 22 (#(1-4))
1, t>T,

It can be shown that g7, ,(t) and g7, () are in the Gevrey class of order v = 1+1/w

(see, e.g., [8] for (B3) and [[15] given (B3)).

B.2 Entire Functions

Subsequently, a selection of results is presented addressing entire functions and their
properties following the comprehensive treatises in [@,h 12]. Thereby, certain
asymptotic inequalities are considered, where the notation f (1) <, g(n) is used to
express that f(n) < g(n) holds for sufficiently large 7. Similarly, if f(n) < g(n)
holds for some sequence of values (7, ), with 7,, — oo, then the notation f(n) <,
g(n) is used.

B.2.1 Fundamental Notions

Given an entire function f(s) its maximal modulus M (1) is defined as

M(n) = ma}; [£(s)]. (B.6)

This enables to characterize the growth of the entire function f (s). In particular the
entire function f(s) is of finite order if M (1)) <4 exp(n*) for some k > 0. The
order p is then given as the infimum of those & for which the asymptotic inequality
is fulfilled. With this, it follows that
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et <, M(n) <as et

and hence by taking the logarithm twice one can conclude that

. loglog M (n)
o = limsup ———=.
n—00 logn

The function f(s) has a finite type if for some A > 0 the inequality M (1) <u
exp(An?) holds. The type 7 is then determined as the infimum of those A for which
the asymptotic inequality is satisfied. Moreover, this implies the inequalities

6(775)779 <, M(T)) s e(TJre)nQ

and hence

7 = limsup 28 M) (B.7)
n—00 ne

If for a given p the type of f (s) is infinite, then the function is of maximal type. If
0 < 7 < oo, then the type is normal while for 7 = 0 the type is minimal. Note
that entire functions of order o = 1 and normal type are called entire functions of
exponential type.

Let f(s) and §(s) denote two entire functions of order oy, o, and type 7, 7,
respectively. Subsequently, let 04, 0f+4 and 7y, Ty 4 denote the order and type of
the product f(s)§(s) and the sum f(s) + §(s). As pointed out in [12, Section 1.2]
it can be shown that

0rg < max(of, 0g), 0f+g < max(gy, 0g) (B.8)
Trg < Tf+ Ty, Tr+g < max(7y, Ty). (B.9)

In addition, given a non—decreasing sequence (a,,),en of complex numbers the so—
called counting function A(n), i.e., the number of elements of the sequence not
exceeding 7, can be introduced according to

N(n) = #{an, n € N: |a,| < n}. (B.10)

Moreover, the order o1 of the counting function A((7) [@ Theorem 2.5.8] can be
defined as
log A(n)

o1 = limsup ———=. (B.11)
n—r00 logn

The counting function and its order are rather useful tools to deduce essential prop-
erties of entire functions.
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B.2.2 Weierstrass Canonical Products and the Hadamard
Theorem

In the course of the analysis of the relationship between the growth of an entire
function and the location of its zeros, an analogue to the factorization of a polyno-
mial into linear factors for transcendental entire functions is needed (see, e.g., [@,
Section 2.6f], [IE, Section 4.1]). With this, a particular infinite product representa-
tion of entire functions can be achieved, namely the Weierstrass canonical product.
Therefore, the notions of convergence exponent and genus of a sequence (of zeros)
are required [@, Definition 2.5.2f], [ﬂ, Section 3.2].

Definition B.3 (Convergence exponent). Given a sequence (a,),en of complex
numbers with a,, # 0, lim,_, ., a, — oo the infimum of positive numbers - for
which the series

1
Z P (B.12)

converges is called the convergence exponent.

The relationship between the convergence exponent of a sequence and its counting
function is given in the following lemma [@, Section 3.2].

Lemma B.1. The convergence exponent +y of the sequence (a,)nen is equal to the
order 01 of its counting function.

In addition, the convergence exponent of the zeros of an entire function and its order
are related according to the theorem below [@, Section 3.2].

Theorem B.1. The convergence exponent of the zeros of an entire function does not
exceed its growth order.

These two results already illustrate the importance of the convergence exponent for
the analysis and characterization of entire functions.

Definition B.4 (Genus of a sequence). The smallest positive integer ~ for which
(B:12) converges is denoted by ¢g* + 1 and ¢* is called the genus of the sequence
(an)nelN-

Note that ¢g° as defined above is not necessarily equal to the genus of the entire

function f(s). Subsequently, assume that the sequence (@, )nen is of genus g®.
With this, consider now the infinite product

mis) =16 (ai,gs> : (B.13)
nelN n
where

]._S, gS:O

B.14
(1—s)expF(s,g%), ¢g°*>0 ( )

g(s’gs) = {
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are the so—called Weierstrass primary factors with

9
F(s,9%) =) 37 (B.15)

i=1

It can be shown that the infinite product (B.13)) converges absolutely and uniformly
in every disk {s € C : |s| < R < oo} [12, Section 4.1]. Hence, II(s) is called
the Weierstrass canonical product of genus g°. Following Boas [EI, Theorem 2.6.5],
II(s) defines an entire function of a particular order.

Theorem B.2. A canonical product II(s) of genus g° is an entire function of order
equal to the convergence exponent of its zeros.

With these preliminary considerations one of the main theorems in the theory of
entire functions can formulated, which provides a general representation formula
for entire functions of finite order [@, Section 4.2].

Theorem B.3 (Hadamard theorem). An entire function f (s) of finite order o may
be represented in the form

f(s) = smela® H g (ai,gs> , (B.16)
n=1 n

where the sequence (a,)nen of genus g° includes all nonzero roots of the function

f(s), g° < o, Py(s) is a polynomial in s of degree g < o, and m is the multiplicity
of the root at the origin.

In addition, with the structural representation above the genus g7 of an entire func-
tion can be introduced, which can differ from the genus ¢g° of the sequence of its
zeros [4, Definition 2.7.3].

Definition B.5 (Genus of an entire function). The genus gf of an entire function

f(s) is max(g*®, q) with ¢ the polynomial degree in (B.16).

The product representations are particularly useful to determine connections be-
tween the growth of an entire function and the distribution of its zeros. Thereby, it is
necessary to distinguish between entire functions of non—integer and integer order.

Theorem B.4. The convergence exponent vy of the zero set of an entire function f (s)
of non—integer order is equal to the order of growth o of f(s).

For a proof, see, e.g., Levin [@, Section 5.1]. If the entire function is of integer
order, then no such simple result is available since the order might be larger than
the distribution of its zeros might indicate. As an example consider exp(s), which
has no (finite) zeros but is of order 1. Let a, denote the coefficient of s¢ in the
polynomial P,(s) in the Hadamard representation (B-I6). Then the following result
holds, which traces back to Lindelof [12, Section 5.2].

Theorem B.5. If p = ¢° + 1, then f(s) is an entire function of minimal type for

a, = 0 and of mean type for a, # 0. In the latter case the type off(s) follows as
T = |ay|.
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B.3 Functional Analysis

In the following, some basic functional analytic notions and results are summarized,
which are used throughout this treatise. It is thereby assumed that the reader is fa-
miliar with the basic concepts of normed linear spaces. Herein, X denotes a Hilbert

space with inner product (-, -) x and induced norm || - || x, £(Z, X) is the space of
bounded linear operators from the Hilbert space Z to the Hilbert space X with the
induced norm. In addition, recall that two norms || - ||, and || - ||, on a space X are

equivalent if there exist constants ¢;, ca > 0 such that ¢1||z||, < ||x|ls < coflx||p
for all x € X. This can similarly be defined for norms on subspaces. Given two
Hilbert spaces V and X such that V' C X then the embedding V' C X is continuous
(typically denoted by V < X) if the identity operator on V'is in £(V, X). Hence,

there exists a constant ¢ > 0 such that |z||x < c||z|y forevery z € V.

B.3.1 Fundamental Notions and Definitions

In order to make this section rather self—contained, some fundamental results are
briefly recalled, which are used subsequently. For further details, the reader is re-

ferred to [7,117,19,[13, 19,5, 1, [18].

Definition B.6 (Closed operator). Let X and Z be Hilbert spaces and D(2l) C
X. The operator 2 : D(A) — Z is called closed if its graph Graph(2() =
{[x,Ax]T |z € D(A)} is closed in X x Z.

Moreover it can be shown that if 2 is closed, then D(2l) is a Hilbert space with the
graph norm || - |4~ defined as

i
ol = | o]

By the closed graph theorem, a closed operator is bounded.

2

= |z)|% + 2] 2. (B.17)
XxZ

Theorem B.6 (Closed graph theorem). If2l : X — Z is closed, then 2l is bounded
if and only if D(21) is closed.

A closed operator can be also characterized by means of its resolvent set.

Definition B.7 (Resolvent, resolvent set, spectrum). If 2 : D) C X — Z,
then the resolvent set p(2A) of 2 is the set of points s € C for which the operator
sJ—2: D(A) — Zis invertible and (sJ — A)~! € L(Z, X). The spectrum o(2A)
is the complement of p(2l) in C. Moreover, (sJ — 21)~! is called the resolvent.

Remark B.1. If p(2() # (), then 2 is closed Tucsnak and Weiss [@, Remark 2.2.4].
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B.3.2 Duality and Pivot Spaces

In order to deal with inhomogeneous boundary conditions or certain classes of un-
bounded input operators the concept of duality with respect to a pivot space has to
be introduced.

For any Hilbert space X the dual space, i.e. the space of all bounded linear func-
tionals on X, is denoted by X ’. The dual space X’ is a Hilbert space with the norm
l&'x = supyex. jyin<r @' y)x x| Here, @'(y) = (@',y)x,x denotes
the duality pairing, i.e. the application of the linear functional z’ € X' toy € X.
For such X and X’ there exists a linear bijective map Jr : X — X' defined by
(Jrz,y)x' x = (z,y)x forallz, y € X.

Definition B.8 (Isomorphism, unitary operator). An operator § € L(X,Z) is
called an isomorphism from X to Z if J*J = J (identity in X) and JJ* = J
(identity in Z) with J* denoting the adjoint operator. Note that JJ is an isomorphism
if and only if ||Jz||z = ||x||x and ranJ = Z. An isomorphism is also called an
unitary operator.

With this, the Riesz representation theorem can introduced as follows.

Theorem B.7 (Riesz representation theorem). Let X' be the dual space to X.
Then X' can be canonically identified with X, i.e. for each ' € X' there exists
a unique element x € X such that (x',y)x' x = (x,y)x for ally € X. The
mapping &' — x is a linear isomorphism of X' onto X.

From the Riesz representation theorem it follows that J i is an isomorphism. Hence,
by not distinguishing between x and J px the space X can be identified with its dual
space X . In addition, the concept of duality can be used to properly introduce the
adjoint operator 2[* to an operator 2.

Definition B.9 (Adjoint operator). Let X and Y be Hilbert spaces and let 2 €
L(X,Y). The adjoint of 2 is the operator 2* € L£(Y’, X') defined according to
Ay’ x)x x = (y',Az)y v, Vo € X, y’ € Y'. By identifying X with X" and
Y with Y’ one has 2* € £(Y, X) and the previous definition results in (Ax, y)y =
(x,A*y)x,Vr € X, y €Y.

Consider now two Hilbert spaces V and X densely defined and with continuous
embedding V' C X. Then the function [|y[l. = supgey, |z, <1 (Y, ) x| for all

y € X isanormon X. Let V denote the completion of X with respect to this norm.
Then it can be shown that the operator J : V — V' defined for any y € V according
to (Jy, )y v = lim, 00 (y,,, ) x forall z € V, where (y,,),, is a sequence in X
such that y,, — v in Vis an isomorphism from V to V"’ [[18, Proposition 2.9.2]. By
again identifying V with V’, i.e. by no longer distinguishing between y and Jy for
all y € V, it follows that V. C X C V', densely and with continuous embeddings.
Then V" is called the dual of V with respect to the pivot space X or a Gelfand triple.
The norm || -||« defined on X is called the dual norm of ||- ||y with respect to the pivot
space X. Moreover, V is uniquely determined by V", i.e. V consists of those = € X
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for which the inner product (y, ) x regarded as a function of y has a continuous
extension to V.

The concepts introduced above in particular allow to characterize certain operator
extensions, which are useful for the analysis of boundary control problems.

Lemma B.2. Let V and X be Hilbert spaces such that V' C X, densely and with
continuous embedding, let 2 € L(X), and denote by V' the dual of V with respect
to the pivot space X. In this case,

(i) if AV C 'V, then the restriction Ay € L(V);
(ii) if A*V C V, then 2 has a unique extension A € L(V").

For a proof, see [@, Proposition 2.9.3].

B.3.3 The Spaces X, and X _4

Based on the previous results, two Hilbert spaces, namely X; and X_; can be in-
troduced, which are important in the study of unbounded control and observation
operators arising the study of PDE control problems. The assertions and proofs can
be found, e.g., in [IE, Section 2.10].

Lemma B.3. Let 2 : D(A) — X be a densely defined operator with p(1) # 0.
Then for every B € p(), the space D() equipped with the norm |x|1 =
(BT —M)x|| x, Yo € D(A) is a Hilbert space, which is denoted by X1. The norms
generated for different 3 are equivalent in the graph norm and hence independent
of the particular choice of 5. Moreover, the embedding X1 C X is continuous. If
£ € L(X) is such that £D(U) C D(A), then £ € L(X1) (restriction of £ to X1).

The proof of this lemma is rather straightforward with the final claim on the restric-
tion of the operator following from Lemma[B.2l

By considering the adjoint 2(*, the Hilbert space X{ = D(2*) equipped with
the norm ||z|1.4 = [|(B3 — 2A*)z| x, V& € D(A*) and B € p(A*) or B € p(A),
respectively, can be introduced. It can be shown that X serves as pivot space.

Lemma B.4. Let A : D(A) — X be a densely defined operator with p(2) # (.
By X _; denote the completion of X with respect to the norm ||x| -1 = ||[(8T —
M~ lx|x, V& € X. The norms generated for different 3 are equivalent in the
graph norm and hence independent of the particular choice of . Moreover, X 1 is
the dual to X ¢ with respect to the pivot space X, i.e. X_1 = D(A*)". In addition,
if £ € L(X) is such that £*D(A*) C D(A*), then £ has a unique extension to an
operator £ € L(X_).

Moreover, these results imply the following lemma, which is utilized for the intro-
duction of boundary control systems.

Lemma B.5. Let 2 : D(A) — X be a densely defined operator with p(21) # (),
let B € p(A), and let X1 and X _1 be as above. Then 2 € L(X1, X) and A has
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a unique extension A e L(X, X ). In addition, (3 — A)~! € L(X, X)) and
(B3 —A)~t € L(X_1, X) with 3 € p(A) and these two operators are unitary.

If 2L is the generator of a Cj,—semigroup ¥ (¢) on X, then it follows from the previous
results that for every ¢ > 0, ¥(¢) has a unique restriction in £(X7) and a unique
extension (t) in £(X_;). These two families of operators are however similar to
the original semigroup. In particular, the restriction of T(¢) to X (considered as an
operator in £(X1)) is the image of T(¢) € L(X) through the unitary operator (37 —
2A)~t € L(X, X1). Hence, these operators form a strongly continuous semigroup on
X1, whose generator is the restriction of 2 to D(2). The operator T(t) € L(X_1)
is the image of T(t) € £(X) through the unitary operator (83 — A) € L(X, X ;).
Similarly, these extended operators form a C—semigroup T = (T (t))i>0 on X 1,
whose generator is 2.

B.3.4 Sesquilinear Forms and the Lax—Milgram Theorem

Sesquilinear forms are, for instance, required to properly introduce weak formula-
tions of PDE systems. For a comprehensive treatise of sesquilinear forms and their
properties as well as weak form analysis, the reader is, e.g., referred to [@, , ]
and the references therein.

Definition B.10 (Sesquilinear form). The mapping o : V' x V' — C is said to be a
sesquilinear form or sesquilinear functional, respectively, if

(i) o(p1 + ¢2,9) = 0(¢1,9) + d(2, )
(i) o(ag,¥) = ao (¢, 1))
(111) J(d)v wl + ¢2) = J(d)v 1/’1) + J(d)v ¢2)
(iv) o(¢, ) = @0 (¢, ¢)

for all d)v ¢13 ¢27 1/17 1/]13 1112 €Vanda c C.

The Lax—Milgram theorem provides an essential tool to analyse weak solutions to
ilnitial—boundary—value problems for different types of PDEs, see, e.g., [@ |ﬁ B,
61.

Theorem B.8 (Lax-Milgram). Let o (¢, 1)) be a sesquilinear form on a Hilbert
space X, which is continuous and coerziv, i.e. there exist positive constants c and k
such that

o (¢, )| < cllollxllvllx, R{o(e, )} = klol%

forall ¢, € X. Let [’ be any linear functional on X. Then there exist unique
b0, Yo € X such that

f(x) =o(z,0) = 0(do,x) forallx e X.

The reader is also referred to the Appendix by A.N. Milgram in [@].
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B.4 Auxiliary Theorems and Lemmas

Lemma B.6.

(i) i()z-; '+k)!:zl:<;)(l—j+k:)!(j)!

j= =0
I+ k !
_ U+k+ 1) 2:1 ! vkleN (B.18)
§2k+ 772k+l+2
2n+1
(#i7) / / rs)" " (r + s)dsdr = T D)
forn e Nyando >0 (B.20)
(iv) / / (rs)" 1 r—S)dsdr—i( )( (+1)0)7
forn e Nyand0 <o <n (B.21)
n o n _ 2n+1
(v) /U /O (rs)" " (r + s)dsdr = () (7771—(#”(:)_ 1)20 ’
forn e Nyand 0 <o <n (B.22)

The proof of Lemma is omitted but follows directly by induction. In addition,
the successive application of Leibnitz’s rule provides a rule to determine the deriva-
tives of the product ¢(z, ¢)x(z,t) up to an arbitrary order.

Lemma B.7. Let ¢(z,t) € C*(Z) and x(z,t) € C(Z) with = = 2 x R, then
givenl € N" and k € NN it holds that

k !
OLoFe(z, t)a(z,t) = Z <k> Z (i) OLYOFT0¢(2, )07 8] (2, 1).

Ho=0 N0/ 320
(B.23)
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